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Part Three 
THE BETTI GROUPS 


The Betti groups (defined in Chapter VIII) are the central concept of 
combinatorial topology. All of Part Three, as well as much of the sequel, is 
devoted to their study. 

The underlying algebraic theory of combinatorial topology is developed 
in Chapter VII. It is used, in particular, to define and investigate the Betti 
groups themselves. The algebraic apparatus is made up of the two concepts: 
a chain and a boundary operator A. These two ideas are fundamental to 
Chapter VII. These in turn depend on the notions of orientation (discussed 
at the beginning of Chapter VII) and of an a-complex. The latter is a 
natural generalization of the set of all oriented simplexes of a triangulation. 

Having introduced all the auxiliary algebraic concepts in Chapter VII, 
we deal in Chapter VIII with the definition and elementary theory of the 
“lower” Betti groups (homology groups) or, as we shall call them here, the 
A-groups of triangulations (and, in general, of a-complexes). Chapter VIII 
concludes with an investigation of orientable and nonorientable pseudo- 
manifolds which, in addition to other examples, serve to illustrate the 
theory. 

Chapter IX deals with more complicated problems of the theory of Betti 
groups. First, the “upper” Betti groups or V-groups (cohomology groups) 
are introduced. Then the Betti groups are studied by means of canonical 
bases which, in particular, enable us to derive a relation among the Betti 
groups over various coefficient domains. 

In Chapter X we prove the invariance of the Betti groups, that is, that 
all the (topological) triangulations of a polyhedron (or of homeomorphic 
polyhedra) are isomorphic. 

In Chapters XI and XII the concept of A-group 1s extended from poly- 
hedra to arbitrary compacta. It should be noted, however, that this gen- 
eralization can be effected in a completely adequate fashion only by means 
of the theory of topological groups, which is beyond the scope of this book. 
I have succeeded in avoiding this difficulty, but only by defining the 
V-groups, and not the A-groups, of arbitrary compacta. This is done, but 
considerably later, in Chapter XIV. 

Chapter XII, among other things, contains an account of the local 
A-groups. These are used in XIII, 1.1, to give a simple invariant definition 
of h-manifolds. 


Chapter VII 
CHAINS. THE OPERATOR A 


§1. Orientation 


§1.1. Orientation of the space 2”. The concept of an oriented or directed 
segment will already be familiar to the reader who has had a course in 
elementary algebra. In this section the notion of an oriented segment will 
be generalized to n dimensions. 

We shall call a collection of mn + 1 linearly independent points of R” 
written in a definite order an ordered skeleton of R”. According to this defi- 
nition two different ordered skeletons may consist of the same points, 
differing from cach other only in the order of these points. We recall (Ap- 
pendix 1, 1.5) that there is precisely one affine mapping of R” onto itself 
which carries a given ordered skeleton | ¢ , ¢1, -++ , én | intoa preassigned 
ordered skeleton | e’o, 1, ---, én |, that is, which maps the points 


€o, 41, Hah 3 On 


into the points e’9, €15 °°° , @'n- 
We shall say that two ordered skeletons | & , ¢1, -°- , én | and 


leo, e1, eyhlg P| 
are equivalent if this mapping is positive (Appendix 1, 1.5). It follows from 
the properties of affine mappings that this equivalence relation partitions 
the set of all ordered skeletons of a given Euclidean n-space into two 
classes, 

A Euclidean space is said to be oriented if the skeletons of one of these 
classes are designated as positive and those of the other as negative. The 
same idea can be expressed in the following way: 

DEFINITION 1.1. An orientation of Huclidean n-space is a function 


Le” [eo try 882 5 Ce | _ 1, 


defined on all the ordered skeletons |e), ¢1, +++ , €n | of R", which assumes 
the value +1 on all the skeletons of one class and the value —1 on all the 
skeletons of the other class. A space with an orientation R” | eo, 1, *** , en | 
7s called an ortented space. 

Remark 1. In this section R” will denote an n-dimensional oriented space 
and | /2” | a space without orientation. In the sequel, after the elementary 
theorems on orientation have been established, R” will denote both an 
oriented and a nonoriented space wherever this does not lead to am- 
biguity. 
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ReMArK 2. Every Euclidean space obviously has two opposite and 
mutually exclusive orientations. If one of these orientations is denoted by 
Rk”, the other will be denoted by —R”. 

ReEMARK 2). If 2 = 0, that is, the space consists of a single point a, 
there is but one uniquely ordered skeleton in the whole space. Nevertheless, 
we retain Def. 1.1 and in this case the orientation 2°, by definition, assumes 
the value +1 at the point 0, while the orientation —R° has the value —1 
at this point. 

A zero-dimensional space o with orientation R° | o | = +1(R°|o| = —1) 
is usually referred to as a point o with coefficient +1 (—1). 

REMARK 2;. An orientation F* of the straight line | R'| has the same 
value on the ordered skeletons | ¢ , @ | and | e’o, ¢1| if the vectors eo 
and e’9¢’; have the same direction. 

ReMarK 2. An ortentation of the plane assumes the same value on the 
ordered skeletons | @ , ¢1 , €2| and | eo, e’1, e’2 | if both circuits | e , e1, ee | 
and | e’o , ¢’1, e’ | of the triangles eo¢:e2 and e’9¢’1e’2 are described in the same 
sense (1.e., both counterclockwise or both clockwise). 

The following remark is very important: 

Remark 3. Let (¢; +++ €n) bean (n — 1)-simplex in | R” | and let eo’ , ¢ 
be two points in the exterior of the plane | R"”’| of the simplex. Then an 
arbitrary orientation R” of | R” | assumes the same value on the ordered 
skeletons | ¢0’, ¢1, -+* , én | and | @”, 1, +++, @n| if eo’ and e” lie on the 
same side of the plane | R” * |, and opposite values if eo’ and e9” lie on differ- 
ent sides of | R””*| (see Appendix 1, 1.1). 

Indeed, the affine mapping carrying | @’, @1, --- , én | into 


u 


|e”, €1, rey en | 


is positive if eo’ and eo” are on the same side of | R” "| and negative if they 
are on different sides (see Appendix 1, 1.52). 

§1.2. Orientation of a simplex and of a skeleton. Let us consider the 
(n + 1)! distinct ordered skeletons which can be obtained from a given 
n-skeleton; in particular, from the skeleton of a given m-simplex. (An 
n-skeleton is an arbitrary set of n + 1 elements; in particular, the set of 
vertices of an n-simplex or of a degenerate n-simplex in Euclidean space 
is an n-skeleton.) These ordered skeletons are called the set of ordered 
skeletons associated with the given skeleton or simplex. 

The set of all these ordered skeletons can be divided into two classes: 
two ordered skeletons are in the same class, by definition, if one is an even 
permutation of the other. 

ReMARK 1. If an n-skeleton is the skeleton of a simplex 7” C | R” |, then 
two of its ordered skeletons are in the same class if, and only if, they are 
equivalent in the sense of 1.1; that is, if one is mapped into the other by a 
positive affine mapping (see Appendix 1, Theorem 1.53). 
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A skeleton or simplex is said to be oriented if all its ordered skeletons of 
one class are assigned the sign +, and all ordered skeletons of the other class 
are assigned the sign —. Otherwise stated: 


DEFINITION 1.2. An orientation of a skeleton or simpler T” = (€) +++ €n) 18 
an odd function t” | exo), «++, Cin |, defined on all the ordered skeletons 
| eso) , °° » Cammy | Of (C0 +++ en), Which assumes the values +1. (An odd 


function of n + 1 arguments is a function which changes sign, but remains 
the same in absolute value, for every odd permutation of its arguments. 
It follows from this definition that an odd function preserves its sign for an 
even permutation of its arguments.) 

ReMARK 2. To define the orientation of a simplex it is sufficient to assign 
its value on any one of its ordered skeletons, for example, on the ordered 
skeleton |, --+ , én |; then the orientation will have the same value on all 
the ordered skeletons of the same class, and the opposite value on all the 
ordered skeletons of the other class. The orientation assuming the value +1 
on the ordered skeleton | @ , -+- , én | will be denoted by | e0 --+ e, |; the 
orientation assuming the value —1 on the ordered skeleton | @, --- , é, | 
will be denoted by — | € - ++ é, |. 

1.20. A pair consisting of a simplex (skeleton) and an orientation of the 
simplex (skeleton) is called an ortented simplex (skeleton). 

Hence, 

1.21. For arbitrary n = 0, 1, 2, +--+ every n-simplex (skeleton) T” = 
(€0 +++ €n) has two orientations or induces two oriented simplexes (skeletons): 
|€o +--+ én | and — | e@o+-- en]. 

One of these oriented simplexes is usually denoted by ¢” , the other by 
—i”. If t” is an orientation of the simplex T”, we shall write |?” | = 7”. 
Then also | —é” | = T”. 

Remark 38. In the sequel we shall identify the orientation of a simplex 
with the oriented simplex itself, since each uniquely defines the other. 

REMARK 49. If n = 0, the simplex T° = (eo) has only one vertex and con- 
sequently only one ordered skeleton | eo |. Nevertheless, Def. 1.2 remains 
in force: if | é | is the orientation whose value at the point é is +1, then 
— | é | is the orientation whose value at é is —1. We shall refer to these 
orientations of a O0-simplex as a point éo with coefficient +1 or —1, re- 
spectively. 

Remark 4. If n > 1, the two orientations of an n-simplex correspond 
(1—1) to its two classes of ordered skeletons: to a given orientation corre- 
sponds that class on which the orientation assumes the value +1. 

Hence if n > 1, it is possible (and in most cases customary) to identify 
an orientation of a simplex with a class of ordered skeletons of the simplex, 
it being understood that the oriented simplex | ¢) +++ é, | is the class con- 
taining the ordered skeleton |e, --- , é, |. However, it is necessary to 
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remember that for n = 0 this identification is impossible, since in this case 
there is only one ordered skeleton, but as always two orientations. 

Remark 5. All the definitions of 1.2 hold without qualification also for 
degenerate simplexes (see IV, 0.1, Remark). 

$1.3. The body of an oriented simplex. Let ¢” be an oriented simplex in 
| R” |. The corresponding closed simplex, that is, the closed convex hull of 
the skeleton of the simplex | ¢” |, is called the body of the oriented simplex t”. 

Remark. We shall use the same definition for oriented degenerate sim- 
plexes: the body of an oriented degenerate simplex is the closed convex 
hull of its skeleton [we recall that degenerate simplexes coincide with their 
skeletons (see IV, 0.1, Remark)]. 

The body of an oriented simplex t" is denoted by ¢”. 

§1.4. Extension of an orientation ¢” to an orientation R”. The product 
orientations ¢"R” and fy"t2”. Let T” = (eo «++ en’) be a simplex in | R” | 
and let ¢” be any orientation of 7”. The function ¢” is defined on all the 
ordered skeletons of T”; in virtue of 1.2, Remark 1, t” can be extended to 
the set of all ordered n-skeletons | ¢, --- , én | of | R” | by setting 


"| eo, -++,@n| =e" eo, ee | 


: : . : 0 0;- 
if the affine mapping which transforms | @,---,e, | into |@,--* , én 


is positive, and by putting 

t" | eo, e008 a | = —t" |e, dssentiGae | 
if this affine mapping is negative. (The reader will recall that ¢” is a fune- 
tion, but that ¢” | e@,---, é,| is the value of this function on the given 
skeleton.) 

Hence by extending the orientation t” to all of | R” | Gn the sequel we 
shall use this phrase instead of the more precise but longer phrase ‘“‘to the 
set of all ordered n-skeletons of | R” |’) we obtain an orientation R” of 
| R” |; this orientation R” is said to be coherent with ¢”: if t” has been ex- 
tended to | R” |, we may simply write 


R" |e, °+:,@n| = t" |e, ---, en | 


for any ordered skeleton | ¢&, ++: , én | of | 2” |. If the orientations R” and 
t” are coherent, the orientations — R” and ¢” are said to be noncoherent. 

Now, let ¢” be any orientation of a simplex T” = |t”| C | R"| and 
let R” be an orientation of the space | 2” |; we shall think of the function 
t” as extended to all of | R” |. Then the product 


t” leo, +++, en |-R” |e, +--+, en| 


is defined for any ordered skeleton | @, --- , en | of | R” |. This product is 
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equal to 1 if 4” and FR” are coherent, and is equal to —1 if they are nonco- 
herent. 


Hence 
1.41. The product of two orientations t” and R” (that is, of two functions 
t” |e0, +++ ,e,| and R” |e, ++: , e, | defined on all the ordered skeletons 


of the space | Rk” |) zs a constant, equal to 1 if t” and R" are coherent and 
equal to —1 af they are noncoherent. 

Finally, let 71" = (é1 «++ @in), To” = (@20 +++ €2n) be two simplexes in 
| 2” | with orientations 4," and é,”. If these orientations are thought of as 
being extended to all of | R” |, we may without further explanation speak 
of their coherence, noncoherence, and product. As before, the product of 
i,” and ty” is a constant, equal to 1 if the orientations are coherent, and 
equal to —1 if they are not. 

REMARK. ORIENTATION OF DoMAINS oF | R" |. Since there is a (1—1) 
correspondence between the orientations of a simplex JT” and those of the 
space | R” | which carries T” (see Appendix 1, 2.41), we can redefine the 
concept of an oriented simplex: an oriented simplex é” is a pair consisting 
of the simplex | ¢” | and an orientation of the space | R” | which carries the 
simplex. The convenience of this definition hes in the fact that it can im- 
mediately be extended.to arbitrary domains of | 2” |; in particular, to con- 
vex polyhedral domains, spheres, half-spaces, etc. 

DEFINITION 1.42. An ortented domain of | R” | is a pair consisting of the 
given domain and an orientation R” of the space | R” | which carries the 
domain. 

Clearly, every domain 7” € | R” | has two orientations; if one of these 
is denoted by t”, the other will be denoted by —t”. 

§1.5. The orientation (e)t” *). Let the simplex 7" = (e, «++ en) bea 
face of the simplex 7” = (eve: «++ en) and let t”~ be an orientation of 7'"”. 
We shall define the orientation (eot”') of 7” by setting 


(et) | Co, Cia), *°¢ 5 Ck(n) | = Ce | Cr), 78 t y Cin) |, 


where |, Cia), ¢** , im) | I8 any ordered skeleton of the simplex 7” 
. o eye : . -l - s 
with initial vertex e). In other words, the orientation (¢ot") is assigned 
» . . . -—! 
on |e, Cia), °° 5 Cia) |, by definition, that value which ("~~ assumes on 


P P : eas he é 
| ea), -++ y Cem |. Hence (1.2, Remark 2) the orientation (eot”") is defined 
on all ordered skeletons of 7”. 
If | eo, e:ay «+ 5 Cy | and | @ , ejay, +++ y Cin) | ave two ordered skele- 


tons whose initial vertex is ¢) , the parity of the permutation 
Cora) "°° Cx) 


vez) °° * Cj (mn) 


§1] ORIENTATION 7 


is the samc as that of the permutation 
esq) eee €x(n) 
Cjay °° * jm) 


Consequently, the orientation whose value on |eo, ea), °°* , en) | 18 
("| evay , +++ 5 Get | assumes the value t”™ | esa) , - 70) ; 

- , €jm) |. In other words, the orientation (egt” ') is independent of the 
choice of the ordered skeleton | @ , za) , «°° , iq) | Which is used to define 
it, but depends only on t””’; this justifies the notation (eé”'). 

Remark. For n > 1, the definition of the orientation (eot” *) can be simpli- 
fied: if '"' = |e +--+ en |, define (eot” ") to be | eve: +++ en |. 

The following important proposition follows from Appendix !, Theorem 
1.521: 

1.5. Let | R"* | be a plane in | R” | and let e’, e” be two points exterior to 
|)" |. Lf 4" and t:”" are two coherently oriented simplexes in | R™™ |, 
then the orientations (e’t;”"), (e”te” ) are coherent tf e’, e” are on the same 
side of | R"* | and noncoherent if these points are on opposite sides of | el 

The following special case of Proposition 1.5 is particularly important: 

1.51. If t””' is an oriented simplex in the plane | R™” | and e’, e” are two 
points of | R" | exterior to | R™" |, then the orientations (e’t™*) and (e”t"”) 
are coherent if e’, e” are on the same side of |R"* | and noncoherent if the 
two points are on opposite sides of | R”~ |. 

$1.6. Affine images of orientations. Let Sa’ be an affine mapping of 
| 2s” | onto | R." |. If Rs” is an orientation of | Rs" |, let us define the 
orientation - ahs" of | R.” | by requiring that it assume on the ordered 
skeleton | Safer’, -++ , Saren’ | the value of Rg” on | eo", «++ , en’ |: 


(1.6) S ORs | Saco ey eee | Re ey aes en |, 


or, what is the same, 
(1.6) SaRs” | eo» eater Ci | = Ra” | (Se. era (Sr es | 


for every ordered skeleton | @o%, «++ , én” | of | Ra” |. 

Since each orientation of a simplex corresponds to a unique orientation 
of the carrying plane of the simplex, we may use (1.6 *) to define the image 
Sa°ts” of an orientation fg” of an arbitrary simplex (or in general of a convex 
polyhedral domain 7's”) under an affine mapping Sz 

Hence 

1.61. The image of an oriented simplex ts” = | eo” --- en” | under a (non- 
degenerate) affine mapping Sa’ is the oriented simplex 


Sorts” = | SaPes? +++ Seren |. 
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An immediate result of this defmition is that 
Sate’ So Rs” = ta” - Fp”, 
Sate: Sorte” = tai” . tp”, 


where tg”, ta:”, tg2” are any orientations of any three n-simplexes of the space 


| 6" |. 

Now let | 2g” | = | R.” | = | R"| and let S be an affine mapping of 
| R” | onto itself. Then R” | Seo, --- , Sen | is equal to R” |e, --:, en| 
or —I2” |e, --:, | depending on whether S is a positive or negative 
mapping. Since SR” | Se, --- , Sen| is, by definition, equal to 

R” |e, +++, en| 
and | Seo, --: , Se, | is an arbitrary ordered skeleton of | J?” |, it follows 
that 
(1.62) SR® = sign S-R”, 


where sign S is the sign of the affine mapping. 
In the same way, for an arbitrary orientation t” of a simplex T” extended 
to all of | R” | we have 


(1.63) St” = sign S-t”. 


ReMARK. It goes without saying that (1.63) has meaning only on the 
assumption that t” (and hence St”) has been extended to all of | R” |. 


§2. Intersection number of planes and simplexes 


[This section is not needed until Chapter XYV.] 

§2.1. Intersection number of planes. Let XY” and }* be two oriented 
planes of the oriented space R”, with p + q = n and in general position, 
that is, intersecting in a single point o. We shall define the intersection 
number (X” & Y*; 2”) of the oriented planes NX” and 1” in the oriented 
space F”. To this end, we choose in the planes | X” | and | 1% | two sim- 
plexes 7)” = (oa, ---+ a,) and T,7 = (ob; --+ bg) with common vertex o. 
Then the points 0, a1, --: , @p, bi, «+: , bg are linearly independent in 
| R” | and T” = (oa, --+ apbi «++ bg) isan n-simplex of | R” | (Fig. 99). 

Let us choose arbitrary orientations t,” and t,* of the simplexes 7,” and 
T,’ and let us assume that the notation has been so chosen that tj? = 
| 0a, +--+ ap | and to’ = | ob; --- by |; then the orientation 


t” = | oa, «++ Apdi +++ bg | 


of the simplex 7" and the products t)?X?, t2"Y", and t”/?” are defined. 
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Let us put 
(2.1) (xX? x \*; ie) _ Ae, Ges Cab dock is 


and show that (2.1) depends only on the given orientations X”, Y’, and Rk” 
and is independent of the choice of the simplexes 7)”, T2’ and their orienta- 
tions 1”, ts’. 

Let Tio? = (oa; -++ az’) and To’ = (ob,° --- b2°) be two other simplexes 
chosen in the same way as 7,” and 724; let ty” = | oa)” ++ ap’ | and too? = 
| aby #4 be | be arbitrary orientations of these simplexes; finally, let 
to” = | oa --- apby’ ++ bq’ |. It is required to prove that: 


(2.10) to? XN? too? V4: to" R” = ty? X?- to V%-t"R”. 


Fic. 99 


Let us denote by S, (S2) the affine mapping of | X?| (| Y*|) onto itself 
which takes the ordered skeleton | 0, a1, +++, @|(|0, 1, °** , 6g|) into 


| 0, a, ai Gps (| 0, by’, ace Oar |): 

These affine mappings induce an afine mapping S of | R” | onto itself 
such that S(| 0, a1, eee » Ap, hi, ane , bg |) = |.0, a1,+++, Gp, dry s+, dg | 
and sign S = sign S,-sign S:. 

By (1.63), 


n 


tio” = sign S1-t17; too” = sign So: le’; i = sign 845 


or 
ty? X” = sign S,-t)?X?; toot Y? = sign So-te’Y%; to"R” = sign S-t"R”. 
Hence 

to? X? too? V2 to"R” = sign Sy:sign Sp-sign S-t,?X?-t°Y*-t"R". 


This proves (2.10) since 
sign S = sign S,-sign 2 , i. e., sign S,-sign S,-sign S = 1. 
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Obviously, 
(2.11) (—X? & Y*%; R") = (X? X —Y%; R") 
= (X”  Y?; —R") = —(X? & YY"; Rk"). 
THEOREM 2.1. (X? X Y%) = (—1)""(Y" X X”). [Wherever this can be 
done without ambiguity, we shall write (X? X Y%) in place of (X”? X Y*; 
. ik setting 4” > = | a) -++ ap |, 7° = | bi «++ bq |, we have 
(XP SV Sob Nols VV ol” te? YR, 


(V2 XX?) = (ote™)¥?: (of? 2) X?- (ote ty?) R?; 


I 


where 
(ot? te) = | 0a, +++ Gpbi +++ Bg |, 
(ott 14,7") = |ob, «++ byt +++ ap |. 
The permutation taking | 0, a1, --+ ,@),61, --+ , b,| into 
|o,b1, °°: bq, G1, °° ,Gp| 


consists of pg transpositions. Hence 
is i) = (- 1)? oly ie 


This proves the theorem. 

§2.2. The intersection number of simplexes. Let ¢,” and ft." be two 
oriented (perhaps degenerate) simplexes in the space fe”, with p + g = n. 
We shall assume that the two simplexes satisfy at least one of the following 
two conditions: 

1°. The bodies (sce 1.3) t;” and #: of these simplexes are disjoint: 

i? ni? = 0. 

2°. The vertices of t:? and ?#:* are in general position (sce Appendix 1, 
1.4) in Je”. In this case then the simplexes are nondegenerate and 4? n #2 
is cither empty or consists of a single point 0 which is an interior point of 
both simplexes | t:? | and | t2" |. 

We define the intersection number (¢)” X t2") of ty” and te as follows: 

1°. If 4)? a &’ = 0, then (t)” X #:%) = 0. 

2°. If 4? a ty’ ~ O, then ¢,” and ¢," are nondegenerate and their planes 
| X” | and | ¥* | intersect in a single point 0. Let us denote by X” and Y* the 
orientations of these planes which are coherent with the orientations ¢,” 
and t,’, and let us set 


Oe ee A Oe Ee, 
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RemMaARK. The intersection number of two oriented convex polyhedral 
domains {,” and ?;7 in an oriented space R” is defined in exactly the same 
way. 

The requirement that 4,” and ¢,7 be in general position can be met by satis- 
fying at least one of the following two conditions: 1) 4? n 7 = 0 or 2) the 
planes of the polyhedral domains and their faces are in general position. 

§2.3. Intersections and simplicial mappings. 

THEOREM 2.3. Let Rg” and R,” be oriented n-dimensional spaces and let 


Ng? and Js" in Ra”, | Xe? ] a | Ya"| = 0°, 
Ngo and 1 in Re [Xe [af Ye? |= 0° 
be two pairs of intersecting planes. Let Sq* be an affine mapping of | Rs” | 


onto | Ra” | which maps | Xg’ | onto |X.” | and | Ys"| onto | Y." |. Finally, 
let S.’Rs” = eRa", € = £1. Then 


(2.3) (SIX RSa Yooh) = ee Xx Yee): 
This proposition, in essence, needs no proof; indeed, it is easily seen that 
(SaPXp? X Sa Vs"; Sa'Res") = (Xa” X Yo"; Ro"), 
whence (2.3) follows by (2.11). 


§3. Incidence numbers 


§3.1. Definition of the incidence numbers. Let /’ and ¢’” be two oriented 
simplexes (of a given R” or of a given simplicial complex). We shall define 


following way. 

1°. If | "| is not a face of | ¢” |, then (37 *) = 0. 

2°. Let | "| be a face of |’ | and let e be the vertex of | ¢’ | opposite 
|” "|. Then the orientation (ei *) of | é| is uniquely determined. If 
(et” ') = ’, we shall set ("10") = 1;if (et’") = —t, we put 0") = —-1. 
Hence (t’:¢') is e = +1 and is defined by the equation 


(et) = ef. 


ReMARK. The symbol ‘‘ a” placed over a vertex e; in expressions of the 


form (é --- e+), | @ °+* é,|, means that this vertex is to be omitted, i.e., 
(€o eee é, eee €,) — (€ ore C€x—1€k 41 eee er). 

For = |e -+: e | and & = |e «+: é +++ e, | we note the important 
formula 
(3.11) (f:4'") = (-1)5, 


which follows immediately from the definition of incidence number and 
from the identity 
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fied eyes e, | = (—1)* | exeo +++ Gx vo & |. 
In particular, 
(3.110) (| eoe1e2 «++ er |:| Gee ++ er |) = 1, 
(3.111) (| eoeie2 ++ er [2] Coe2 «++ er |) = — 1. 


EXAMPLES OF INCIDENCE NUMBERS. 
1°. Let t’ = | ee: |. We have 


(| e0€1 |:| e0|) = —1, (| eo¢1 [:] ex |) = 1, 
where | é | denotes the vertex e with coefficient +1 (see 1.2, Remark 4). 
a Let, i => | €o€1€2 |, t => | €o€2 |. Then (E44) =.=]; 
3°. For @ = | eo@i€2e3 | and ? = | €o€1€2 | we have (t°:0°) = —1; on the 
other hand, for ¢” = | evéoe2 | we have (°:0’) = 1. 


§3.2. Properties of the incidence numbers. 
Property 1: 
G3): Crt) = fe YS”): 
The first equality follows from the fact that. 
e, if t’ = e(et™'), then —t” = —e(et”’); the 
second from the fact that (e(—2"")) = 
— (et””). 
Property 2. Let T” = (e€o@:¢2 «+: ér) be a simplex and let 


Ce 


th" 


Co 


Fre. 100 


(3.20) to” = leer +++ er], th” = | eo€a «=> el 


be tio of its (r — 1)-faces with the indicated orientations. Then, for any 
orientation t’ of 7”, 


(3.21) Gt) ae Gay) 


(see Fig. 100 for the case r = 2). 
Proof. In virtue of the first basic property, 


(—f:t" ) = -—(:4"), a ae a ee 
consequently, it 1s enough to prove (3.21) for any one orientation of 7”, 
e.g., for t’ = | eoeiee --- €, |. But, by (3.11), we have for this orientation: 

ia Y=A1, (it) = -1. 


We shall give Property 2 another formulation which will be needed for 
further gencralizations. 

Let | t’ | = (eoeic2 +++ e-) be a simplex and let f° = |e: --+ e,| be an 
arbitrarily oriented (r — 2)-face of | t” |. Let the two (r — 1)-faces | f)”* | = 


r—2 
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(een --+ e,) and | 4” * | = (ees «++ e,) incident with | t”” | be given orienta- 
tions to” " and to” such that 

(3.22) Gor vet, SS. 

Then 

(3.23) (tte) + (rh) = 0. 

Indeed, since (| ¢o€2 +++ ¢, |i] 2 --+ er |) = (| erta- ++ er |i] e2--- ee |) = 1, 


the orientations to” *, 4" satisfying (3.22) are 


> 


rT 


ty "= | ete --- e, |, to = | e+ ++ e |. 


This and (3.21) imply (3.23). 

Formula (3.23) can be generalized further if (3.22) is not imposed. We 
then obtain the following general formulation: 

3.21. Let | to” | and |i" "| be the two faces of a simplex | t” | which 
are incident with the face | ¢”” |. Mor arbitrary orientations ¢’, tj)” ", 477, 
and t””, we have 


(3.24) (fete Ge a Ea a a = 0: 


This formula is valid if to” ’ and t,"" satisfy (3.22), since then it becomes 
(3.23) which has already been proved. Its validity in the general case 
follows from the fact that if either or both of the orientations to”, t;”’ are 
replaced by their opposites, both terms of (8.24) retain their value. 

Now let K be an unrestricted simplicial complex. Let t” and t”” be arbi- 
trary orientations of an r-simplex and an (r — 2)-simplex of K. We choose 
a definite orientation for each (r — 1)-simplex of K and denote it by é;77”. 


In these conditions (8.24) can be rewritten in the form 


(3.25) Due Va ae) = 0, 


where the sum is extended over all ¢;7”. 

To prove (3.25) it is enough to note that for fixed (” and ¢”” there exist 
precisely two t,”', Say fo” and f" “, for which the conditions (tt) * 0 
and (t;7 ':t”°) # 0 are satisfied. Because of this, (3.25) is identical with 
(3.24), which was proved above. 


$4. Cell complexes; a-complexes 


The reader may omit this section on a first reading if in the sequel he 
thinks of a cell complex & (or an a-complex) as the set of all oriented sim- 
plexes of a triangulation A and of a closed (open) subecomplex of a cell 
complex & as the set of all oriented simplexes of a closed (open) subeomplex 
of A. With this in mind, p’ denotes the number of r-simplexes of A; the 
number of oriented r-simplexes of A or of r-cells of R is then, obviously, 
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2o. However, the general concept of a cell complex is required in Chap- 
ter X. 

Ina paper (see Aleksandrov [f], Bibliography, Vol. 1) which supplements 
this book, but was written after the book was completed, the term “cell 
complex” was used instead of the term ‘‘a-complex’’; cell complexes (Gn 
the sense introduced in this section) were called ‘cell spaces’. 

$4.1. Definition of a-complexes and cell complexes. The properties of 
incidence numbers investigated in the preceding section lead to a natural 
definition of cell complexes and a-complexes; these appear as an immediate 
generalization of the set of all oriented simplexes of a simplicial complex 
(or of an unrestricted simplicial complex). 

Derrinirion 4.11. Let 8% be a set consisting of elements called cells. & is 
said to be a cell complex if the following conditions are satisfied: 

4.111. Every cell is assigned a nonnegative integer called the dimension 
of the cell. 

4.112. With every r-dimensional cell (r-cell) ¢” € § there is associated a 
unique r-cell —t’ € §, with 


-—(-t) =. 


The cells ¢’ and —t’ are said to be opposites. 

4.113. Every pair of cells with first element an r-cell ¢’ and second element 
an (r — 1)-cell (’” is assigned an integer (t’:t” ') called the incidence num- 
ber of the cells (’ and t”". 

4.114. Tor every cell ( the set of t”' for which (t’:¢7') ¥ 0 is finite. 

4.115. The incidence numbers satisfy the condition 


(tt y= Coa PS =e): 


A cell complex ts said to be an a-complex if it satisfies the following condition: 

4.116. Let { and (’~” be an arbitrary r-cell and (r — 2)-cell, respectively; 
denote any one of the cells in each pair of (r — 1)-dimensional opposites by 
i; *. Then 


> Ci Dag vy) = 0, 


where the sum is extended over all ¢;". 

Derinition 4.117. A (L—1) mapping F of a cell complex & onto a cell 
complex &, is called an isomorphism provided the following conditions are 
satisfied: 

a) The image F(é) C ® of an arbitrary clement ¢ € &; has the same 
dimension as ¢. 

b) If the elements ¢ and —¢ of Sf; are opposites, then ’(t) and /'(—?¢) are 
opposites in Ss . 


e) (F@):FU) = Cs”). 
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Two cell complexes are said to be zsomorphic if there is an isomorphism of 
one onto the other. 

It is clear that a cell complex isomorphic to an a-complex is an a-complex. 

Derinition 4.118. If the elements of a cell complex & have a maximum 
dimension n, then n is said to be the dimension of the cell complex &. 

Remark 1. l'rom the properties of the incidence numbers in an unre- 
stricted simplicial complex it obviously follows that the set of all oriented 
simplexes of an unrestricted stmplicial complex K is an a-complex. The 
following example shows that the set of all oriented simplexes of a simplicial 
complex A which is not unrestricted, while it is obviously a cell complex, 
may not be an a-complex. The complex A consists of a triangle (ece1e2), a 
side (coc,), and a vertex ¢, . Setting = | eoeies |, t’ = | ever |, f = | er |, we 
have 


YM Cae at Ss a) = 1S 6. 


We shall prove (in 7.2), however, that the set of all oriented simplexes 
of every open subcomplex of an unrestricted simplicial complex is an a- 
complex. The same assertion for closed subcomplexes follows from the fact 
that every closed subcomplex of an unrestricted simplicial complex is an 
unrestricted simplicial complex. 

DEFINITION 4.12. If (i7:t’) # 0, the cells ¢’ and t”” are said to be ine7- 
dent (it is proper to use both phrases: “¢” is incident with (” and “1? is 
incident with ¢’’). 

DEFINITION 4.13. A cell (? precedes or is less than a cell ¢’: 


ee (p 2 1) 
in a cell complex & if there are cells 
tQ =, , +t) 2 =t? 
in such that 
(teitiza) ¥ 0 fori = 0,1,---,p— 1. 


Remark 2. This ordering of the cells of & and the assignment of a dimen- 
sion to every cell enable us to consider a cell complex as a complex in the 
sense of IV, 1.7. 

ReMmArRK 3. Def. 4.13 implies that if 


ay 
then 
+5... taf =P 24) 


Derrnition 4.14. A cell complex &’ is said to be a cell subcomplex of a 


16 CHAINS. THE OPERATOR A [cH. VII 


cell complex & if every element of &’ is an clement of & and if, in addition, 
the following conditions are satisfied: 

1°. Every element of St” is assigned the same dimension in # as it is in &’. 

2°. Every pair of opposites in &’ is a pair of opposites in &. 

3°. Every two elements ¢’ and t”* of &’ whose dimensions differ by 1 have 
the same incidence number in & as they do in &’. 

Remark 4. Def. 4.14 implies that if an element ¢ of a cell complex & 
is an element of a cell subcomplex S’ of &, then —tis also an element of St’. 

DEFINITION 4.15. A cell subcomplex &> of a cell complex & is said to be a 
closed (open) subcomplex of ® if every clement of ® which precedes an 
element of & (is preceded by some element of %o) is an clement of Sp , i-e., 
ift € Ry ty) EC KRoand t >t (> to), thent € Mo. 

Remark 5. In the sequel we shall never consider any subcomplexes of a 
cell complex except cell subcomplexes. We shall therefore in the sequel always 
refer to thecell subcomplexesof a cell complex ® simply as the subcomplezes of &. 

REMARK 6. In view of Remarks 2 and 3, the theory of connectedness of 
complexes (including the notion and properties of components) developed 
in IV, 7 can be applied verbatim to cell complexes. 

Remark 7. In most of the cell complexes considered in topology the inci- 
dence numbers assume only the values 1, —1, and 0. At the end of the 
next article we shall give examples of cell complexes in which the incidence 
numbers assume other values also (see 4.2, Examples 3 and 4). 

§4.2. The incidence matrices of a cell complex. Let % be a finite n-dimen- 
sional cell complex. We shall denote by 29° (r = 0, 1, --- , n) the number 
of r-cells in. Let us suppose that the cells of & of each dimension are 
numbered in a definite way. Then for r = 0, 1, 2, --- , mn — 1 it is natural 
to consider the matrix consisting of 2p"** rows and 2” columns in which 
the element in the 7th row and jth column is the incidence number of the 
ith (r + 1)-cell and the jth r-cell. All the properties of the complex & can 
be deduced from these matrices. However this can be effected more eco- 
nomically by denoting one cell of cach pair of opposites by ¢;’ and the 
other by —t;,7 = 1, 2, --- , p', and considering the matrices ©’ in which 
the clement in the 7th row and jth column (i = 1, 2, --+, p37 = 1, 2, 
-++, p) is the number 


Tr tly 
Ci = (t; ibs) 


Knowing these matrices and using the first basic property of the incidence 
numbers, one can obviously obtain the incidence numbers of any two cells 
of consecutive dimensions and thus all the properties of the complex. 
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DEFINITION 4.21. The matrix 


Tr Tr Tr Tr r+l1,,7 
Eu rae bay st Elp(ry ey = (t; 3b; ), 
a | Or 0 ,rn—]l, 
“7 T T r 
C= fn m8 bay VS EGS 
| os a Ce 
r r Tr 
Ep@rgayy 1 * Ep(rtys 77% Eprttp(r) 


is called the rth ¢nczdence matrix of the cell complex &. (Whenever p occurs 
as a subscript, we shall write p(r) instead of p’.) 

Remark 1. If & is a complex consisting of the oriented simplexes of a 
simplicial complex K, then the meidence matrices of the cell complex & are 
known as the zncidence matriccs of the simplicial complex K. 

We shall give several examples of cell complexes and their incidence 
matrices. 

ExamMp_Les. 1. The decomposition of a torus into four (curvilinear) rec- 
tangles is shown in Figs. 101 and 102. The orientations of these rectangles, 
their sides, and vertices are the elements of the cell complex &. Denoting 
by t7, t:', t2 the oriented elements indicated in Fig. 102, we obtain the in- 
cidence matrices: 


a a ae a ae er ee 
ne 0 oO 1-1 0 90 
g@ . &||-1 0 0 0 O 1 -1 
ul) O: 6. “ise =e. ay OO 4 
ti] 0 Oo - i O° Ob FT 

je sie te 

ii: d=2 “0 0: 

Bio oh. WO. 2 Say 

ae 1 0 0 

2533 it. 0 o-1 1 

oe oe ee Oe ae 

is’ 1 0 -1 0 

i 0 —1 0 1 

ig 0 1 Oj; 


2. The cell complex & consists of the elements +7, +t, th, +f 
with incidence numbers 
(2m) = (Prt!) = (ii) = Ge) = 0. 
3. Thecell complex & consists of the elements +0, +t, +0, with @:¢) = 
2, (it) = 0. 
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4. The cell complex & consists of the elements -é’, td’, 2°, with inci- 
dence numbers (t:t') = 6, ((:t°) = 0. 

Remark 2. We arrive at a geometric interpretation of the last example 
(Iixaimple +) by considering a hexagon with the identifications and orienta- 
{ions indicated in lig. 103. In the same way, the geometric basis of Example 
3 is the model of the projective plane obtained from a circle whose diametri- 
cally opposite points are identified; in Example 2 we have a torus repre- 
sented as a square with identification of opposite sides. The precise mean- 
ing of these assertions will be considered in X, 2.4. 

Remarx 3. The reader may easily verify that the cell complexes given in 
the preceding examples are a-complexes. An example of a cell complex 
which is not an a-complex was given in 4.1, Remark 1; it is left to the reader 


feo tee tas. 


—_ 
an 

( 
an 
anal 

va 
+ 

Pac 


ae oa 


Fic. 101 Fic, 102 


to devise other similar examples as simple exercises. However, it should be 
kept in mind that the primary concept is that of an a-complex, while the 
concept of a cell complex has only secondary value; to what degree the prop- 
erties of cell complexes which are not a-complexes 
are interesting and important is not well known. 


$5. Chains 


$5.1. Definition of a chain. Let us consider a 
polygonal line without self-intersections in the 
plane or in space. 

The choice of a direction of motion along the 
polygonal line determines a definite orientation 
on each of its segments or links (1-simplexes). 
Henee a consideration of polygonal paths leads 
naturally to a consideration of sets whose ele- 


fhe tless sted! 
te= idee 2te=t? 


Niro, 103 ments are oriented 1-simplexes. This set of 1-sim- 
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plexes could be naturally ordered, but we shall not do this since it would 
lead us to other concepts which we do not intend to investigate. 

Let us now consider paths in which some links are traversed several 
times. A path of this sort is not simply a set of directed segments; it must 
be considered as a set of directed segments each of which is assigned an 
integer which indicates the number of times the segment is traversed; in 
other words, the multiplicity or coefficient with which the segment enters 
into the path must be indicated. Consider, for instance, the polygonal path 
€1€2€3¢,€0¢4 (ig. 104). It can be considered as a collection of directed seg- 
ments | e:¢2 | , | ees |, | eser |, | C2e4 |, With multiplicities 2, 1, 1, 1, respectively. 
On the other hand, the directed segment | e1e3 | would have to be assigned 
the coefficient — 1 in the given path. 

Similarly, in the path eeresese2c, the segments | ees |, | exes |, | eser |, 
| exes | are assigned the coefficients 1, 0, 0, —1, respectively (the coeffi- 
cients of |ese3; | and | e3e, | are zero since these segments 
are traversed twice and moreover in opposite directions). e, 

The logical essence of the concept discussed above 
consists then in assigning to each oriented simplex (in 
the examples, a 1-simplex) of a given simphcial complex 
lin the examples, the complex consisting of the four seg- 
ments (¢,€2), (e2¢3), (es@1), (@ses)] an integer, the ‘‘cocet- 
ficient’? with which the given oriented 1-simplex appears 
in the path; the integer-valued function so defined ona & e; 
given set of oriented simplexes is odd since a(t) = Via. 104 
—xr(—t'). The latter fact expresses the equivalence of 
the two statements: the directed segment | ee; | appears in the path with 
coefficient a: the directed segment | e;e;| appears in the path with coef- 
ficient —a. Such integer-valued functions are called integral chains; in 
the given case, one dimensional integral chains (integral 1-chains). 

The concept of integral 1-chain is susceptible of generalization in several 
directions. First, instead of an integral 1-chain, one can define an integral 
r-chain, and moreover on an arbitrary cell complex &, as an integer-valued 
odd function «’(t”) whose value is defined for each cell ¢ of &; the function 
is odd in the obvious sense that 


e(-t) = —2(t), 


and integer-valued in the sense that its values are integers. Secondly, one 
can relax the condition that the function be integer-valued and instead re- 
quire that it take values in a given Abelian group Yl, which is then called 
the coefficient domain. We thus arrive at the following fundamental defi- 
nition: 

DEFINITION 5.1. Let R bea cell complex and let U # 0 be an Abelian group, 
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referred to as a coefficient domain; suppose that each element of R is assigned an 
element 2 (t’) of Win such a way as to satisfy the condition 


x(-l) = -2'(t’) (condition that the function be odd). 


The resulting function x'(t') defined on & is called an r-chain of & over the 
coefficient domain YU. 

Remark 1. In this book we consider only finite chains, that is, chains 
which assume values different from zero only on a finite number of ele- 
ments of &. Hence chain will always mean finite chain. 

Derrnition 5.11. The set L’(8, %) of all r-chains of a complex & over the 
coefficient domain % forms a group with respect to the operation of addition: 
the sum of two chains ay’ € L'(®, W&) and x” € L’(R, W) is the chain whose 
value on each clement of § is the sum of the values assumed on that element 
by 21’ and xe. The identity or zero of the group L’(8, 2) is the chain whose 
value is zero (the identity) on every t’ € &. [On a first reading the reader 
may limit himself to a single coefficient domain, the additive group of in- 
tegers, omitting everything pertaining to other coefficient domains. We 
shall usually omit the argument 2% and write L’(&) instead of L’(S, %).] 

REMARK 2. For convenience we shall not distinguish between the identi- 
ties of the various Abelian groups which we shall consider as coefficient 
domains. This also makes it possible to regard as identical the zero elements 
of all the groups L’(&, %) and to call them simply the zero or null r-chains 
of & (vithout regard to the coefficient domains). 

Remark 3. If & is an n-dimensional cell complex (cell n-complex), we 
introduce also for r > n the group L’(&, 90) which, by definition, consists 
of the identity alone. In addition, for all cell complexes & we define the 
group L’ '(&, 1) consisting, by definition, also of the identity alone. 

§5.2. Some remarks on chains. The most important coefficient domains 
are the following additive groups: 

1) the group J of all integers; 

2) the group J, of integers (mod m) (m an integer) ; 

3) the group % of all rational numbers; 

+) the group 9 of rationals (mod 1), that is, the factor group of Jt with 
respect to the subgroup J; 

5) the group 11 of all real numbers (mod 1); i.c., the factor group of the 
real numbers with respect to the subgroup JJ. 

The group L’(8, 7) is denoted simply by Lo (M); its elements are called 
integral r-chains of &. 

The group L’(&, J.) is denoted by L,,"(St) ; its clements are referred to as 
r-chains (mod m). All the coefficient domains noted above, with the excep- 
tion of Mt and UO, are rings with unity. [In this book a ring is a group YW 
in which an associative and commutative multiplication, distributive with 


§5] CITAINS 21 


respect to addition, is defined. A ring with unity is a ring YY which contains 
an clement, called a unit and denoted by 1, with the property that l-a = a 
for every a € %. It will be convenient for us to regard as identical the unit 
elements of all rings considered as coefficient domains. ] 

The groups J» (ma prime) and 9 are fields. 

Remark 1. The case m = 2 merits special attention. Since the group Je. 
consists of the two elements 0 and 1, where 1 + 1 = 0, we have for x” € 
Le (R) and any cell ( € &, 


(Saf) Se" a = ae 


that is, an arbitrary chain (mod 2) has the same value on each of two oppo- 
site cells. Therefore, if a cell complex & consists of the oriented simplexes 
of a simplicial complex A, the chain 2” € Ly'(§) assigns to each simplex 
T’ € K a definite value v'(7") = xv(l) = 2(—£). This fact enables us to 
regard chains (mod 2) of simplicial complexes as functions with values 0 
and 1, defined on the set of simplexes 71’, 72’, -- + of the complex K. 

There is a (1—1) correspondence between these functions and the sub- 
sets of the set of all r-dimensional elements of the complex; this corre- 
spondence may be realized by assigning to each chain 2” € Ly'() the set 
of r-simplexes 7;7 € K on which the chain x’ assumes the value 1. 

RemaRK 2. In the theory of sets the function defined on a set A which 
has the value 1 on all the elements of a subset B of A and the value 0 on 
each element of A \ B is called the characteristic function of B. Hence the 
r-chains (mod 2) of a simplicial complex AK may be defined as the charac- 
teristic functions of the distinct subsets of the set of all r-simplezes of K. 

REMARK 3. (This remark is required for the later chapters, starting with 
Chapter XI.) Let A be an unrestricted skeleton complex or, in general, an 
unrestricted simplicial complex. Let 2” be a chain of K and denote by | 2’ | 
the combinatorial closure (sce IV, Def. 1.84) of the subcomplex of K con- 
sisting of all simplexes on which x" does not vanish. The elements (in par- 
ticular, the vertices) of the complex | x" | are known as the elements (in 
particular, the vertices) of the chain xv’ . 

Iinally, let the elements of the complex K be simplexes, perhaps de- 
generate, of some R”. Let 2” be a chain of K. The union of the bodies of all 
the oriented simplexes (see 1.3) of the complex K on which the chain 2’ 
does not vanish is called the body of the chain x’ and is denoted by 2’. 2’ is 
a compactum (and even a polyhedron). 

§5.3. Monomial chains. Chains as linear forms. Let (” be an clement of 
a cell complex & and let a be an element of a coefficient domain 9%. We shall 
denote by al’ the r-chain of & which takes the value a on ' and vanishes on 
all r-cells of & distinct from 

It follows from 5.1 that the value of af” on —¢’ is —a. Chains of the form 
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at’ are known as monomial chains (sometimes called cellular chains) or cells 
’ with coefficient a. In particular, if Mf is a ring with unity, the chain 1¢ 
(the chain which takes the value 1 on ¢ and 0 on all cells distinct from +’) 
is denoted by ¢’ and is identified with the cell ¢’. 

5.31. Hvery chain is a sum of monomial chains. 

Proof. Vet us denote a definite cell of each pair of opposites of & by ¢,’. 
If the value of the chain x’ on the cell ¢,’ is a; , we may obviously write the 
identity 


(5.31) vw = > at,. 


Indeed, on an arbitrary ¢;’ the value of a,t,’ is a; , but the values of all the 
chains a,t;', 7 # 1, are zero; consequently the value of the chain a ayl;” 
ont,’ isa; , that is, the value of the chain 2’ on the cell é,’. 

Both 2” and >> aj,’ take the value —a; on —t,’. This proves 5.31, since 
lt, was arbitrary. 

Hence every r-chain of S& may be written as a linear form (5.31), where 
t;” (for various values of 7) is a representative of each pair of opposites 
of the cell complex & and a; is an element of the coefficient domain Y. 
Distinct chains correspond to distinct linear forms, and conversely. 

We sce also that the addition of chains, defined as functions, corresponds 
to the usual addition of linear forms; hence the group L’(&, 9%) may be 
thought of as the group of linear forms (5.31). It follows that the group 
L'(&, 2 is a direct sum of p’ groups isomorphic to the group 2, where 2p’ is 
the number of r-elements of the cell complex &. 

§5.4. Chains of a simplicial complex. If {t is a cell complex consisting of 
all the oriented simplexes of a simplicial complex A, the chains of /y are 
called stmplicial chains of KX or chains of the simplicial complex A’. Accord- 
ingly, the group L’(®, 90 is now written as L(A, YY) and is known as the 
group of simplicial r-chains of A or the group of r-chains of the simplicial 
complex AK. The number p’ is in this case simply the number of 7-simplexes 
of K. 

It is clear that in accordance with the abstract definition of a chain and 
the definition of an oriented simplex, the chains of a simplicial complex 
may be directly defined as follows: the r-chains of a simplicial complex K 
over a coefficicnt domain % are functions x” defined on the set of all ordered 
r-skeletons | ey, +++, ¢,| of A satisfying the conditions: 

1°. The functions 2” take values in the group YW. 


. Co 6+ € : : : : 
ea J ) is an odd permutation of the vertices of an ordered 
Cio) +7 Cx) 
skeleton | cy, +--+ , er |, then 
7 eel a 
| @m@, °°? ray | = —2 [e0, --+ 5 er |- 


REMARK. Since every even permutation is a product of an even number 


bo 
w 
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of odd permutations (transpositions), 2° imples 


Cos € : : 
Bed ( . is an even permutation, @ [¢@,--:,¢,| = 
1) CO) 
: 
x" | ei >, Csr |- 


In the terminology of 5.8 we may say that a simplicial 7-chain of A over 
9M is a linear form in the oriented simplexes ¢;’ of A with coefficients a; € Wf. 

$5.5. The scalar product of chains. We shall assume that the coefficient 
domain % is a ring with unity. 

Let. 


a = > adi, oe 


be two chains of a cell complex & over MY. We shall call 
(5.51) (e- y) = do ad, € 


the scalar produet of the chains xv’ and y/’. 

We have defined the scalar product of two chains over the same coeffi- 
cient ring %. Now let 9 be an arbitrary coefficient domain, that is, an ar- 
bitrary Abelian group. An arbitrary element a of 9 can be multiplied by an 
arbitrary integer +n (n > 0) in accordance with the rule: 


an=na=ata+t+-::: +a (n times). 
Consequently, if 
v= Dads € LK, WO 
is a chain of & over Y& and 


y = Dd, bite 


is an integral chain, then the scalar product 
(x+y) = >, ad; € ay | 


is defined; in particular, if y” = ¢/, then (v’+y’) = a;. 

Hence, the value of the chain x’ on the element t;’ of a cell complex & is the 
scalar product of x and t; (considered as an integral monomial chain). 
We can therefore denote the value of a” ont’ € & by (z’-#’) [retaining, wher- 
ever convenient, also the notation 2’ (é)]. The linear form (5.31) may now be 
rewritten as 


x = Ds (2" +t )t,. 


$5.6. Extension of chains; restriction of chains to a subcomplex. The 
operators Sip and /’e. [In what follows we recall that by a subcomplex of a 
cell complex we mean a eell subcomplex (see 4.1, Remark 5). The reader 
who has omitted §4 may think of a cell complex & as the set of all oriented 
simplexes of a triangulation A and of a subcomplex &y of & as the set of all 
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oriented simplexes of a subcomplex Ky CG K.] Let %o be a subcomplex of a 
cell complex & and let v2” = Ss a,t;, be a chain of &. If we consider the 
function 2” only on the cells of &o, that is, if we retain in the linear form 
a” = >> ai only those terms for which ¢;’ € %o, we obtain a chain of the 
complex %) referred to as the restriction of the chain x" to %o and denoted 
by &o 2”. In particular, if 2’(é,7) = 0 for every #7) € & \, @o, we shall say 
that the chain 2’ is on &o. 

Now let 29” be a chain of & ; defining the functions x” € L'(S) by the 
equations 


eG) = 2G); it C Atos 
2) 0: if t’ € Ro, 


we obtain a chain 2’ of & called the extension of the chain x © L'(Sto) over 
the complex & and denoted by F'gay’. 

Remark. If chains are thought of as linear forms, it is necessary to 
identify every chain of &) with its extension over & (since two linear forms 
are identical if they differ only by terms which are equal to zero); in other 
words, it is necessary to regard L’(®) as a subgroup of L’(&). From the 
point of view of functions, the chain xo € L'(So) is distinct from the chain 
Egto € L'(), since xo is a function defined on ®@ , while /gxo’ isa function 
defined on &; two functions are identical if, and only if, they are defined 
on the same set and assume the same value on each element of this set. To 
emphasize this difference, chains defined as functions are sometimes 
called V-chains, while those defined as linear forms are referred to as 
A-chains. 

If we assign to each chain 2” € L'(®) the chain Mor" © L’(&), we obtain 
a homomorphism of the group L’(®) onto the group L’(»); the mapping 
is onto since, obviously, 

io. = Ro( Fare ) 
for every ao GC L’(So). Moreover, if we assign to each chain xo € L'(&) 
the chain Mgt) € L’(&), we obtain a homomorphism (which is also an iso- 
morphism) of L’(So) into L’(&) (the homomorphism is not onto for %>) # 
&). We shall call the first of these homomorphisms the intersection-homo- 


morphism and the second the exrtenston-isomorphism or refer to both, in- 
differently, as the homomorphisms (or operators) &o and Fg , respectively. 


§6. The lower boundary operator (the operator A) 


§6.1. Definition of the A-boundary. 


DEFINITION 6.10. Let & be a cell complex and let t’ € &. We shall denote 
by Agé” the (r — 1)-chain which takes the value (f:t"") on each cell (7 
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of &. The chain Agt’ is called the boundary of the cell t’ (or often: the lower 
boundary or the A-boundary) i the complex &. 

If one of each pair of (r — 1)-dimensional opposites of & is denoted by 
t;” | and the other by —¢;’, then the chain Agé” may be written as the 
linear form 


ne T., Tl r—1 
(6.10) het = UG i 
Remark 1. If A is an unrestricted simplicial complex and & is the cell 
complex of its oriented simplexes, then for 
rl A 
P=) eyo es |, be = |e@--: é;--- | 
we have, by (3.11), 
jy t-1 
Ast’ = oD ay 
This expression is the same for all unrestricted simplicial complexes K 
containing the simplex (’; consequently, we are Justified in omitting the 
subscript ® and writing 


(6.100) Ale +++ é| = Dd, (-1)’leo-+: 6 +++ & |. 
The chain (6.100) will be called simply the boundary of the oriented simplex 
le) +++ e,| (in an arbitrary unrestricted simplicial complex). 


DEFINITION 6.11. Let 
w= > ads € L'(&) 
be an arbitrary r-chain of a cell complex &. We define the (r — 1)-chain 
Agu’ by the equation 
(6.11) Age’ = >>: asAgly’. 
Substituting (6.10) into (6.11), we have 


Agr" _ a a; > she i 
1.¢., 
(6.111) Agu’ = oe Gis Dads 
For a fixed but arbitrary ¢;"7 (6.111) yields >>; (t7:t,")a; as the value of 
Ag" on tj. 

This result may be given another form. Let ¢”* be an arbitrary (r — 1)- 
cell. Let us denote by ¢,’ that cell of each pair of r-cells having a nonvanish- 
ing incidence number with respect to ¢~* for which the incidence number 
is positive. Then, since a; = (2’-t,’), 

(6.12) (Ag) = S(O Ya" tz), 


. . Py . . —] 
where the summation is extended over all ¢;) incident with ¢”. 
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Equation (6.12) may be used to define the chain Agz’. 

Remark 2. If § is the cell complex of all the oriented simplexes of a 
simplicial complex A, all the nonzero incidence numbers are equal to +1 
and (6.12) becomes 


(6.121) (Age i a Se (ast), 


where the sum is taken over all the cells ¢; for which (7:07 ") = +1. 
If’ = |e. +: e, |, then 


(6.122) (Agt”- |e. --: e |) = 95 ("> Jee +--+ e |), 
where the sum is taken over all the vertices e; ¢ | A |, for which the sim- 
plex | ei: --- e,| isin K. 


Remark 3. For 0-chains 2° C L°(®) we set Agx? = 0 in agreement with 
the fact that, by definition, L~’(&) consists of the identity alone. 

6.13. An immediate consequence of the definition of the chain Agz’ is 
that 


Ag (a1 + 22") = Ag xy + Agr’; 


in other words, if every chain 2’ € L'(8, %) is assigned its A-boundary 
Ag x”, the result is a homomorphism of the group L’(®, %) into the group 
L'™ (8, %). This homomorphism is referred to as the homomoprhism or 
operator A. 

Remark 4. If 8 is the cell complex consisting of the oriented simplexes 
of an unrestricted simplicial complex A, we shall write Ax instead of Ag , 
and often we shall omit the subscript A entirely. 


§6.2. Examples of chains and their boundaries. 


1°. The complex & is represented as the decomposition of the plane into 
congruent squares of side 1 with vertices at the lattice points (the points 
with integral coordinates). The oriented squares of this complex form an 
a-complex. The chain x” assumes the values indicated in Fig. 105 (the given 
values taken on by this chain on the squares oriented counterclockwise). 
The chain Ax” has the value 1 (2) on the sides marked with one or two 
arrows, respectively, and oriented by these arrows. On the remaining sides 
Ax’ is 20r0. 

2°. ig. 106 shows a triangulation of a part of the plane. On the triangles 
(oriented counterclockwise) with values attached the chain x” has the indi- 
‘ated values; x” is zero on those triangles which have no values attached. 
The boundary Ac’ is 1 on the segments marked with a single arrow, 2 on 
the segments with double arrows, and zero on the remaining segments. 

3°. Vig. 107 shows a square divided into 24 triangles. These triangles, 
oriented counterclockwise, are denoted by &”, «++, toy. Let us denote by 


AOMAROPEIG 
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by Rs tio! the segments on the boundary of the square, oriented by arrows 
in the indicated fashion. 

We now identify ¢,' with t;', ty with ts, tg with ty, tg with ty’, ts) with 
ba cts ith tye, so that instead of 12 segments ty, +++ , te, we now have 6, 
which we denote as before by iy tery i (with the same orientations which 
they had previously). This identification converts the complex consisting 
of 24 triangles, their sides, and vertices, into a triangulation A of the pro- 
jective plane which has 


2-elements, l-elements, and 0-elements, respectively. 
Let us set 


2 24,2 Zoe #2 
uv = iis 2 = gal ly. 


Then 


Hence the chain 22’ is the boundary of the 
integral chain x” of the complex A. We shall 
prove that no integral chain of A has z as 
its boundary. Indeed, let us suppose that 
K contained a chain y’ such that Ay’? = 2’. 
First, we shall show that then the chain y” 
Fria. 107 assumes the same value on all t;. For, in 
the contrary case there would be two tri- 
angles ¢;’ and t; on which the chain assumed different values and which 
had a common side in the interior of the square. But in that case the 
chain Ay? would necessarily have a nonzero value on the common side 
of these two triangles, which contradicts the assumption that Ay’ = 2’. 

Hence 1” has the same value a on every ¢;’ and we may write 


2 
YoFavr, 


Since Aa” = 2z', Ay” = 2az', which for @ an integer contradicts the 
assumption that Ay* = 2’. 

Exercise. Fig. 108 shows a triangulation Ky of the projective plane 
consisting of 10 triangles, their sides, and vertices. The chain 2’ = t,) + 
ty + ts! (the orientations of the segments ¢,’ are indicated in the figure by 
arrows) represents cycle. Prove that 2z' is the boundary of an integral 
chain and that the chain z is not the boundary of any integral chain of the 
complex Ai - ae 

4°. Tig. 109, after identification of the opposite sides of the square 
represents a triangulation of the torus. The chain 2” has the value 1 on the 
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. . x 2. 

triangles marked with circular arrows and oricnied by these arrows; .v” 1s 

os : = _ 1 

zero on the remaining triangles. The orientations of the segments 4, 
~7=1,---, 12, are indicated in the figure. Let us set 


1 12 1 1 3 1 1 6 1 
= i=7 ty, 1 = yale, 2 = Dede. 


Then Av? = 2° — (22° + zy’). 


y, VATA 
: LAV AVA 


2 


Fie. 108 Tic. 109 
t| ts i 
i KA 
t, ts t 
Tria, 110 


5°. Fig. 110, after identification of the sides ¢;' of the rectangle, gives a 
{triangulation of the Mébius band. The orientations ¢,° and ¢,' of the tri- 
angles and segments, respectively, are indicated in the figure. Setting 
= > pe z= oy t;, we have Av” = 2 + 2t,'. 

6°. The complex K represents the space between two concentric spheres 
divided into prisms by radial cuts. The chain 2° is +1 on all the prisms 
oriented coherently (i.e., all oriented in the same say). The chain Az’ is 
+1 on all the 2-faces of the prisins which he on the inner sphere, — 1 on all 
the faces which lie on the outer sphere, and zero on all other 2-faces. 

$6.3. Cycles; chains homologous to zero; the groups Z’(%) and //’(S). 
Let us consider more closely the homomorphism A of the group L’(®, 90 
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into the group L™?(S, 9). We shall denote the kernel of this homomorphism 
by Za'(&, 20). The group Za (&, X) & L'(K, 2 consists of all the chains 
x” such that Agr” = 0. These chains are called r-cycles (more precisely: 
r-dimensional A-cycles) of the cell complex & over %. 

Since Ar? = 0 for any 0-chain x”, every 0-chain is a cycle, i.e., 


Za (K, A) = LR, W). 


The image of the group L'(&, 20 under the homomorphism A is a sub- 
group of the group L’“(&, 2). We shall denote this subgroup by 
1," '(®, %). It is clear that in order for the chain x’ to be an element of 
the group Ha’(S%, 2) it is necessary and sufficient that there exist a chain 
at? € Lt, 1) such that Agr’™*? = 2”. 

TnEorEM 6.3. If & ts an n-dimensional cell complex, then Hy"(S, %) 
consists of the identity alone. 

For, in this case the group L"*'(®) consists only of the identity. Hence 
its image under an arbitrary homomorphism, and consequently under 4, 
is the identity. This proves the theorem. 

Remark. As in the case of the group L’(&, 20, we shall often omit the 
argument 9% and also, whenever possible, the subscript 4. Hence, instead 
of Za" (R, W) and A4’(K, W) we shall usually write simply Z’(%) and A’(8). 
The especially important special cases of Y = J and MW = J,, will be em- 
phasized by using the abbreviated notation Zo’ (&), Ho’ (%) instead of 
Za (RK, J), Ha (R, J) and Zn'(®), Hm’ (&) instead of Za’(K, Jim), Ha" (R, Jim). 

If the cell complex & consists of all the oriented simplexes of a simplicial 
complex K, we shall write Z’(K), H’(K), etc. instead of Z’(St), H’(&), ete. 

§6.4. Homologies. The symbol ~. Linear independence of chains with 
respect to homology. The elements of H’(®, 9) are known as r-chains 
homologous to zero in & over MX. To denote the fact that a chain x’ is homolo- 
gous to zero, we shall write 


(6.41) x ~ 0 in & (over MN). 
Since H’(S) is a group, it follows immediately that the symbol ~ has the 
following properties: 

1°) 0~ 0, 

2°) 2” ~ 0 implies that —2” ~ 0; 

3°) a ~ O and 2” ~ 0 imply that xy + x ~ 0. 

We shall say that the chains x,’ and 22" are homologous in & (over %) 
and write 

ty ~~ ae in & (over Mf) 

if 


ay — Xo) ~ 0 in & (over IM). 
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From the above properties of the symbol ~0 it follows that 
1°) Be Oezj 
2°) ifa, ~ wt, then re ~ 141 ; 
3°) ifay ~ reand v2 ~ 23, then 2, ~ 23. 

Moreover, if a1 ~ y and 2 ~ ye, then a1 #ae~ yt Yr. 
Let 


(6.42) Py eee pee 


be chains of a cell complex § over N (the most important special case 
oecurs when the chains in (6.42) are integral chains). Let 1, +--+, cs be 
integers. A linear combination Ss cw; of the chains (6.42) is said to be 
trivial if all the coefficients ¢; are equal to zero; in the contrary case it is 
said to be nontrivial. 

Tf all the chains x; are chains over .Jm, m a prime, the linear combina- 
tion >> cx,’ (c; an integer) is said to be trivial if every ¢; is divisible by m, 
i.c., if every c; = 0 (mod m). 

DeEFINITION 6.42. Let M2 be one of the coefficient domains J, NR, or Jm . 
The chains (6.42) over Y are said to be linearly independent with respect to 
homology (lirh) in & if no nontrivial linear combination of these chains is 
homologous to zero in & over YW. 

Remark 1. Especially important is the case of systems of integral chains 
lirh. 

Remark 2. Since all the coefficient domains 2% mentioned in Def. 6.42 
are rings, and the chains zw” € L’(St, 9) are linear forms with coefficients in 
%, we can speak of linear combinations >> a,x, of the chains (6.42) with 
coefficients a; € YW. Hence we may give Def. 6.42 the following form: 

6.420. The chains (6.42) of a cell complex & over Y% (where Y is one of 
the rings /, 2, or Jm) are said to be lirh in & if a chain of the form >> az, 
where a; € Y, is homologous to zero in & over Y only if each of the ele- 
ments a; 1s the identity of the group QI. 

The proof of the equivalence of Defs. 6.42 and 6.420 is left to the reader. 

$6.5. Restricted chains and cycles. Let S be a cell complex and let 
Wt be a cell subcomplex of &. Let 2” € L’(R). In general, AyDtx” ~ MtAgz’, 
as the following elementary example shows. Let the cell complex & consist 
of all the oriented sides and vertices of the triangle (ese1e2); let I be the 
closed subecomplex of & consisting of + | ee: |, + | ¢0{, ~ |e: |. 

Let us define x’ € L’() as the linear form 


x = | €oex | + | €1€2 | + | e200 |. 


It is clear that Wx’ = | ece: |, Ag’ = 0, MtAg2’ = 0, and AyMz’ = e — 
é) ~ 0. This example indicates the importance of the following theorem: 


veo 
bo 
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THEOREM 6.51. /f Is an open subcomplex of a complex & and x’ € L'(&), 
then 


Agta” = MAgr’. 


Proof. Lett be an arbitrary (r — 1)-cell of Mt. Since Mt is an open 
subecomplex of §&, every cell t;” for which (t;7:t"’) # 0 belongs to Ogt”* and 
consequently to MM. Ience the value of (t,’:t" *) does not depend on whether 
the cells ¢7 and ¢”~ are considered as elements of & or as elements of Mt. 

In particular, the set of cells ¢, incident (see Def. 4.12) with the cell 
t” * in & is identical with the set of cells incident with {”* in 9 and the 
corresponding incidence numbers (t;7:t’’) are equal in both complexes. 

Therefore, >. (t,":t"*) has the same value whether the sum is extended 
over allt,’ € & incident with ¢”* or whether it is extended over all t,7 € M 
incident with ¢”*. But the first sum is equal to the value of DtAgz” on 
t’"’, while the second is the value of Aytz" on t*. 

Corouuary. If 2” € Za"() and Yt is an open cell subcomplex of &, then 
Me” € Za" (M). 

Indeed, 


AnMz2" = NtAge’. 


§6.6. Extension of chains and cycles. Let Jt be a subcomplex (see the 
parenthetical remark at the beginning of 5.6) of a cell complex & and let 
vy € L'(M). Let us consider the extension Lr)’ of the chain x over the 
complex &, i.e., the chain E'gao’ € L'(S8) defined as 


Eat = 2% (¢), if’ € M, 
Ear (') = 0, if € Me. 
In general, 
Agh gto # Ee Amity. 


To see this it is enough to define & as the cell complex consisting of the 
two oriented 1-simplexes | coe: | and | eo | and their oriented vertices 
+ }e |, + ||. The open subcomplex I of K consists, by definition, 
only of the two oriented L-simplexes | ee, | and | eo |. Let us set ty = 
| coe: |. Clearly, Amy = 0 and hence FeAmty = 0. 

But 


1 
Aghigxo = C1 — & ¥ 0. 


This shows the importance of the following theorem, the dual of Theorem 
6.51: 
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THEOREM 6.61. Jf & is a cell complex and MN is a closed subcomplex of &, 
then 


Agh gro. => Eg Amv 


for every chain xo € L'(M). 
To prove this consider an arbitrary (r ~— 1)-cell &? € &. Then 


Aglgxy (t"’) = Se (t2 30) E gtd (t;7) 


(summed over all ¢,7 € & incident with ¢”’). The terms of this sum cor- 
responding to cells ¢;7 not in 9 are equal to zero, since Mgxd'(t,”) = 0 for 
such ¢,. The terms corresponding to cells t7 € M are (t7:t"')Kex (ti) 
= (i720 )a0 (t2). 

In particular, if ”~* is not in IM, then, since M is a closed subcomplex of 
R, none of the cells ¢/ incident with t”” can belong to M. Hence 


I 


a) (if eo € Me, then Agh gto (tt) = 0; 
1 
if" € M, then AgE gre (tf ) = >> (t710 ae (4), 


‘ : Hee . — 1 
where the summation is extended over all tf, € M incident with ¢. 
On the other hand, in accordance with the definitions of the operators 
Eg and Ag ) 


if " & M, then HaAmty (t’*) = 0, 
(2) if" € M, — then EgAmto (tt) = Amxo (t") 
>» (t7:0") x0 (7), 


: 7 . aie se : —1 
where the summation is extended over all 7,7 € Dt incident with 7". Com- 
paring (1) with (2), we see that 


Agh exo (t" *) = MgAnao age ; 


This completes the proof. 

Considering chains as linear forms (see 5.6, Remark), that is, regarding 
L'(M) as a subset of L’(K), LOM) CS L’(K), and consequently thinking of 
Eg as the identity mapping of L’(9) [L” 7(MD] onto itself, we may express 
Theorem 6.61 as 

6.610. If Nt is a closed subcomplex of a cell complex ® and a’ € L’ (Md, 
then 


r ee 
Agro = Ato ; 


In particular, if Nt is an unrestricted simplicial complex AZ, it is closed 
in every simplicial complex K containing it. Therefore 
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6.6100. If A is any simplicial complex containing the unrestricted sim- 
plicial complex AZ as a subcomplex, then 
Axto _ Auto 


for every chain 2 € L(A). 
In particular, if Aya’ = 0, then Aga’ = 0, 1e., 
6.62. Every A-cycle of a closed subcomplex A C K is also a A-cycle of K. 
6.63. A A-cycle of an unrestricted simplicial complex J/ is a A-cycle of 
every simplicial complex K containing J/ as a subcomplex. 
§7. The fundamental case: § is an a-complex 


§7.1. The fundamental formula AAz’ = 0. Let ¢’ be an element of a cell 
complex &. Instead of Ag we shall write simply A. Let us calculate the 
value of the chain AAé’ on any element t”” C &. By (6.12) we have 


(BAEC) = eG st Al), 


where the sum is taken over all t;’" incident with t’°. But according to 
the definition of Av’, 


(Ait) = (tz); 
hence, 
i (aat-t) = Dy Cs) Ge). 


[The reader who has omitted §4 may finish this subsection as follows: 
(7.110) and (3.25) imply that AAt’ = 0, which means that 


(71) AAzx’ = 0 

for every chain 2” € L'(K). In other words, 
7.1’. The boundary of cvery chain is a cycle, 1.e., 

Chek?) IV(k) € Z'(h).) 


Irom (7.110) and the definition of an a-complex (see +.1) it immediately 


follows that: 
7.11. In order that a cell complex ® be an a-complex it is necessary and 


sufficient that 
(7.11) AAt = 0 


for every ER. 
(7.11) implies that AAx” = d a;AAt, = 0 for every chain x” = > ait’, 


1.e., 
7.1. If & is an a-complex, then 


(7.1) AAx” = 0 
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for every chain x’ of &. 
In other words, 
7.1’. In an a-complex the boundary of every chain ts a cycle. 
Or, finally, 
7.1%. If R is an a-complex, then 


(7.1) H,'(®, 1) C Zs7(®, W). 


Remark. Condition 7.1 = 7.1’ = 7.1” is obviously necessary and suffi- 
cient for a cell complex & to be an a-complex. 

§7.2. Closed and open subcomplexes of an a-complex. [The reader who 
has omitted §4 can omit this subsection also.] 

THEOREM 7.2. Every closed and every open subcomplex of an a-complex ts 
an a-compler. 

Proof. Let IN be an open subcomplex of an a-complex &; let f and (~ 
be any elements of dimensions 7 and r — 2, respectively, of Dt. All the ele- 
ments ¢;’’ of & which are incident with t’” in & belong to Nt and the inci- 
dence numbers (t':t;” ') and (t;7 ':t7”) are the same in & as they are in 
Me. Consequently, the sum 


(7.21) yt 4) Ge et) 


does not depend on whether it is taken in & or in Jt. Since & 1s an a-com- 
plex, the sum (7.21) is equal to zero in & (or in Nt). Hence Mt is an a-com- 
plex. 

Now let I? be a closed subcomplex of the a-complex & and let ” € Me. 
By Theorem 6.610, 


AmAmt” = AgAgt’ = 0, 


so that Mt is an a-complex. 

Since the complex consisting of the oriented elements of an unrestricted 
simplicial (or polyhedral) complex is an a-complex, 7.2 implies 

7.20. The complex consisting of the ortented elements of an arbitrary closed 
or open subcomplex of an unrestricted simplicial (or polyhedral) complex ts 
an a-complex. 

$7.3. Weak homology of integral cycles; the dual coefficient domain. 
Let us return to 6.2, Example 3°. There we considered an integral cycle 2’ 
such that the cycle 22’ was homologous to zero in 8, although the cycle 
z' was itself not homologous to zero in &. In other words, the cycle z’, while 
not an element of the group H4'(8, ./), is an element of the division closure 
(see Appendix 2, 1.2) of Ha'(S, J) in the group Za'(R, J). 

DEFINITION 7.31. Let & be any a-complex. The division closure of 
Hy (&) in Zo (&), which is obviously identical with the division closure of 
Ho'(&) in Ly’ (SX), is denoted by Ho’(); the cycles of Ho (S) are called 
cycles weakly homologous to zero in &. 


36 CHAINS. THE OPERATOR A [CH. VII 


FJ : ‘ +1 4+17q 1 r+1 r 
Ifz” € Ho (&), there exists a chain 7” € Lo (&) such that Az” = az’, 
. +1 5 . a 
where a is a natural number. Then (1/a)2"™ € L'(R, 9) and, obviously, 
4 
A{(1/a)2""] = 2. 
Hence, cycles weakly homologous to zero in & may be defined as integral 
eycles which are boundaries of rational chains (1.e., chains with rational 
. +1 
coefficients) 27*" € L'(8, I). 
We may say then 


(7.31) To (&) = Zo" (St) 9 Ha’ (K, WR). 
§8. Simplicial images of chains 


§8.1. Simplicial images of oriented simplexes. Let ts’ be an oriented 
simplex of a complex Kg , 


is’ = | ego -+ + Car |, 


and let S.° be a simplicial mapping of Ks into a complex K,. We shall 
define the integral chain 
Sou CL) 
by giving its values on all the oriented simplexes ¢,” of K, as follows: 
1°. If S.° | ts” | ¥ | ta” |, put 
(SaPts’-ta’) = 0. 


2°. Let ta” = | @a0 +++ Car | and Sq" | ts” | = | t.” |. Then 
B 8 
Sa 80 = Cail), *** » Sa CBr = Cai(r) ; 
where €gi(0) , *** » Gai) are the same as @a0, °** , @ar but, perhaps, in a 


different order; then, obviously, 
B 8 : 
| Sa €go0 °° * Sa Cpr | — ei. 


where ¢ = +1 is the sign of the permutation 
O- “t. -=tey 
70) 71) +++ ar) J 


(Soi ty Se 


In this case we put 


In accordance with this definition the chain S,°ts° = 0 if there is no 
simplex (,’ in K, which satisfies the condition 
B 
Sa | ts’ | = | ta’ |, 


that is, if the image of the simplex | ts” | under the mapping S,” is a simplex 
of dimension less than r. 


§8] SIMPLICIAL IMAGES OF CHAINS 37 
We may therefore say that S,°ts” = 0 if, and only if, at least two of the 
vertices 
Sa’ ego je ag Ses; 
coincide, 
If, however, the vertices Sa°ego, +--+ , Sa°€s, are all distinct, then 
8 ) 
(Sa ¢po -++ Sa Cpr) 
is an r-simplex of K, and Sq’ts’ is the oriented simplex 
ea = | Sar ego akong Sab esr |. 


§8.2. The homomorphism S,° of the group L’(K,) into the group L’(K.) 
induced by a simplicial mapping S.” of a complex Kg into a complex Kz. 
Let 


tp = a a;ta;” 
be a chain of Kg over Y. Let us set 
(8.21) Sats = 30; 4;Sa' tej” 
We shall call the chain S.°xs" € L"(Kq) the image of the chain xg” € L’(Ka) 
under the simplicial mapping S.°. 
It is clear that for two chains zg’ © L’(Kg), ao" € L'(Ka), 
Sa (tar” a+ Lpe ) = SaP tay” xz Sab ape” ; 
hence the mapping of L’(Kg) into L’(K.) defined by (8.21) is a homo- 


morphism. 
We shall calculate the value of the chain 


Saxe” = D0; aySa'te; 
on any oriented simplex t.” = tan of K.. To this end, denoting an arbi- 
trary but definite orientation of each simplex T,,’ of K, by ta: , we obtain 
(Sats sta’) = Do; aj(Sa'tas tai’) 
or, since @; = (x9'-ta;'), 
(8.22) (Saitp’-tai) = Do; (Sabbp; tai’) (xp"-tp;’). 


This formula can be somewhat simplified by choosing the orientations 
tg; of the simplexes 7's; € Kg so that if 


SaT a; = | tai’ |, 


then 
Satay = tai’. 
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For this choice of the orientations tg,’ (8.22) becomes 


(8.23) (Sa’ap tai) = Dar, (xp' tas), 
where the summation is extended over all tg;’ sueh that 
Sa? | taj’ | = [tad |. 


Giving the orientations of the simplexes to the corresponding ordered 
skeletons we may, finally, rewrite (8.23) as 


(8.24) Sate | Cao *** Car| = Dy ate" | easy «++ Case |, 
where | @a0, °** , ar | is any ordered skeleton of A. and the sum on the 
right is taken over all ordered skeletons | €g;.0) , --+ , ajc) | of Ag for which 
B B 
Sa €pj0) = Cad, °°» Sa Cai(r) = Car - 


§8.3. Commutativity of the operators A and S,”. We shall prove that 
the identity 
(8.3) ASaras” = SAx,” 
holds for every chain 2,” € L'(Kg). 

In view of the linearity of the operators S,’ and 4 it is sufficient to prove 
(8.3) for the case XB = taj” ; | taj, | € Kz . 

Let ts’ = | ego «++ ear |. We shall consider two cases: 

1°, Sats” = 0; 

2°. Sabts’ < 0. 

Case 1°. S.'ts’ = 0. Then 
(8.30) Ses: = Bese 


for at least one pair of vertices eg; , es, of the simplex | ¢,’ |. In this case 
ASa'ta’ = 0 and we must show that S,’Ats” = 0 also. We subdivide the 
proof of this into two subcases: 

la) There is precisely one pair of vertices eg;, eg, of the simplex ¢;’ 
satisfying (8.30). 

lb) There are at least two such pairs of vertices. 

In Case la) we may assume without loss of generality that the unique 
pair of vertices in question is the pair ego, es, so that S.°ea = Sa’esr ; 
while S."¢s; # Sa°ea, for every pair of vertices eg; , es, distinct from ego , és - 

Then 
(8.301) Ats’ = >on (—1)*| emo «++ eae +++ Car |; 


where 


8 , 
Sa | Cg0 eae €Bk eee Cpr | —t 9) 
fork ¥* 0,k # 1, since ego, ea are among the vertices 


Cao, °': , @sn, °° , Car and Sab ego = Siem . 
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Consequently, (8.301) yields 


Sah At” = Sa | Cap. °° * CBr | 7 Se €poea2 °° CBr | 
= | S.emSaego «++ Sa*ear| — | SaeaoSa€pr *** Sarep, |. 
But S.°ee = So's: and so 
| Saf eaiSa' Cpe SESE Sarear | = SaPepoS a Cp2 hon Sa’ Cpr iF 
whence 
S,PAts’ = 0. 


In Case 1b) the vertices are spe os 8, °escn—1) y hey ree yerny Sar es, 
contain at least one identical pair for arbitrary 4; consequently, 


Sa? | ego ++ bg ++ @a | = 0 
and 
S,’Als’ = >(-1*8." | @g0 ++: px -++ epr| = 0. 


This proves (8.3) in Case 1°. 
Case 2°. If Sa°ts’ # 0, then 


Sa'ts’ = | Sa®ego ++ Sa €pr |, 


“~ 


ASaPts’ = Yo(—1)* | SaPegn +++ Saou: ++ Sa’ €pr | 
and 
Als’ = Yo(—1)* | epo «> + een +++ ear |, 
Sa Ate’ = Yi(—1)'S.2" | eo «+> pu +++ Cor | 
= So(-1)* | Sa’epo +++ SaPepn +++ Sa°esr |, 
1.€., 


AS Ps = SP Ate. 


This completes the proof of (8.3). 

It follows from (8.3) that if xg” is a cycle, then S,°z," is also a cycle; if 
as ~ Oin Kg, then S,’rs" ~ 0 in K, ; that is, 

8.31. The homomorphism Sa’ of L’(Ks) into L'(Ka) maps Z(Kg) into 
Z'(K) and H’(Kg) into H’(K,). 

$8.4. The case of open subcomplexes. Let A, and Ag be two unrestricted 
simplicial complexes and let Kao C Ka, Kgo C Kg be closed subcomplexes 
of K,and Kg. For brevity we set 


C= ROCK, Cree Raz 
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Let S,” be a simplicial mapping of Kg into K, such that 
(8.40) So(Kay Ce Bian 


We shall associate with every chain zs” € L’(Gs) the chain GaSa’xs" € 
L'(G.). This mapping induces a homomorphism G.S.° of L’(Gs) into 
L’(G..). We shall prove that 

8.4. The homomorphism GaSe’ commutes with the boundary operator A: 


(8.4) GeSa' Agate = Ag,GaSa te’. 
Indeed, since Gg is an open subcomplex of Kg , 6.51 implies that 
Agste = GgAvgs’ = (Ke \ Kyo) Arg’ = Ars’ — KgoAcs’, 
so that 
(8.41) SP Aagte = Sa Arg’ — Sa'K goAzy’. 


(8.40) implies that S.’KgoAze” € L’ (Kao), so that G,Sa°KpAte’ = 0 
and 


(8.42) GaSa Aggts = GaSa Azz’. 
On the other hand 
(8.43) Ag,GaSate’ = GaASaPre’ = GaSe Arp’. 


(8.4) follows from (8.42) and (8.48). 

An immediate consequence of Theorem 8.4 is 

8.40. The homomorphism GaSa° of L'(Gs) into L(G.) maps Z’(Gs) into 
Z(G.) and H’ (Gs) into H"(G.). 


§9. Auxiliary constructions 


§9.1. Cone over a chain. Let K be a skeleton complex and let <ok > 
be a cone over K, 1.e., a cone with vertex o and base A (see IV, 2.3). The 
oriented simplex (sce 3.1) (ot’) of the conplezr <oK> is called the cone over 
the oriented simplex t’. 

If 


x" ye ait; 


is a chain of K, the chain 
(9.11) (ox’) = > a,(ot,’) 


of the complex <oK> is referred to as the cone over the chain x’. 
For r > 0 it is easily seen that 


(9.12) Acox>(ol’) = t' — (oAxt’), 
whence 


(9.13) Acox>(02") 


xv” — (oAgz’). 
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. s Lane TL 2 
In particular, if 2 1s a cy cle, then 


(9.14) Acor>(0z’) = 2’. 
For r = 0, 
(9.120) Acox>(ot) = f° — (0), 
and if x” = +e ats, 
(9.130) Acox> (02?) = 2° — (D5: a,) (0). 
Remark. For an open cone ok (IV, 2.3) we have the analogous formulas: 
(9.12’) Aox(ol') = —oAgt’, 
(9.13’) Aor (ox’) = —oAg’, 
(9.14’) Aox(oz’) = 0, 
(9.120’) Aux(ot’) = —(o), 
(9.130’) Aox(ox®) = —()_: a) (0). 


$9.2. Application of the constructions of 9.1. Let r be a natural number 
and let K be an unrestricted skeleton complex with the property 

9.210. Every r + 2 vertices of AK form a skeleton of K. 

Under these conditions we shall prove 


(9.21) Za (K) = Hy'(K), 


that is, every r-cycle of K is homologous to zero in K. 

In the proof of (9.21) we shall denote by A” the closed subcomplex of K 
consisting of all the r-skeletons of A and all their faces. 

Let us construct the cone <oKk’> and associate with each vertex e of 
the complex <oK"> a vertex Se of K in accordance with the following rule: 

1. Ife € K’, set Se = e. 

2. Let So be an arbitrarily chosen fixed vertex é of K. 

By 9.210, Sis a simplicial mapping of <oK’> into K. 

Now let 2” be an arbitrary r-cycle of K. z’ is at the same time a cycle of 
the complexes K” and <oK"> and is homologous to zero in <ok’> by 
(9.14); consequently, by 8.31, the cycle Sz” = 2’ is homologous to zero in 
K and (9.21) follows. 

Spectau Cases. 1) If K = | 7” |, then (9.21) holds for every r. 

Since the complex | 7’” | satisfies 9.210 for r < n — 1, (9.21) holds; 
for r > n (9.21) follows from the fact that Z,’(| 7" |) is the null group 
forr > n. 

2) Let K = K(I"), where I” is a convex open set of 2” [for the defini- 
tion of the complex K(I”) see IV, 1.5, Example 2]. Condition 9.210 is 
obviously satisfied for every r and hence (9.21) is also true for arbitrary r. 
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3) Let K = 7" = | 7"|\ 7" be the complex consisting of all the 
proper faces of an n-simplex 7”; 9.210 is satisfied for r <n — 1; conse- 
quently, 


VAG Hae) = HA(T ia 


forO <r<n-—1. 

4) Application to the elementary subdivisions of simplexes (see IV, 4.3 for 
terminology and notation). We shall apply the notion of a cone over a chain 
to prove the following proposition which is required in Chapter X. 

9.22. Let V" be an clementary subdivision of ann-simplex T” = (€p +++ €n) 
relative to a face T? = (& --- €p). Then every r-cycle (0 <r <n — 1) of 
V" is homologous to zero in V", @.e., 


Z(V") = HV"). 
Proof. Let 2,0 <r <n — 1, be any r-cycle of V” (there are no 0-ele- 
ments in V"). Let Q” denote the combinatorial closure of the complex con- 


sisting of all the simplexes on which the chain 2’ does not vanish. 
The cone 


A, = <oQ’> 


contains the cone Kg over Q"n | V" i \. V" as a closed subecomplex. The 
complementary subcomplex Ag \, go will be denoted by Ga. 

Denoting the boundary operator in Ag by A, we have 

A(oz’) = 2’ — oAz'’, 

where oAz’ is in Kgo , so that 
(9.221) Ase ) = 2", 
where Ag denotes the boundary operator in Gg . Let us now set K, = | V" |, 
Safe = e (where ¢ is the center of 7; see IV, 4.3, Remark 1), S.°e; = e:, 
S.’o = e. In virtue of IV, 4.3, Remark 3, none of the simplexes of Q” have 
among their vertices more than p — 1 vertices of 7”. Hence S,° defines a 
simplicial mapping, also denoted by S.°, of Ag into K,, which maps Ag 
into Ka = | V"{\¥" (this assertion follows immediately from the 
definition of Ago and IV, 4.3, Remarks 1 and 2). Consequently, replacing 
xe’ by oz and putting G, = V" in (8.4), we get 


V"Sa'Ap(oz") = A,V"S.P(02"), 


where we have written the boundary operator in V" as A,. Hence, in 
virtue of (9.221), ; 


V" Safe” = AnV"Sah(o2"); 
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or 
= A,V"S_(02z’), 
since it is clear that 
Sez) = 2 Ve = 2. 


This completes the proof of 9.22. 
§9.3. Prism over a chain. Let A be a finite unrestricted skeleton com- 
plex; the vertices of Ay will be numbered as: 


(9.30) G1, 1 Gs. bs b 


Using this enumeration of the vertices we 
construct the prism Ayo over Ko (sec IV, 
2.4). 

Let the vertices of the upper base of the 
prism Ai, corresponding to the vertices 
(9.30), be 


(9.31) U1 2% ye 


If Ton = (an 0) aa Qncr)) ie Ko ) h(0) oS 

< h(r), set ton” = | ane ++ Gae |, tr” = | baw 
-+ bag) |. The oriented simplex fy,” is re- 

ferred to as the projection of the oriented G, 

simplex to. of Ao on the upper base of K (a1) - Fra. 111 

If Xo” => Caton” € is: (Ko), ), set cal => Clin” 

and call the chain 2,’ the projection of xo on the upper base of Kay . 
Let us now put, forz = 0, --- , 7 (Fig. 111), 


(9.32) Titon’ = | bic +++ Oncaacy +++ Ane |; 


3 Ge 


and further 

Ito,” = Do ino (—1)Titon’. 
Finally, if to” = >> cator’, let 
(9.33) Wao” = >. calIton” € LK pon). 


The chain Iz’ is known as the prism over the chain xo € L'(Ko) (in the 
prism K,o1,). We shall prove the fundamental identity 


(9.34) Alla,” = Xo = v1 = Tl Ay’. 


In view of the linearity of both operators A and TI, it is enough to prove 
(9.34) for the special case a = ty. 
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For brevity let 
to = |a--- ar; 
then 
ty = | bo «+> 6, |. 
Let us set 
ieee eae SE Shy areas | 
(9.85) ti’ = | bo +--+ bjas ++ de a | ESD), 
[bo +++ bs +++ byay +++ ar| @ < 9). 


a, 
~ 
™ 
a 


Since the vertex b; is in the (7 + 1)st and a; is in the (j + 2)nd position 


Age = Dia (-1)'t" — Dies (- De 
(=D St) eH) 2? = Dar le 
Since (>>; denotes >>7-0) 
My” = Do; (-1)70"™, 
it follows from (9.36) that 
Alt’ = DY; (-1)'ad = 005 — Ds tf 
+ Do) et (a = et) |, 


But 
tf =pat"-, af Sa, Belen ae 
Hence 
Se ee a a 
and so 


Alte’ = to” — ty + QU5 (—1) ses (- 1) — Do (it 
= —& — Dis les (- Me — Dees (- 1) 04. 
It is required to prove that 
ATléy” = to’ = ea — TI1Aty’. 


Hence, it remains to be proved that 


IT Ato” => a [Doss (—1)'99 477 — ares (Sp 3r 
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But since Afy = Ee (— ivi and the operator II is linear, it is sufficient 
to prove that 


Mo”) = Dejan (—1)7jt? — Djee (- 7 
In virtue of (9.32) and (9.35), 
II; too = gt’, j=aO--,t-|, 
Tl; to”? = jal”, jHtyeryr—. 
But, by definition, 
Min? >) = 95; (—1)7Tj bo”, 
so that 
Ito = Domo (— 1)? ti? + DOE (- 1) 
= dojco (1)? tf? — heen (—D it". 
This completes the proof of (9.34). 
If 20 € Z'(Ko) is a cycle, then ITAz)” = 0, (9.34) becomes 


(9.37) AIlz9" = rae = Za, 


I 


and we have 

9.37. Every cycle of Ko is homologous in K (ox to its projection on the upper 
base of Kyo . 

$9.4. Application to simplicial mappings. As another application, we 
shall prove the following theorem, required in Chapter XIV. 

Turorem 9.4. Let S,° and 8." be two simplicial mappings of a complex 
Kg into a complexr Ky with the following property: for every simplex Tg € Kg 
there exists a simplex T'. € Kq such that S.°Ts and Sa°T's are both faces of 
Ta. Then, if 2s" € Za"(Kg) ts any cycle of Kg, the cycles Sars’ and Sqezp" 
are homologous in K.. 

Proof. Let us index the vertices of Ag in a definite order ég: , --- , €gscg) 
and construct, on the basis of this enumeration of the vertices, the prism 
Karo over Kg (sce IV, 2.4). 

Let us associate with each vertex ego: = eg: of the lower base Kg = Ag 
of the prism Kayo the vertex S.°¢s; of Kq and with cach vertex eégi; (the 
projection of the vertex eg; on the upper base) of the upper base Ag, the 
vertex 9.°es; of Ka . 

We shall show that the mapping thus defined is a simplicial mapping S 
of the prism Kogyo; into K,. For, if 


T= {00 » “> ©, @porpiky* °* 9 CAtat 


is an arbitrary skeleton of the prism Ajo; , then, according to the definition 
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of prisms, {eg., °°: , sn} 18 a Skeleton of Ag. The mapping S transforms 
the skeleton 

T= {€B00 ; “ty €B0k » CBlk y °° * , €pin} 
into the set of vertices 

S(T) = (Ses none Seok ; BaP ean eee ks Sen) 

of K,. But this set is a subset of the set. 

(Sa'ea, Sa'eso, °** , SaCpn , Sa Cpn); 


which is a skeleton of A, by the hypothesis of the theorem. Consequently, 
S(T) is also a skeleton of Ag. 
lor the simplicial mapping S we obviously have 


Szgo’ = SaPzp’, Sze’ = SaPes’. 
Since (by 9.37) 
T Tv tn we 
Ze ~ Zn «6S Agony 
it follows that 
Szgo° ~ Szay in Ke ; 


i.e., Sarze” ~ Saze” in Ka . This proves the theorem. 


slddendum to Chapter V11 


THE a-COMPLEX OF THE ORIENTED ELEMENTS 
OF A POLYHEDRAL COMPLEX 


§1. The incidence numbers of a half-space and a plane, of a convex 
polyhedral domain and one of its faces. Let | #” | be a half-space of the 
Euclidean n-space | 2” | determined by a plane | #"” |, or a convex poly- 
hedral domain of which |! £"™' | is a face. Let h(E" ') be any orientation 
of | E" |() 2" |). We shall define the incidence number (£":E"”). To this 
end, let 7” be a simplex in | £” | with a faee T”” in | BE” |. Let t°(¢"”) 
be the orientation of 7"(T'” ') coherent with the orientation /"(#""'). We 
set 


(1.11) Goa Crain ea (es sa 


by definition. It 1s easily seen that (1.11) depends only on the onentations 
7 -yn—] . . . . 7 
EE” and EF" and is independent of the choice of the sumplex 7”. 
-1) . +t pina . 2-1 
Let | ¢” ~~, be any simplex in | £”™~ | oriented coherently with £"™. Let 
. . a , % . e m—l ‘ 
e be a point in the interior of |” |. Then G":8"™~) = +1 (—1) if the 
. . ~—!| 1 * 
orientations (e”) and /” are coherent (noncoherent), that is, 
’ m— —1 7 
(1.12) ek) = E". 
of : . —1-. . yn—1 
But if the orientation t” ~~ is opposite to h”, then 
n— -1 
(1.13) (E":B"') = —(et )E’; 
consequently, 
=]! . é S n—l —il « A 
1.1. If i" ' ts any orientation of a simplex TC |" | and ets a point 
. . - yin 
in the interior of | EL" |, then 
? n>: _— 7 —lyprn—-l 
(1.1) (EB) = (DE OE 
: . ain ans) pal: ; : 
If B" is an oriented convex polyhedral domain, and /7"™ is an arbitrarily 
oriented face of £", then, as we shall prove, the meudence numbers (H": EB") 
have the same properties as the incidenee numbers of oriented simplexes. 
Property 1. 
A m— 1 7 —-] wn, m— 
(—B EP) = (B:-E) = —GNE™, 
This property needs no proof. 
Property 2. 
i re | ral, n—2 = 
(1.14) LB EP) (Bee) = 0, 
m—2 ‘ : ati : c B 
where 1” and &”~ are arbitrary orientations o1 the polyhedral domain 
47 
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| £” | and one of its (n — 2)-faces | E”~ |, and the sum is taken over all the 
(n — 1)-faces | E;"” |, with E;"~ any one of the orientations of the face 
Be : 
| We Ve prove this property. 
Since only tio of the (x — 1)-faces of the polyhedral domain | E£” |, say 
| Ho” "| and |," |, have | #*~* | on their boundary, (1.14) may be re- 
written as 


(1.15) (E":E,"') (hy ae) e (B": EB") (Eye) = 0. 

Since the left side of (1.15) remains unchanged if Ey” ’ is replaced by 
SE Yorker by —f,"", it is enough to prove (1.15) for a single choice 
of the orientations E,”’, #1," *. Let us choose the orientations Z)”* and 
E,”” so that 

Gn) at +1, ee) = +1; 


then (1.15) becomes simply 


(1.150) (B":Bo"") + BB") = 0. 
To prove (1.150), let us take in | E” ~~ | a simplex 7" with orientation 
jor = | e2¢3 +++ Cn | coherent with the orientation cat 


Let eo(e:) be a point inside | Eo”* | (| Hi" |) and denote by to""(4"") 
the orientation of the simplex 7'o""> = (eocses +++ en) [Ti * = (eyeoes +++ €n)] 
coherent with the orientation Bo" (E," *). Since 


gees ae = (Eg the) =, 1 


and 
(Qe) = EY B®) = 1 
and 
("? = | exes ents 
it follows that 
to” = | ecexea +++ Cn |, 
i? = | eeees +++ ey |. 


Iinally, let e be a point inside | /” | and denote by ¢9”, 4,” the orientations 
of the simplexes 7'9” = (eéo¢2 +++ €n) and 7)" = (eee. +++ €,) coherent with 
the orientation 7”. Then 


Gs SG Oe (ee = Gy 


Since the points e) and e,, and consequently the simplexes 7)” and 7,", 
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are on different sides of the plane | e7'”” |, the orientations | esceses +++ en 
and | ¢,ce2c3 --- ¢, | of these simplexes are opposite; but the orientations 
fo and t,” are coherent, so that if 


i; = | PolOa3 +++ Cn |, 
then 
th” = —e| cece; +++ Cn | 
and 
(":Eo"") = (to"2to” |) = (| coecaes +++ en | 2 | eueaea +++ On |) 
melt LS Fee, 
Ce": Ey") = (a":6") = —e(| eveeres +++ en |: | erexes «++ en |) 
=(-)(-l)=6, 
Le. 


Be) Lee Gk 


This completes the proof. 

§2. Since incidence numbers have been defined for convex polyhedral 
domains and both properties of the incidence numbers of simplexes remain 
true in this case, the oriented elements of a polyhedral complex K form an 
a-complex; the chains, cycles, etc. of this a-complex are referred to as the 
chains, cycles, etc. of the polyhedral complex K, or simply as polyhedral 
chains, polyhedral cycles, ete. 


Chapter VIII 


A-GROUPS OF COMPLEXES (LOWER BETTI OR 
HOMOLOGY GROUPS) 


$1. Definitions. Examples. Simplest general properties 


$1.1. Definition of the group A’(8, 2). Let & be an a-complex. [See VII, 
4.1; to read Chapter VIII the reader may think of an a-complex § as 
simply the set of all oriented simplexes of a triangulation K and of YY as 
the group J. He may then replace & by A and omit %f in all expressions of 
the form L'(&, 2D, Z7(K, W, AK, W, AL, W, ete.] 

DEFINITION 1.1. The group 


C1) A(S, MT) = Za (Kt, 2)/Aa (KR, 


is called the r-dimensional (lower) Betti group or the r-dimensional A-group 
or simply the A’-group of the complex & over the coefficient domain 9% 
(this group is also referred to as the rth Betti or homology group over 9). 
The elements of the group A’(&, 90 are known as the 7-dimenstonal ho- 
mology classes of the complex S over the coefficient domain % (the rth ho- 
mology classes of & over %). In particular, we shall denote the group 
A’(&, J) simply by A, (&); its rank is written as 7’ (M) and is called the 
r-dimensional (or rth) Betts number of &; its elements are known as integral 
homology classes. In general, imstead of A’(st, 901) we shall usually write 
simply A’(S). 

Let & be a simplicial complex. We shall assume that the complex con- 
sisting of the oriented simplexes of A is an a-complex &. Then, instead of 
A’ (St, W, w(K), ete., we shall write A’(K, %), 7’(A), ete. and speak of the 
A’-groups and Betti numbers of A. This definition enables us, in par- 
ticular, to speak of the A-groups of unrestricted simplicial complexes and 
of open and closed subeomplexes of unrestricted simplicial complexes. 

Remark. The groups A’(%, J/,,) are called the Bett? groups (mod m) and 
for brevity are denoted simply by A,,’(M). If mis a prime, the rank (mod m) 
(see Appendix 2, 3.3) of the group A,,(M) is called the rth Bett? number 
(nod m) of & and is denoted by 7,/(R). 

§1.2. The group A"(S”, 1). If &” is an n-complex, the group L”™ (&", 1) 
is the null group; consequently the group H"(S", 20 is also the null group 
and 


(1.2) AYR", WD = ZR", A). 
§1.3. The groups A’(K, %). In this article A will denote an unrestricted 
simplicial complex. 
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DEFINITION 1.31. We shall say that a O-cyele 2 = 8% ae; of K is 
normal if >>; a; = 0. 

It is clear that the sum of two normal cycles is a normal cycle; if 2’ is a 
normal cycle, —2° is a normal cycle; the 0-cycle identically equal to zero 
is a normal cycle. Hence the normal 0-cycles form a subgroup Z”(K, %) of 
the group Z°(K, %). 

Again, if x’ is a monomial 1-chain 


e = als, ti = | ewea |, 


then 
1 1 
Ar = aAi; = a(en = C10) = an — Aen, 


that is, the boundary of a monomial 1-chain is a normal cycle. Since every 
chain is a sum of monomial chains, we have proved the following proposi- 
tion: 

1.32. The boundary of every 1-chain is a normal 0-cycle. 

Corouuary. A 0-cycle 2°, homologous in K to a normal cycle 2’, is 
normal. 

For, 1.32 implies that 2” — 2, is a normal cycle. Hence the sum of the 
values of the cycle z’ is the same as that of z,’. Since this sum is zero for 2°, 
the same is true for 2,°. 

We shall now prove the converse of Theorem 1.32 for a connected A. 

1.33. Every normal 0-cycle of a connected complex 1s homologous to zero. 

Let 


0 p(0) 
2. => i=] A:€; 
ra 0 . 
bea normal cycle. Since 02") a; = 0, i.e, a = —a2 — a3 — -°: —Ap(0) , 


it follows that 
0 p(0) 
2 = pas a,(e; 7 C1), 
and it is enough to prove that the 0-cycle e; — e. ~ 0. 
Since & is a connected complex, there is a broken line connecting the 
vertices e; and e; in K. 
Let [eieiay +++ @igyei] be such a broken line. Let us set 


x = | aera) | + | esaeiey | + | exanesa | + | ecare: |. 
Clearly, 
Ax’ = Alecia | +A emen| +--+ + A] eaves | + A cares | 
= (1a) — €1:) + (esa) — Cray) + ++ 1 (Cra) — @ea—n) 


+ (€: — ea) 


SC = 6p 


This proves Theorem 1.33. 
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1.34. Let e, be any vertex of a connected complex K; every 0-cycle 2° 
of K is homologous to a monomial cycle ae, , where a € YW. 

To prove this, let 2 = >> aie; and set >> a; = a. Then 2 — ae isa 
normal cycle and, therefore, 


0 
z — ae ~ 0, 


which was to be proved. 

Hence, there is a (1—1) correspondence between the 0-dimensional 
homology classes of K and the cycles ae, , that is, the elements of the group 
%. We have proved the proposition: 

1.35. If K is a connected complex, then the group A°(K, %) is isomorphic 
to the group . 

Coro.uary. The Oth Betti number and the Oth Betti number (mod m), 
m a prime, of a connected complex are both equal to 1. 

The following theorem is a generalization of this proposition: 

1.36. The Oth Bett? number and the Oth Betti number (mod m), m a prime, 
of an arbitrary unrestricted simplicial complex are equal to the number of 
components of the complex. 

Proof. Let {K,} be the components of the complex A and choose a ver- 
tex e, in each K, . Then, for any 0-cycle 


0 0 
z € Z2(K,% 
we have 
K,2 ~ ae, in K,, a, € WM, 


2= >, K2~ dX, ae in XK, 


where only a finite number of terms can be different from zero. It remains 

to be proved that all the O-cycles e, are lirh. Suppose a lmear combination 
. : 1 

>» a,¢, 18 the boundary of a 1-chain x: 


Ay = ben AvCy « 


Since every component A, is both a closed and open subecomplex of A, 
we have, by VII, 6.51, 


etd 
AK a Saas: 


Hence, in virtue of 1.32, a, = 0. This proves 1.36. 

The following proposition is easily proved from 1.36: 

1.37. If X= J and cz’ ~ Oin K, can integer <0, then2 ~Oin K. 

We may therefore say (Appendix 2, 1.2): Hy (BK) 18 a division closed sub- 
group of ZK), Ue(K) = IP°(Kx), or: the group Ac’(K) does not contain 
elements of finite order different from zero. 
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‘ 0 % _ 
To prove this, let us assume that ce ~ Oin A, 
0 l 
cz = Ax. 
Then, if the components of A are denoted by K;, 
r 0 r ol 
Kicz = AK jx; 


. ye = 0 vy 0 = 
whence it fellows, by 1.32, that Ajcz = eA iz is a normal cyele. But then 
K,z is also a normal cycle, and consequently by 1.33 


Ki2~o0mk;; 
hence 
2= Ke ~O0mKk. 
This proves 1.37. 


ep e, 
e; Ce 
& er 
++ + + +4 
Fic, 112 Vic. 118 
$1.4. Simplest examples of the groups A’. 
1. Let A be the complex consisting of all the segments (€:¢2), (€2¢3), -** , 
(es1e5) and vertices @¢:, ¢2, --:, €s of a simple nonclosed broken line 


[epee es). dt ig. 142, 6 = 7; 
We shall prove that the group A'(A) = Z’(K) is the null group. We set 


1 


t; = 


2, 


Certs |, fd ee 8.8 age lt 


Let z = >0ii a, be a cycle. Then all the a; are equal. I°or, in the 
contrary case, there would be two adjacent segments (,_;' and ¢;' with a;_1 # 
a;. But in that case the cycle Az’ would have the value a;_; — a; # 0 on 
the common vertex e; of these two segments and z’ would not be a eyele. 

Hence, all the a; are equal to a single a € QW: 


1 —1 1 
zg =—€4 ae le, a C Uf. 
| 1 “e ‘ 
But 4 doit) = e, — @, so that Az’ = a(e, — ¢). Since z’ is a cycle, 
a = Q, and the assertion is proved. 


2. The complex A consists of all the segments and vertices of a simple 
closed broken line (Fig. 113). We shall orient all its segments in the same 
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direction, for instance (regarding K as a plane broken line) counterclock- 
wise. We shall denote the resulting oriented 1-simplexes by ¢,’. Let 


2! = » at; 


be a cycle. Exactly as in the preceding example we prove that all the a; 
must be equal, so that every I-cycle of K must have the form 


z =a >t, aé€ U. 


On the other hand, it is easy to sec that >> #;', and hence also z’ = 
a >. t;, is a cycle for arbitrary a. Therefore the group Z'(K) consists of all 
the chains of the form a >> ¢;', where a is an arbitrary element of 2%. Con- 
sequently, A\(K) = Z'*(K) = & (the symbol ~ denotes the isomorphism of 
the two groups). In particular, if & = J, the group A’(K) = Z'(K) is an 
infinite cyclic group. 
3. The complex K consists of all the segments and vertices of two closed 
broken lines having no elements in common except 
for one vertex (see Fig. 114). 
Let us orient each broken line in a definite 
direction (for instance, regarding both of them as 
Fig. 114 _ situated in the same plane, counterclockwise). 
The oriented segments of the first (second) broken 
line will be designated by ti (tz) 
Then every cycle z' € Z’(K) assumes the same value on all the seg- 
ments of any one of the two broken lines; for instance, the value a; on all 
f;;1 and the value az on all to;'. Hence 


ae ay x ti! + ae » toi, 
or, setting 
ae = » fi Ze) = Ds tos’, 
z= Mer + anes. 


. 1 1 . 
On the other hand, since 21 and z: are cycles, every chain of the form 
tes een 
diz: + deze is a cycle; furthermore, it is easy to sec that 


ae + az = 0 
if, and only if, a1 = a2 = 0. In other words, the group 
AK) = Z'(K) 


is isomorphic to the direct sum % + 9%; if 9% = /, the group A‘NK) = Z'(K) 
is the free Abelian group of rank 2. 


or 
Reh | 
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4. The following remark is required for the later examples (starting with 
Example 5) and by its nature is directly relevant to what we have been 
discussing. 

Let K be the 1-complex consisting of all the edges and vertices shown 
in Fig. 115. 

Every 1-cycle e 2 of this complex is identically equal to zero if tt is equal to 
zero on all the horizontal edges of KX which do not lic on the side AB of the 
square ABCD. 

Indeed, considering separately each of the verticals AD, LF, PQ, and 
BC, we may show by repeating the reasoning in Example 1 Hiat z' vanishes 
on all the edges of A’ which lie on these verticals. After this, the argument 
of Example 1 shows that z' is zero also on all the edges of K lying on AB. 


A E P B 
Fig. 115 Fic. 116 


Exerciss. Let z’ bea 1-cycle of A (Fig. 115). Why is it not possible to 
prove that 2’ = 0 by applying the reasoning in Example 1 and considering 
z on each of the verticals and horizontals of Fig. 115? Find several non- 
vanishing l-cycles of A and explain why the reasoning mentioned above 
is not applicable to them. 

5. Let Ay be the 2-complex consisting of the 18 triangles, their sides, 
and vertices shown in Fig. 116. We shall denote by Ko the subcomplex of 
Ky consisting of all the elements of Ky on the boundary of the square 
ABCD. Let us orient the boundary of the square ABCD counterclockwise 
and denote the correspondingly oriented 12 segments of Ko by ti’, «++ , tie’ 
Denote the eycle >>%2, t;) by zo. Let t, 7 = 1, 2, +--+ , 18, stand for the 
18 triangles of Ko oriented counterclockwise. We shall first prove a lemma. 

LemMMa. Every 1-cycle 1s homologous to zero in Ko . 

Proof. We shall define for each oriented segment ¢ of A which, in Fig. 
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116, is directed horizontally or diagonally the l-cycle z(é) as the chain 
whose valuc is 1 on the following oriented segments: 

1) the segment ¢; 

2) the vertical segments (directed downward) from the terminal point 
of é to AB; 

3) The projection of the segment —¢ on AB; 

4) the vertical segments (directed upwards) from AB up to the initial 
point of ¢. 

The cycle z(t) is zero by definition on the remaining segments of Ko 
(here, contrary to our usual practice, z(¢) denotes a cycle and not the value 
of the cycle z on £). 


I 33 1 . < ‘ 1 
Now let z = #1 ait; be a 1l-cycle of Ko with the orientations ¢;, 
7 = 1, 2, --+: , 12 as chosen above; the onentaiions of the remaining 21 


segments are arbitrary, for instance, from left to nght and upward. 
Let z’ be the cycle 


z= 2) — > alts), 
where the sum 
os aiz(t: ) 

is taken over all horizontal and diagonal segments. It is clear that every 
cycle 2(t;') is the boundary of a quadrilateral consisting of triangles of Ko 
[that is, the boundary of a chain which assumes the same value, 1 or —1, 
on the triangles (oriented counterclockwise) making up the quadrilateral 
and is zero on all the other triangles (one such quadrilateral is hatched in 
Fig. 116)}]. Hence it is casily shown that z’ ~ 2’. Since the elements on which 
2’ is different from zero are cither vertical segments or horizontal segments 
on AB, it follows from Example 4 that 2’ = 0. Consequently z’ ~ 0. 

Now we identify AB with DC and AD with BC to obtain a torus. This 
identification transforms the complex Ay (Fig. 116) into a triangulation A 
of a torus, which consists of 18 triangles, 27 segments, and 9 vertices. The 
complex Ko is converted into 2 complex K consisting of 6 segments and 5 
vertices, altogether making up two closed broken lines with a single com- 
mon vertex. As a result AB’ and DC” become the eyele z) = t) + t) + 
ts = —t; — ts — t, AD” and BC" are transformed into the cycle 2 = 
ta + ts + ts = —to — ti — fe. 

Both cycles 2) and 2’ are obviously cycles of K and morcover (sce 
Example 3) every l-cycle of K is of the form azi) + azz". 

We shall calculate the group Ap (AK). Let z' be any 1-cyele of A. Set Q = 
Ko \ Ko and 

wo = Q2 € L (Ko). 


. I ‘ * . 1 
The same cham wv regarded as a chain of A will be denoted by a”. 
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Since Az’ = 0, it follows vasily that Axo is a O-cycle of Ky. Since Ar! 
is a normal cycle and Ko is a connected complex, Azo ~ 0 on Ky. Hence 
there exists a l-chain yo’ of Ko whose boundary is Aro, so that x — yo 
is a cycle. It follows from the Lemma that there is a chain x0” of Ky whose 
boundary is the cycle xo — yo': 


2 1 1 
Axo = % — Yo, 
where 
wd 2 1 ly 
nm = Ary = Yo € L (Ko). 


ae = 1- ‘ ‘ “ 2 
In Fig. 117, z is 1 on the heavily drawn segments oriented as indicated 
ow we ere . . . 1 . 
by arrows, and is zero on the remaining 1-simplexes; xo = Qz' is | on the 
segments mentioned above which are inside the square; Ary' consists of the 


VAVAVA 
VAVAVA 
VAVAVA 


Fia. 117 Fia. 118 


two vertices e and e’ with coefficients 1 and —1, respectively. The chain 
ie. is 1 on the heavily drawn dotted segments of Ko and on | ee |, and is 
zero on the remaining L-simplexes. The chain ao is —1 on the hatched tri- 
angles oriented counterclockwise, and is zero on all the other triangles. 

Let us denote by x” the chain x” regarded as a chain of K. The chains 
y — Av’ and 2’ = z' — Av’ arcon K. 

For the case shown in Fig. 117, the chain 2’ — Az” (on K) has the form 
shown in Fig. 118; the edges on which this chain does not vanish, but as- 
sumes the value 1, are heavily drawn; their orientations are indicated by 
arrows. 

The cycle 2’ = 2 — Ax” on K is shown in Figs. 119 and 120 (by heavily 
drawn segments oriented by arrows). 

Since 2’ = 2! — Az’ (homologous by definition to the cycle z') is on K, 
z' has the form aziz’ + aves’. 

In the case shown in the figures it is clear that a; = a2 = 1. It is left to 
the reader to construct several cycles z' homologous to the cycle a1 + 222" 
on K. 
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Hence we have proved that every 1-cycle z' of K satisfies 
(1.40) z~ mer + aoe’. 


We shall now prove that every cycle z' of K satisfies precisely one such 
homology, that is, that the coefficients a, and a» in (1.40) are uniquely de- 
termined by the cycle 2’. This will prove that the group A’() is isomorphic 
to the group of all integral linear forms in two variables, that is, the free 
Abelian group of rank 2. 

It is enough to prove that 


(1.41) ai2y + age ~ OinK 
implies 
(1.42) ay = = 0. 
Iiac. 119 Fre. 120 


By (1.41), there is a 2-chain x of K bounded by the cycle iz Laas - 
It is easy to see that the values of 2” on all the ¢; are the same number a; but 
then, if ao is the chain of Ko corresponding to 2, Ary = azo. 

The transformation of the complex Ko into the complex A effected by 
identification is a simplicial mapping of Ay onto A which maps Ko into K 
and the cycle zo into zero. On the other hand, since ro is mapped into ” 
and the boundary of the image is always the unage of the boundary (com- 
mutativity of the boundary operator with a sumplicial mapping), 


2 1 i 
Ax = az, + azo = 0. 


According to the definition of the cycles 2;' and z»' this is possible only if 
ay = ay = O. This proves the assertion. 

6. Let us identify the side AB” of the square of Fig. 116 with the side 
DC and the side AD” with the side CB” (watch the directions !). The result 
is a trinngulation A’ of a Klein bottle (ITI, 3.1). We shall calculate the 
group A’(A’‘). First, exactly as in the case of the torus, we shall prove that 
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every l-cycle z’ satisfies (1.40); in this case, however, the numbers a; and a2 
are not uniquely determined by (1.40). Instead, we have the following 
result: 

In order that 


1 2 : 
Mz, + ax, ~ Oin K’, 


at is necessary and sufficient that a, = O and a, = 0 (mod 2). 

This is proved in the same way as in the case of the torus except that the 
new result is obtained as a consequence of the fact that in this case the 
simplicial mapping transforming Ky into A’ maps 2’ not into zero but into 
the evele 229, Hence in place of the identity Giz, + avez.’ = 0 we now obtain 
the identity 


1 1 1 
2) + Q2z%2 = 2az2, 

whence 
Qa, = 0, ao = 2a. 


Since a is an integer, our assertion is proved. We then have: 

There is a (1-1) correspondence between the homology classes of K’ 
and the linear forms a,2;" + a2@o', where a, is an integer and a2 = 0 (mod 2). 

This implies that the group A’(K’) is the direct sum of an infinite cyclic 
group and a group of order 2; the lst Betti number of the triangulation K’ 
of the Ixlein bottle is 1. 

7. Let us return to lig. 116 and subdivide the triangulation indicated in 
the figure by drawing the second diagonal of the square. This triangulation 
(consisting now of 24 triangles, their sides, and vertices) we again denote 
by Ky. Let us now identify the directed segments ¢; and ¢t,, ts and és, 
f; and ¢,', ts) and ty, fs and ty, and és and f,). This identification converts 
Ky into a triangulation K” of the projective plane and the complex Ky 
into a closed polygon K”; the counterclockwise orientation of ABCD is 
transformed into a definite orientation of the polygon K”. [If it were not 
for the subdivision of the original triangulation Ko, the identification 
would not yield a triangulation (the resulting complex would contain two 
triangles with the same vertices).] The closed polygon K” with the orien- 
tation induced by the identification is a 1-cycle z;| of K”. The simplicial 
mapping of Ky onto K” induced by the identification transforms the cycle 
zo of Ko into the cycle 2z;'; on the other hand, reasoning as above, we can 
prove that every l-cycle z' of K” is homologous to a cycle of the form q,z,’. 
Now however, a2; ~ 0 in K” if, and only if, a, = 0 (mod 2). Hence 

The group A'(K”) is the group of order 2; the 1st Betti number of the tri- 
angulation K” of the projective plane ts zero. 

Remark 1. It is easily proved that every integral 2-cycle of each of the 
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complexes K, K’, K” has the same value on all the oriented triangles 
t;,7 = 1,2,--- , 18 (for K” the number of triangles is 24), that is, every 
2-cyele is of the form 


2 18 2 

ce =€@4 Paes Les 
where a is an integer. It is also casily seen that chains of this form on K 
are indeed cycles, while on K’ 


2 


1 
Az = 2az. 


and on A” 
2 1 
Az = 2a2z,. 


It follows that the group 4°(K) = Z,°(K) is infinite cyclic while the groups 
AK’) = Z°(K’) and A°(K") = Za?(K”) are null groups. The 2nd Betti 
number of the triangulation K of the torus is 1, while the 2nd Betti number 
of the triangulation A’ (K”) of the Klein bottle (projective plane) is zero. 

Remark 2. In Chapter X we shall see that all the triangulations of the 
same polyhedron or of homeomorphic polyhedra have isomorphic groups 
A’ and consequently the same Betti numbers. It is therefore justifiable to 
speak of the Betti groups and numbers of the torus, the Klein bottle, and 
the projective plane. 

IixeRcisE 1. If the directed sides AD” and BC” of the square in Fig. 116 
are identified, but the sides AB and DC are left free, the result is a tri- 
angulation of a plane circular ring. If, however, AD™ and CB’ are identified, 
and AB and DC are again left free, the result is a triangulation of the M6- 
bius band. Prove that in both cases the group A’ is infinite cyclic. 

Ixenrcise 2. Prove that the groups A,’(K), Ay (AK), and Ay (A”) (where 
K, K’, K” are the triangulations of the torus, Ilein bottle, and projective 
plane considered above) are of order 2 and that the 2nd Betti number (mod 
2) is in each case equal to 1. 

Exercise 3. Starting with a triangulation K of a cube analogous to the 
triangulation of the square ABCD of Fig. 116, prove that the 2nd Betti 
number of the 3-dimensional torus J/,° (1, 5.2, Example 6) is 3. The gen- 
erators of the group A’(J/,°) are the homology classes of the three 2-cycles 
resulting from the identification of opposite faces of the cube. 

The group A’(J/,’) is the free Abelian group of rank 3. The group A’(A/,’) 
is also the free Abelian group of rank 3. As its generators we may take the 
homology classes of the three 1-cyecles obtained by identifying the edges 
of the cube. 

It can be shown in an analogous way that the groups A’(J/*) and A°(A/°) 
of the manifold J/° defined as the topological product of a 1-sphere and a 
2-sphere (I, 5.2, Mxample 7) are infinite cyclic, so that the Ist and 2nd Betti 
numbers of this manifold are both equal to 1. 


$1] DEFINITIONS. EXAMPLES. SIMPLEST GENERAL PROPERTIES 61 


If we use the first model of this manifold (the region bounded by two 
concentric 2-spheres S’ and s° with identification of the two spheres), we 
may take as the generator of A’(Jl*) the homology class of the cycle 2,” 
obtained as follows: take a triangulation of any 2-sphere So” concentric 
with the spheres S’ and s’, orient all the triangles of this triangulation 
(e.g., counterclockwise) and assign the chain zo’ the value 1 on all these 
triangles. 

As the generator of the group A’(A/°) we may take the homology class 
of the I-cyele zo obtained after the identification of S’ and s” from the 
directed segment Joining two corresponding points of the two spheres 
(I, 5.2, Fig. 6). 

Find cycles zo’ and 2 on the second model of J/* (doubled torus). 

EXERCISE +. Prove that the a-complexes defined in VII, 4.2, Examples 
1 and 2, have the same Betti groups as the triangulation of the torus 
considered in Example 5 above. Prove that the a-complex defined in VII, 
4.2, Example 3 has the same Betti groups as the triangulation of the pro- 
jective plane considered in Example 7 above. Finally, show that the 
a-complex & of VII, 4.2, Example 4 has the following Betti groups: 

Ao (&) is infinite cyclic, 

Ao (&) is the cyclic group of order 6, 

Ao (&) is the null group, 

Ag (&) is the cyclic group of order 6. 

$1.5. Some elementary n-complexes and their Betti groups. 

1.5]. Let the complex A consist of a single element, an n-simplex. The 
group A"(K, %) = Z"(K, % is isomorphic to the group &. The group 
A’(K, 2), r #7, is the null group. 

1.52. Let K = | T” |. The group A”(K, % = Z"(K, %) is the null group. 
A’(K, %) (0 <r <n) is the null group (by VII, 9.2, Case 1). 

1.53. Let K = 7" = |T"|\T". By VII, 9.2, Case 3, a’(7", 0), 
0<r<n-—1,isthe null group. We shall see in 4.1 that Ap” ’(K) is infi- 
nite cyclic (this could also be easily proved directly at this point). It is 
also casily shown that A” “(K, 90) is isomorphic to %f for arbitrary 9 (sce 
4.1). 

1.54. Let O. be the star of a p-simplex 7? in any n-dimensional triangu- 
lation K, . We shall assume that O, contains at least one element different 
from 7”; hence, at least one (p + 1)-simplex 7?" of Kg. 

1.54 (r < p). Ifr < p, AXO., W is the null group. 

Indeed, the complex O, contaims no r-simplexes for r < p; hence 
L'(Oa, 0, Z (Oa, 0, A (Oa, Ware null groups. 

lor r = p, T” is the only r-simplex of O,. If 7” is given an arbitrary 
orientation t? and the orientation ¢?*' is chosen so that (?*':1”) = 1, then 
A,t?** = t?, where A, is the boundary operator in O, . Hence Z?(O,, 1) = 
H?(O., MX) and A?(O, ,W) is the null group. We therefore have 
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1.54). The group A°(O, , 2) of the star O. of an arbitrary element of a 
triangulation A, is different from the null group only if the star O. con- 
sists of a single vertex of Ka 

1.54 (n, n — 1). Let K, be an n-complex and let the number of n-sim- 
plexes of K, having a given (n — 1)-simplex 7” € Ka, as a face be k. 
Then Ao"(O.) is the free Abelian group of rank k — 1. 

Proof. Let Ty", --- , 7,” be all the n-simplexes of K, which have 7” 
on their boundaries. Let 7’ have an arbitrary orientation ¢” and orient 
the simplexes 7';", 7 = 1, 2, --- ,k, so that (1,":t") = 1. The chains 


ye eee a ee ee 


are integral cycles of the n-complex O, . Since the simplexes 72”, -++ , 7," 
are distinct, the chains 2", --- , 2,” are linearly independent elements of 
the group Zo"(O.) and therefore belong to linearly independent cosets of 
the group Ao"(O.). It remains to be proved that they form a system of 
gencrators of Zo"(O.). We shall consider the case k = 1 first. Then there 
are no cycles z;” and it is required to prove that Z)"(O.) is the null group. 
This follows from the fact that on our assumptions every n-chain of O, 
is of the form at,”, where a is an integer, and that for a ¥ 0 none of these 
chains is a cycle, since A.at” = at” (A. is the boundary operator in O,). 
We shall now assume that the assertion is true for k = m and prove it for 
k = m + 1. By our assumptions, every cycle 2” € Z)"(O.) in which the 
simplex tmsi” has coefficient zero is a linear combination of the cycles 2”, 


ees 
Now let 
2" = aa ati” € Z"(O4), Qn41 ~ 0; 
then 
Ne ( Kar ait” = 0 
and 
pean ay = 
Setting 
2 = (a a Qavitasi) as Am4ilr”, 
we get 
Az’ => ( ary a;)t” = 0, 
i.c., 2’” is a cyele of O. and moreover obviously such that the coefficient of 


tmsi in 2’” is zero. Hence z’” is a linear combination with integral coeffi- 
cients of the cycles 2”, --+ , 2m” and the cycle 


n 


2 2 + aaai(lmar — tr) = 2!" + Om i2m4i 
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is a linear combination with integral coefficients of the cycles 22", -+:, 
Zm41.. This is what we wished to show. 

1.55. Let X be a simplicial complex, T? € K, andr > p. Let Q = Ox(T”) 
and B = Bx(T*) (see IV, Def. 1.86). 

Suppose that K has the following property: if T” € Q, the face of T” 
opposite T” is contained in K. Then the groups 4'"(Q, %) and A” ?(B, 
are zsomorphic. 

Proof. With each simplex T” = (7?T"?”) € @Q of dimension m > 
p + 1 associate the simplex T” ”' € B which is the face of T” opposite 
T’; this establishes a (1—1) correspondence between the complex Q \, T? 
and B in which each simplex 7", h > 0, of the complex B is made to cor- 
respond to a unique simplex 7” = T’*™*) € Q. Let us choose a definite 
orientation t” of T”; then to each orientation t” of T” there corresponds a 
unique orientation t” ?* = ft” of T” ?™ such that 

ie aia 
if 
t? = |e --- ep |, t™ = € | +++ Cpa °+* Cm |, e= +1, 
then 
ft™ = t™ ? 1 = ¢ | pti tt Cm |. 

Hence f is a (1—1) mapping of the set of all oriented simplexes of the 
complex Q \, T’ onto the set of all oriented simplexes of the complex B. 
We shall prove that 


(1.551) Ge Sa DO a 
If 

™ — 

t” = € | €y -++ Cp€py1 +++ Cm—1€m | 
and 

BOY BSB eg ice Oe pha Sheep Oia os Boel ~2pri, 
then 
ft” = € | Cp4i +++ Cm—1€m | 
and 
fo" = e’ | Cpe PO Opera Sem |. 


Applying VII, (3.11), we get 
Pe) = (Drees esfe™™!) = (- 1) Pee’. 
Hence (1.551) follows. 
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Remark. We shall write f~ for the inverse of f, i.e., the mapping of B 


onto Q\ T”. 
Now letr > p+ 1. To each chain 


grt E L**(Q, 9) 
there corresponds the chain 
fa™™ € L-?(B, HN) 


' ‘ : 5 . Ly L,r— 
which, on each oriented simplex t” ? of B, has the value of x" on f U ”. 
? ' ‘4 ’ 
In other words, if 277! = >> a,t;*’, then 


fe = afte”. 


Hence f is an isomorphism of the group L7*"(Q, 9%) onto L” ?(B, YW). 
We shall prove that 


(1.552) Af’) = (—1)? fad" 
for every chain 2”? € L’7"(Q, %). It is sufficient to show that 
(1.5520) Afi? = (-1)?* far" 


for an arbitrary oriented simplex ’"* of the complex Q. 

To prove (1.5520) let us consider any oriented simplex ¢” ?' of B and the 
simplex ¢” = f-(”"). We shall calculate the values of both chains Aft’™’ 
and fat’ on t?". 

If 

cea af pe 
then 
CA a a) ee SSP ay), 
(fag? ae ns (Are t") = Grae); 


This proves (1.5520), and hence (1.552). 

It follows from (1.552) that the isomorphism f of the group L'™7(Q, %) 
onto L’?(B, %) maps Z771(Q, 90 [H7™7™'(Q, 9D] onto Z"-?(B, W [A ?(B, I). 
IIence f induces an isomorphism, denoted by the same letter, of the group 
A’*'(Q, 2) onto the group A” ?(B, 90. This is what we wished to show. 

Coro.LArRyY. Let A be a triangulation and let e¢ be a vertex of A. The 
group A”*"(Oxe, 9) is isomorphic to A’(Bxe, W) for every r > 1. 

In Chapter XIII we shall need the following proposition which is a 
special case of the preceding theorem: 

1.550. Let IX’ = ely be an open cone over a simplicial complex K (see IV, 
2.3). The groups A’(K) and A™*"(eK) are isomorphic for r > 0. 

Indeed, in the cone <eA'> the open cone ely is the star and K is the outer 
boundary of the star of the vertex e and the face of an arbitrary simplex 


§1] DEFINITIONS. EXAMPLES. SIMPLEST GENERAL PROPERTIES 65 


(eT) € eK opposite e is the simplex 7 € J. Ience all the hypotheses of 
Theorem 1.54 are satisfied (for p = 0, T” = c), whence 1.550 follows. 
§1.6. The group A (Wx, 9). (See Alexandroff-Hopf [A-H; V, §1, 5, p. 209]; 
Bibliography, Vol. 1. §1.6 is required for applications in Chapters XIV 
and XV, and its reading may be deferred till then.) In the sequel K is an 
unrestricted simplicial complex. 
The group A”(K, 9) is defined as: 


(1.61) AM (RK, 90 = Z°(K, 910/H'(K, %, 


where Z2(K, 90 is the group of all normal 0-cycles of K over 9. In virtue 
of 1.32, 
(kK, 0 © ZK, W. 


Hence the factor group (1.61) has meaning. 

1.62. The group A” (K, L) is a direct sum of groups isomorphic to % whose 
number ts 1 less than the number of components of K. 

Proof (for the case of a finite number of components). The group A°(K, 90 
is the direct sum of s groups isomorphic to 2, where s is the number of com- 
ponents of A; that is, the group A’(K, 90 can be thought of as the group of 
linear forms z = ae a;v;1n § variables x; with coefficients in YW. 

According to its definition, the group A(X, %) is isomorphic to the group 
of those linear forms >>3-1 ai; for which >>; a; = 0. Hence Theorem 1.62 
is a special case of the following general theorem of group theory: 

Lemma 1.63. Let &” be the group of all linear forms 


(1.63) P= aaa: 


in n variables x; with coefficients in an Abelian group U. Let B be the subgroup 
of MX consisting of all the linear forms (1.63) the sum of whose coefficients 
vanishes; then B is isomorphic to the group IX” of linear forms y = Dots aw; 
in then — lvariables rt. , +--+ ,% with coefficients in YU. 
For the proof we consider the mapping f of B into 9" which associates 
with cach element 
= oa Ait; 


of ¥ the element 
io f) = aa ax; 
of 91"). The mapping J is onto U". 
Indeed, if 


Up Does bt; 
is an arbitrary element of haa then f maps 
z2=(—DiiebJa+yEeR 
into y. 
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To prove that f is an isomorphism it is sufficient to show that the kernel 
of f is the identity of %. In fact, if 


y = Dine ba: = 0, 


1.e.,b2 = by = +--+ = db, = 0, and f(z) = y, then x2, 273, «++ , 2, have in 
the representation of z the same coefficients as in that of y (that is, zero). 
Since the sum of all the coefficients of z is zero, the coefficient of x, in z is 
also zero and consequently zis zero. This completes the proof. 

1.64. The rank 7®(K) of the group A°(K) and the rank mn”(K) (mod m) 
(m a prime) of the growp Am”(K) are both equal to the number of components 
of K less J. 

Proof. The theorem follows from 1.62 if 1.62 is proved without the as- 
sumption that the number of components of K is finite. Since we have not 
proved Theorem 1.62 in such generality, we shall prove 1.64 directly. 

Let {K,} be the components of K, and denote (a definite) one of these by 
Ky . In each K, choose a vertex e, and consider the 0-cycles. 

zy = &) — bo, vy #0, 

To prove 1.64 it is enough to show that: 

1°. Every normal 0-cycle z° is homologous in K to a linear combination 
of cycles z,°. , 

2°. The cycles z,” are lirh (see VII, Def. 6.42). 

Proof of 1°. To beginwith, 2? = 0, K,z’. Furthermore, in virtue of (1.34), 
K,2’ ~ ae, in K, , so that 


(1.64) P= >, K22~ d, ae = >, ale, — eo) + (D>, a)eo. 


Since 2” is a normal cycle and a cycle homologous to a normal cycle is also 
normal (in consequence of the Corollary to 1.32), the cycle >., ae, is 
normal. Hence >>, a, = 0. Taking account of this in (1.64), we obtain the 
required homology 


2 ~ Dd, ale, — &). 
Proof of 2°. Let us assume that >>, a,z,° ~ 0, ie., 
Luv a.(e, — co) ~ 0; 
then 
Ky doy a(ey — ep) = Anes ~ O 


for an arbitrary component AK, , u # 0. Hence a, = 0, which was to be 
proved. 

§1.7. Decomposition of the group A’(S, %) into a direct sum over the 
components of the complex St. Let Sf be an arbitrary a-complex. We shall 
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prove the following theorem for a complex & with a finite number of com- 
ponents (the theorem is also true for a complex with an infinite number of 
components). 

1.71. The group A(R, 1) ts the direct sum of the groups A’(R, , W), where 
the R, are the components of St. 

This theorem follows easily from: 

1.72. If an a-complex & is the union of two disjoint closed subcomplexes K’ 
and 8”, then 


(1.721) L(®, W = LK’, WD + LK”, W, 
(1.722) Z(R, W = ZK’, WM + ZK”, W, 
(1.723) I (&, W) = (KX, W + HK" W, 
(1.724) A'(®, H) = A(R’, W + AK”, W, 


where the sums are direct sums. 

To prove (1.721) it suffices to note that 

x = ae oi + Re 

for an arbitrary x” € L’(S, MW). Hence L'(S8, YW) is the sum of its subgroups 
L'(&’, WZ and L'(Kk”, W. Since LR’, W) and L'(K”, 2), as subgroups of 
L7(®, 2, have, in consequence of &’ n KR” = 0, only the element 0 in com- 
mon, L’(&, %) is the direct sum of the subgroups L’(&’, 9%) and L'(”, %). 

If 2” € ZR) [e" € H'(R), 2 = Av’), then in virtue of the fact that 9’ 
and &” are open subcomplexes, we have (VII, Theorem 6.51) 

Kz" € ZR) [AR = Riz", KR © A'(K)] 
and 
R72" EC ZR”) [AR 2" = RZ", RZ” C H'(RK”)), 
so that 2” may be represented uniquely in the form 
Z = 2” + Br 
where 2” € Z’(R’), 27° € A(R”) [2” € WR), 2”" € H'(K”)). Since KX’ 
and St” are closed subcomplexes of &, 
AR) SC A(R); Z (&”) C ZR), 
IT (&’) C H'(&), H'(&”) C H'(&). 

This proves (1.722) and (1.723), and (1.724) follows from these. 

§1.8. The homomorphism of the group A’(K,, %) into A\(K., %) in- 


duced by a simplicial mapping S,” of a simplicial complex K into a sim- 
plicial complex K, . Let S,° be a simplicial mapping of a simplicial complex 
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Kg into a simplicial complex K,. We recall (VII, 8.2) that S.° induces a 
homomorphism (denoted by the same letter) of L’(Kg , %) into L'(K., XY) 
which maps Za’ (Ag, 90 into Za", 1) and Ha’(Kg , X) into Hy’ (K., WU). 
Consequently (Appendix 2, 1.1), the homomorphism S,° of L’(Kg, %) into 
L’(K, , %) induces a homomorphism of A’(Kg, 9) into A’(K, , 4), likewise 
denoted by S,° and referred to as the induced homomorphism of A’(Kg , X) 
into A’(Ka, X) of the simplicial mapping S.° of Kg into K,. 

Remark 1. Two simplicial mappings S.° and §.° of Kg into K, are said 
to be (r, %)-homologous if they induce identical homomorphisms of 
A’(Ke, XW) into AUy., MH). 

‘Two mappings, (7, 90)-homologous for arbitrary r (for arbitrary 2%), are 
said to be YA-homologous (r-homologous). 

Finally, two simplicial mappings of Kg into A,, (r, %)-homologous for 
every rand %, are said to be completely homologous. 

REMARK 2. Theorem 8.40 of Chapter VII implies the following proposi- 
tion: 

If A. and Kg are unrestricted simplicial complexes, Aao C Ka and 
Koo € Kg closed subcomplexes, S,° a simplicial mapping of Kg into Ka 
such that S_°(Kg) C Kao, and Ga = Ka \ Kao, Gs = Ke \ Koo, then 
the homomorphism G,S_° of L’(Gs, %) into L(G, , %) induces a homo- 
morphism (denoted by the same symbol) of A”(Gs, 9) into A’(G., %). 


§2. The groups Ao (%) 
[See Appendix 2, 4.] 


§2.1. The torsion groups. Let St bean arbitrary a-complex. The elements 
of finite order of Ay () form a subgroup of Ao’ (8); this subgroup, denoted 
by O'(&), is called the r-dimensional (rth) torston group of &; if the group 
O’(§) is not the null group, we shall say that St has r-dimensional (r-) 
torsion; if ©’(&) is the null group, we shall say that { is r-torsion free. It 
follows from 1.37 that for an arbitrary unrestricted simplicial complex A, 
©°(K) is the null group. 

Tf St is an 2-complex, Ao” (S) coincides with Zo"(S) and is therefore also 
a free group. Hence 

2.11. Nvery unrestricted simplicial complex ts O-torsion free. [This theorem 
is also true for simplicial complexes which are not unrestricted. It 1s left 
to the reader to prove this. On the other hand, the a-complex consisting 
of the cells #2’, 4¢° with incidence number (t':/°) = 2 has 0-torsion.] 

2.12. very n-complexr rs n-torston free. 

CorRoLLAnry 2.13. 1-complexes are 1-torsion free. 

TeXAMPLES (see 1.4, Example 7). The projective plane and the Klein 
bottle have 1-torsion; for both surfaces the lst torsion group is the group 
of order 2. 
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Let us consider any triangulation of the Mébius band (for instance, the 
triangulation of 1.4, Exercise 1, or the simpler triangulation of III, 3.1). 
Let us delete from the triangulation all boundary elements of the surface 
(in the case of the triangulation of 1.4, all clements on the sides AB and 
DC). The Ist torsion group of the resulting open subeomplex of the tri- 
angulation A. is of order 2. 

DEFINITION 2.14. If 2” is an integral cycle of %, the order of 2” is the order 
of the homology class, as an clement of Ao’(@), containing 2”. 

Clearly, only cycles weakly homologous to zero have finite order; among 
these, the cyeles homologous to zero have order 1. In other words, the 
homology classes of cycles weakly homologous to zero are elements of 
O’(R) Gn particular, the homology class of cycles homologous to zcro is the 
identity of O'(M)). By assigning to each cycle weakly homologous to zcro, 
i.c., to cach element u” of the group /7’(), the homology class which con- 
tains it, we obtain a homomorphism of /f7’(&%) onto O'(&); the kernel of 
this homomorphism is [/’(R). 

Consequently, 

2.1. The groups O'(8) and H’(R)/I"(&) are isomorphic for every a-com- 
plex S. 

§2.2. The groups Ago (®). The factor group 


Ao (&)/O"(R) 


contains no nonzero element of finite order; this follows from the fact that 
O’(&) is, by definition, a division closed subgroup of Ag’ (&). 

2.21. The groups Ac (R)/O'(R) and A (8) = Zo (K)/H'(X) are iso- 
morphic. 

Proof. Let us consider the homomorphism of Zo’ (S) onto Ao’ (R) which 
assigns to every cycle 2” € Z)'(K) its homology class. Since H’(&) is the 
inverse image of O"(&) under this homomorphism, we have, by Appendix 2, 
Theorem 1.1, an isomorphism between 


Zo (R)/IT(&) and Ap(®)/O"(®). 


This completes the proof. 

Since O’(R) consists of elements of finite order, its rank is zero. Hence, 
by Appendix 2, 3.2, Apo (R) = Ap (M)/O"(K) and Ay’ (Rk) have the same 
rank 7’ (St). 

Summing up, we have 

2.2. Let & be an arbitrary a-complex. The groups 


Ao (R)/O'(K) and Ap(&) = Z(K)/H (KR) 


are tsomorphic; they contain no nonzero elements of finite order; their rank ts 
the rth Bettz number of St. 
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§2.3. Finite a-complexes. Homology bases. We shall now assume until 
the end of this section that 8 is a finite a-complex and that 29’ is the num- 
ber of r-elements in &; in particular, if § is the complex of all the oriented 
elements of a simplicial complex (or a complex of convex polyhedral do- 
mains) AK, then p’ is the number of r-elements of K; the groups Lo’ (8), 
Zo (®), Ho (R@), Ao (&), etc. will be written simply as Lo’, Zo’, Ho’, Ao’. 

The rank of Lo’ is obviously p’; consequently the subgroups Zo and Hy 
of Lo and the factor group Ay of Z’ also have finite rank (see Appendix 
2, 3.2). Hence 

2.31. The Betts numbers of a finite complex are finite. 

The group Ly and hence also Z)’, Ho’, and Ao have a finite number of 
generators: the chains ¢;, 7 = 1, 2, --- , p, are the generators of Lo’. Since 
Ao, by Theorem 2.2, contains no nonzero clements of finite order and has 
rank 2’, we have 

2.32. If KR ts a finite complex, Aw’ ts the free Abelian group with x’ inde- 
pendent generators. 

Since all the elements of 0’ are of finite order and ©" has a finite number 
of generators, it follows that: 

2.33. The torsion groups of a finite a-complex are finite. 

Moreover, it follows from Appendix 2, Theorem 4.35, that 

2.34. The group Ao of a finite a-complex is the direct sum of the finite 
torsion group ©” and a free group of rank x’ isomorphic to Av’. 

If & is a finite a-complex, the group Ay’, as is the case with all Abelian 
groups with a finite number of generators, is uniquely determined by its 
rank « and its torsion coefficients (Appendix 2, Theorem 4.351). The 
torsion coefficients of Ap (§&) are referred to as the torsion coefficients of the 
complex &. 

Finally, we shall introduce the following definition, which is frequently 
applied: 

2.35. A system of lirh (VII, Def. 6.42) integral r-cycles 


(2.35) ica a 


of a complex St is called an r-dimenstonal homology basis, or a (J, It)-basis, 
of & if the homology classes of the cycles z; form a basis of the free group 
Aor (R) = 2 (K)/H'(L). 

The same definition may obviously also be expressed as follows: 

2.350. The lirh integral cycles (2.35) form a (J, Dt)-basis for & if every 
integral r-cycle 2” € Zo (KR) can be written in the form 


z= t Deez, 


where v" € H(t) and the coefficients ¢; are integers (uniquely determined, 
as 1s easily seen). 
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Remark. Let Y be cither of the algebraic fields J or Jn, m a prime. 
Every maximal sct of lirh r-cycles (2.35) of & over the coefficient field U is 
called an r-dimensional homology basis of & over the coefficient field U (Cf 
T= Jn, we say homology basis (mod m)). It is easy to sce that these bases 
can also be defined as systems of lirh cycles (2.35) (over the coefficient field 
M1) with the property that every cycle 2” € Z’(&, YD is homologous to a 
linear combination >> a,z;7, a: € %, of cycles of the system (2.35), i.e., can 
be written in the form 2” = vw + >> az’, where u’ € H'(®, W. 

EXeErcIsE. Construct examples of 1-dimensional and 2-dimensional 
(J, R)-bases for the triangulations of the torus, Klein bottle, and projec- 
tive plane considered in 1.4. For the last {wo surfaces also construct ho- 
mology bases (mod 2) (for dimensions 1 and 2). 

§2.4. The Euler-Poincaré formula for a finite n-dimensional a-complex. 
In this subsection we shall take Y = J. 

DEFINITION 2.41. The number >>; (—1)’p" is called the Kuler charac- 
teristic of the complex &. [As always, 2p’ is the number of r-elements of the 
a-complex &; this means that in the fundamental case, when St is the com- 
plex of the oriented clements of a triangulation K, p’ is the number of r-sim- 
plexes of K.] 

Tore EvLer-Poincaré FORMULA is 


(2.4) Dom (—1)'p" = Doe (- De". 
To prove (2.4) we recall that: 

1°) p’ is the rank of the group Lo” = Lp (St): 
(2.41) p = p(Lo); 

2°) Aisa homomorphism of Lo’ onto Hy’; consequently, Lo’/Z," 
is isomorphic to H”'. Hence they have the saine rank: 
(2.42) oI’ /Zo) = p(Ho" ”); 

3°) if A/B = C is true for three groups 4, B, C, then 

pA = pB + ef 
[Appendix 2, (3.2)]. Hence, by (2.41) and (2.42), 
a” = p(Zo') + p(Ho™’) 
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Moreover, according to the definitions, Lo’ = Z| = Hy is the null 
group, so that 

(2.44) o(H, ') = 0. 

On the other hand, z’ is the rank of the group A) = Z'/H» ; hence, 
(2.45) w = p(Zo') — p(y’) O<r<n). 


Inserting (2.43) into (2.45), we obtain the formula 
(2.46) rT =p — p(IIy”*) — p(H,’) O<r<n), 


A 
= 
A 


which has independent interest. 
Since H,” is the null group, 


(2.47) p( fy") = 0, 1m =p" — p(I1”~’). 


Multiplymg both sides of (2.46) by (— 1)’, summing from r = Otor = n 
and keeping (2.44) and (2.47) in mind, we obtain precisely (2.4). 

Examples of the application of the Euler-Poincaré formula will be given 
in the following section. 


J 


§3. Pseudomanifolds 


In this section we shall take K to be a finite simplicial complex whose 
oriented simplexes form an a-complex; in particular, A may be thought of 
as a triangulation or as an open subcomplex of a triangulation (the only 
two cases which will be considered in the sequel). 

§3.1. Pseudomanifolds. In what follows we shall use the terminology de- 
fined in VI, 5 (see VI, 5, Defs. 5.23 and 5.24). 

DEFINITION 3.11. A strongly connected n-complex K" 7s called an n-dimen- 
stonal (combinatorial) pseudomantfold if every (n — 1)-simplex of K” is a 
face of precisely two n-simplexes of K”. 

Remark. An unrestricted pscudomanifold is usually referred to as a 
closcd pscudomanifold. 

In addition to the pseudomanifolds of Def. 3.11, we shall also consider 
pscudomantfolds with boundary which are characterized by 

DeFINITION 3.12. A finite unrestricted strongly connected simplicial 
n-complex K” is called an n-dimensional (combinatorial) pscudomanifold 
with boundary if every (n—1)-simplex of K” is a face of either one or two 
n-simplexes of A”. The subeomplex of A” consisting of all the faces (proper 
or not) of the (n — 1)-simplexes of A” which are faces of precisely one 
n-simplex of A” is referred to as the boundary or edge of K". 

Every closed pseudomanifold is a special case of a pseudomanifold with 
boundary: the boundary is in this case the empty set. 


~I 
aS 
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EXAMPLES OF PSEUDOMANIFOLDs. 1°. A simple closed broken line 
C102 ° 2+ Cg—1Cs€y 


is an example of an unrestricted 1-dimensional pseudomanifold Kk. Tere 
K consists of the vertices e¢, @, ++: , ¢» and the L-simplexes (ee), 
(2903), 7+ 5 (@aa€e)) (@s€1). 

It is easily seen that this example (for s = 2, 3, ---) exhausts, up to an 
isomorphism, all the unrestricted 1-dimensional pseudomanifolds. 

2°. An arbitrary triangulation of a closed surface (see Chapter JIJ) is 
an example of a closed 2-dimensional pscudomanifold. In the same way, 


Fia. 121 Fia. 122 


the triangulations of surfaces with boundary are examples of 2-dimensional 
pseudomanifolds with boundary. 

3°. If we identify two opposite vertices of an octahedron (ig. 121), we 
obtain a 2-dimensional curved polyhedron, whose triangulations are 
examples of 2-dimensional closed pseudomanifolds which are not triangu- 
lations of surfaces. The corresponding 3-dimensional figure (considered in 
some triangulation) is a 38-dimensional pseudomanifold with boundary. 

4°. If, on the contrary, we identify two vertices of a pair of tetrahedra 
(Fig. 122), the result is not even a pscudomanifold with boundary (why?). 

5°. An arbitrary subdivision of the complex | T” |, where 7” is an n-sim- 
plex or in general an n-dimensional convex polyhedral domain, is an 
n-dimensional pseudomanifold with boundary (the strong connectedness of 
| 7” | follows from VI, 5.12 and 5.252). Moreover, the edge is an (n — 1)- 
dimensional closed pseudomanifold. 
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A complex consisting of a single n-simplex is an n-dimensional pseudo- 
manifold (for n > 0 it is obviously not closed). 

§3.2. Orientable pseudomanifolds. 

DEFINITION 3.21. If 7;", Ta” are two n-simplexes with a common (n — 1)- 
face 7';""', and t;" is any orientation of 7;"", then the orientations 
t;” and t,” of T,", 7,” are said to be coherent if 


(ane) = — (t,” : lies 


This definition is clearly independent of the choice of t;” 7. 
Now let 


(3.21) Lee Ty 


be the n-simplexes of an n-dimensional pseudomanifold A”. A set of orien- 
tations 


(3:22) i ee ete 


of the simplexes (3.21) is said to be coherent if the orientations ¢;” and &,” 
of an arbitrary pair of simplexes 7;”, 7,” of (8.21) having a common 
(n — 1)-face are coherent. 

DEFINITION 3.22. Let AK” be either an n-dimensional psceudomanifold or 
pseudomanifold with boundary. K” is said to be orientable if there is a set 
of coherent orientations of all the 2-simplexes of A”; in the contrary case, 
Kk” is said to be nonorientable. 

Hence if K” is a nonorientable pseudomanifold (or a nonorientable 
pseudomanifold with edge), for every choice of a set of orientations of all 
the n-simplexes 7';" € A” there is at least one pair of noncoherent orienta- 
tions t,”, ,” of two adjacent simplexes 7';", T,”. 

Remark 1. If AK” is a pseudomanifold with boundary and K”™ is its 
edge, it is easily seen that A" is orientable if, and only if, A” \. K"™ is 
orientable (the latter pseudomanifold is not closed). Hence all questions 
relating to the orientability of pseudomanifolds with boundary lead im- 
mediately to analogous questions for pseudomanifolds without edge (but 
not closed). 

FExampurs. 1°. The edge of an n-simplex (that is, the complex 


ca aa | pe | Ae oe) 


—l1 


is an orientable (2 — 1)-dimensional pseudomanifold. To show this it is 
enough to choose any orientation é” of the simplex 7” and orientations 
t;" of its (n — 1)-faces such that (t":t,° 7) = 1. 

2°. The triangulations of the nonorieutable closed surfaces (for instance, 
the projective plane and the Klein bottle) are nonorientable closed pseudo- 
manifolds. 
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3°. Let us take any triangulation of a nonorientable surface with edge 
(for instance, the Mébius band) and delete all the boundary elements of 
the triangulation. The result is a nonorientable pseudomanifold (not 
closed). 

Exercise. Prove the assertions in 2° and 3° (see III, 4). 

If (3.21) is the collection of all n-simplexes of an orientable pseudomani- 
fold A” and the orientations (8.22) are coherent, then the orientations 
—t,", +++, —t-” are obviously also coherent. 

On the other hand, if the orientations ¢;" and t,” of two simplexes 7';”, 
T,” with a common (n — 1)-face 7;”* are coherent, then the orientations 
t;” and —¢,” are noncoherent. Therefore, if a definite orientation ,” of any 
one simplex 7’;” is prescribed, the orientations coherent with ¢;” of all the 
simplexes 7,” having a common (n — 1)-face with 7,” are uniquely defined. 
Consequently (because of the strong connectedness of K”), the coherent 
orientations of all the remaining simplexes of (3.21) are also determined 
uniquely. 

Hence 

3.23. There exist precisely two sets of coherent orientations of all the 
n-simplexes (3.21) of an n-dimensional orientable pseudomanifold K”: if 
(3.22) is one set of coherent orientations of the simplexes (8.21), the second 
set is 


n Tr 
ty", ees, ty” 


3.24. Let (3.21) be the collection of all n-simplexes of an n-dimensional 
pseudomanifold K". The orientations (3.22) are coherent tf, and only af, 


(3.24) ie 
ts a cycle. 


This is an immediate consequence of the fact that the value of the chain 

Az," on an arbitrary ¢;"” is 

Co ae), 
where | {;" | and |.” | are the simplexes of K” which have | t;*"| as their 
common face. 

DEFINITION 3.25. If K” is an orientable pseudomanifold (or an orientable 
pseudomanifold with boundary K””), and (3.22) is a set of coherent 
orientations of all the n-simplexes of K", the cycle 2." = >> ¢,” is called an 
orientation of K”. 

This definition and 3.23 imply 

3.26. If K” is an orientable pseudomanifold or a pseudomanifold with 
boundary, and (8.22) is a set of coherent orientations of the n-simplexes of 
K”, then K” has precisely the two orientations 2." = >.;t;” and —z," = 


Dox — ¢;". 
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The fundamental theorems on orientability are Theorems 3.27 and 3.28. 

THEOREM 3.27. The growp Ao"(K") = Zo"(K") of an orientable n-dimen- 
stonal pseudomanifold K” ts the infinite cyclic group generated by either one 
of the two orientations of K”. 

This proposition obviously follows from 

3.270. Every n-cycle 2” € Z"UK", %) of a pseudomanifold K” is of the 
form 2” = az,", where 2," is any orientation of K” and a € %. 

To prove this it suffices to show that every cycle z” has the same value 
on all the coherent orientations 


nN nr 
Lg SAS gobs 


This assertion is a consequence of the strong connectedness of A” and, to 
see that it is so, it is enough to show that it holds for two simplexes | ¢,” | 
and | é,” | with a common (n — 1)-face | t;"* |. However, since z” = > ait,” 
is a cycle, 


O= Az*(t;"") = a:(ts?1tj"") 4+ anlf."1t7); 
and since, in virtue of coherence, 
(7) = — (a; ") = 0, 


it follows that a, = a;. This completes the proof. 

REMARK 2. On the other hand, since, in the notation of 3.270, a chain 
az," is a cycle, we have proved the following proposition: 

3.271. If K” is an orientable n-dimensional pseudomanifold, the group 
A*(Kk", 0) = Z"(K", W is isomorphic to YW. 

REMARK 3. Using Theorem 3.27, we may now characterize an orientation 
of a pseudomanifold in the following terms: 

3.250. An orientation of an n-dimensional orientable pseudomanifold Kh" 
is any generator of the group Ao’(K") = Z"(K"). 

TuEoREM 3.28. If kK” cs a nonorientable pscudomantfold (with or without 
boundary), Zo” (K") ts the null group. 

We shall prove, indeed, that the existence on A“ of a nonvanishing in- 
tegral cycle 
(3.28) ac = ys a,t,” 
implies both the absence of an edge and the orientability of A”. 

We shall show first that | a; | = | a, | for arbitrary 7, A if the cycle (3.28) 
exists. It suffices to prove this equality on the assumption that 7',” and 
T',” have a common face 7’;""'. But in that case 


OS ar) Saeee ha 


. . * -—!l 
for an arbitrary orientation ¢;" of the common face; hence a; = ay. 
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Since 2” ¥ 0, denoting by a the common value of all the | a; |, we obtain 
on Kk” the integral cycle 


a" = (1/aje” = > eft,”, é&=a,/a= £1. 


rn 


Suppose that the edge of A” is nonempty and therefore contains an (n — 1)- 
simplex |i”? |. Let | é:"| be the unique n-simplex which has | t”” | as a 
face. Then 


(Az,"-t"") = &,(t":0"") € 0, 


which contradicts the fact that 2," is a eyele. 
Hence K” has no edge. In order to prove that A" is an orientable pseudo- 
manifold, it suffices to set t’;" = ej;"; it is then immediately obvious that 


the cycle 
21. = > Ets” = Mele 


is an orientation of AK”. This proves Theorem 3.28. 

§3.3. The groups A,,"(A") of a nonorientable n-dimensional pseudo- 
manifold. Disorienting sequences. 

THEOREM 3.31. The group Ao"(K") = Zo"(K") is of order 2 for every 
pseudomanifold kK”. 

Proof. fz” = do ad:" © Z."(K"), then cither a; = 0 for all 7, or a; = 1 
for all 7. Indeed, if a; = 0, an = 1 for two distinet simplexes ¢,”, t,” with a 
common face t;”", then 

(Az™-1;""") = 1. 


Hence a; = a, for two simplexes ¢;”, 4,” with a common face and the same 
follows for any two simplexes (;”, fa” from the strong connectedness of K”. 

On the other hand, the chain 2” = >> ¢;" is a cycle (mod 2) on an arbi- 
trary pscudomanifold A”, since every simplex | ¢;""| € K" is a face of 
precisely two simplexes | ¢;" | € A”; consequently, 


(A2"-t;"") = 1 + 1 = 0 (mod 2). 


CoroLuaRy. The nth Betti number (mod 2) of every n-dimensional 
pseudomanifold is 1. 

We shall give still another definition of the orientability of a pseudo- 
manifold which 1s convenient in certain cases. 

DEFINITION 3.32. A sequence of oriented n-simplexes 


. a es 
(3.32) ty ) lo : tz”, ree, ee 
is called a disorienting sequence if: 
th) bd . n _ 

1. The simplexes | é;" | and | ¢:4:" | have a common (nm — 1)-face | ¢;""* | 

fora S143." F s — 1; and the simplexes | ¢,” | and | 4” | also have a 
ao 

common face | te” |- 
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2. The orientations (;" and tig;” (1 <7 < s — 1) are coherent; the ori- 
entations {," and ¢,", however, are noncoherent, so that (t;”!t,.""’) 
Cc a) 

3.33. In order that an n-dimensional pseudomanifold K" be nonorientable 
il is necessary and sufficient that the set of oriented n-simplexes of K” contain 
al least one disorienting sequence. 

Indeed, suppose that (3.32) is a disorienting sequence. If 2” € Z"(K"), 
then it is easy to see that 


Ps) = @ity) = aoe = Ea, ") = @. 


But then 
(Az”-t,””") = 2a 


and hence a = 0. Therefore, every cycle z” € Z"(K”) is 0 on the simplexes 
ty”, fo", «++, ts”. If K” were orientable, 2" would define one of the orienta- 
tions of K” and z” would not be 0 on any of the n-simplexes. Hence the 
existence of a disorienting sequence assures the nonorientability of A”. 

Now let A” be nonorientable. We shall construct a disonenting sequence 
as follows: 

Let t,” be any orientation of the simplex 7," € K” and suppose that the 
oriented simplexes {,”, f2", ++: , &” are coherently oriented and that the 
simplexes | 4" |, --- , | 4.” | and their faces form a strongly connected com- 
plex, with each simplex after the first adjoining its predecessor in the se- 
quence. 

In consequence of the nonorientability of A”, the simplexes 


oe nee | 


cannot exhaust the set of n-simplexes of K”. Because A” is strongly con- 
nected there is an n-simplex | fi4:" | in A” distinct from all the simplexes 


|” |, -°-, | &" | which has a face in common with at least one of 
t n 
| ty" |, Reig te | 
and such that |4"|,---, | 441” | form a strongly connected complex. 


Two cases are possible: 

1°. There is an orientation 41" of the simplex | &4:” | coherent with the 

. . Tr n 
orientations f, +7: tk - 

2°. Such an orientation 41" does not exist. 

In virtue of the nonorientability of A”, Case 2° will occur sooner or later. 
Then | tei” | will adjom (Gi.e., have a face in common with) at least two 

< x “Na rr n . . : 

previously chosen simplexes, say | ¢;” | and | t,” |, 7 <A, in such a way that 
one of the orientations of | teyi”|, say tei”, is coherent with both 


nm 
Baad: Se 
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Then, connecting ¢,” and t,” with a chain of coherently oriented sim- 

ist n nr n n . . . . 3 

plexes t;", tay”, ti”, +++ 5 tig”, fo", with j(1), 7(2), --- , 5(s) < B+ 1, we 
obtain a disorienting sequence 


te tgay 9 ties 3 SO le) le tea 
This proves 3.33. 
3.34. If Kh” is a nonorientable n-dimensional pseudomanifold and m is an 
odd integer, 
An" (K") = Zn" (K") 
is the null group. 


In fact, if 2” € Z"(K") and (3.32) is a disorienting sequence, then it is 
easy to see that (sce the proof of Theorem 3.270) 


(2"- ty") = (z" +t") — ae a (z”-t,”) = a@ C poe 
Hence 
O = (Az"-t,”") = 2a. 


But since m is odd, 2a € J, is equal to zero only if a = 0. This is what 
we wished to prove. 

Remark. In [X, Theorem 4.43, we shall show that if A” is a nonorientable 
n-dimensional pseudomanifold and m is even, then A,,”"(K”) is the group 
of order 2. In EX, Theorem 1.7 we shall prove that a pscudomanifold kK” 
is orientable if, and only if, 9" ’(A”) is the null group and that if K” is 
nonorientable, O”""(K”) is the group of order 2. 


§4. Addenda and examples 


§4.1. The Betti groups of the complexes | 7” | and 7” = | 7" | \ 7”. 
The results of §§2 and 3 enable us to complete the investigation of the 
groups A’ of the complexes | 7” | and 7” = | 7*| \ 7”. For, since 7” is 
an orientable pseudomanifold (3.2, xample 1°) and therefore a connected 
complex we have, by 1.35, 1.53, and 3.271, 

4.11. The groups A(T", WM and A” *(7T", X) are isomorphic to A; the 
groups A(T", M) are null groups forO <r<n—1. 

If t” is any orientation of 7”, At” is a generator of Z)” 1(7") and the 
group Zo” (7'", 0) consists of cycles of the form aAt”, with a € Y. Since 
all such cycles are homologous to zero in | 7” | (as boundaries of chains at”), 
we have 

4.12. The groups A°(| 7” |, %) are isomorphic to YA; the groups A’(| T” |, 0 
are null groups for r > 0. 

CoroLuary. The Oth and (n — 1)st Betti numbers of 7” are equal to 1; 
the remaining Betti numbers of 7” are zero. All the Betti numbers of 
| 7" | @vith the exception of the Oth, which is obviously 1) are 0. 
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$4.2. Surfaces. A triangulation A? of a closed (orientable) surface is a 
2-dimensional closed (orientable) pseudomanifold. Hence 

a (K’) = 1, 
while 
a (K’*) = 1, if K* is orientable 
and 
x (K’) = 0, if K* is nonorientable. 


Let p be the genus of the surface (if the surface is orientable, p is the 
number of its handles; if the surface is nonorientable, p is 1 less than the 
number of holes fitted with Mébius bands (see III, Def. 7.11). Then (see 
III, 7.1) 


x(K*) = 2 — 2p 
for orientable surfaces and 
x(K*) =1-—p 


for nonorientable surfaces. 
On the other hand, since we always have 


x(K*) = m'(K*) — a'(K°) + (BK), 
then 
1 — w(K’) +1 = 2 — 2p, 
1.€., 
x(k’) = 2p 
for orientable surfaces, and 
1—7r(K*)+0=1-p, 
L.e., 
n'(K*) = p 


for nonorientable surfaces. 


Hence 
4.21. If K° is a triangulation of a closed orientable surface of genus p, then 


m(k’*) =1, w(K’) =2p, w(K’) = 1. 
If K° is a triangulation of a closed nonortentable surface of genus p, then 


mK) =1, wK)=p, w(K’) =0. 
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Using this and the expression for the genus of a surface in terms of its 
connectivity (see III, 7.1) we obtain 

4.22. The connectivity of an orientable surface is equal to its 1st Betts 
number; the connectivity of a nonoricntable surface 1s 1 greater than its 1st 
Betti number. 

By means of III, Theorem 7.21 and 4.21 above, we may {mally express 
the fundamental theorem of surface topology as 

4.23. Two closed surfaces are homeomorphic if, and only wf, their cor- 
responding Bettt numbers are equal. 

$4.3. Simple pseudomanifolds. Elementary triangulations. 

DEFINITION 4.31. A combinatorial n-dimensional pseudomanifold Q” is 
said to be simple if it is orientable and Ao’ (Q") (0 < r < n) is the null 
group. 

A triangulation A is said to be elementary if it can be represented in the 
form 


K=QukK., Qn Ko = 0, 


where Q is a simple n-dimensional pseudomanifold and Ko is a triangulation 
each simplex of which is a proper face of at least one simplex of Q (hence 
Ky has dimension <n — 1). 

ReMARK. With these conditions, the pseudomanifold Q is obviously an 
open subcomplex of K. 

Let x" be any orientation of Q and let J, be the subgroup of Zo” (Ko) 
consisting of all the cycles cAr”, with c an integer. We note that 


Zo” (Ko) = Ay” “(RKy), 


so that J, may also be thought of as a subgroup of Ao” ‘(Ko). 

We may then assert 

4.32. The groups Ay (K) and Ao'(Ko) are isomorphic for r <n — 2; the 
group Ao” '(K) is isomorphic to the factor group Zo" \(Ko)/Jz ; as for the 
group Ao" (AY), two cases are possible: 

a) Av” = 0; then Ao"(K) = Zo"(K) consists of all the chains cx", c an 
integer, that ts, it 1s infinite cyclic. 

b) Ax” + 0; then Ao"(K) is the null group. 

Proof. Suppose r <n — 1. Every homology class 30° € Ao (Ko) is con- 
tained in a homology class 3° = f(0.) € Ao (A); hence f is a homomorphism 
of Ao (Ko) into Ap (K). The homomorphism f maps Ao (Ko) onto Ao (K). To 
see this, it is enough to prove that every cycle z” € Zo (K) is homologous to a 
cycle z © Zo (Ko) in K. 

We shall prove the last assertion. 
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By hypothesis, there exists a chain 29’*' € L7*"(Q) such that 


1 
Q2" =A gt eas 


) 


whence it follows that (we write Arg’*’ instead of Agr’ *’) 
(4.321) Arg’ *? = Qz’ + yw, 
where 


yo = KoAtg* € Ly (Ko). 
From (4.321) we obtain 
Avg’ = Qe’ + yo = (Qe” + Koz’) — (Ko2” — yo) = 2" — 2, 
with 
Zo = Koz" — yo € Ly (Ko), 
2 = 2 > Ate Se ZO, 


so that 20° € Zo’ (Ko), and the assertion is proved. 

Hence f if a homomorphism of Ao’(Ko) onto Ao’(K). 

The kernel of f is the set of all homology classes 39 € Ag (Ko) which are con- 
tained in the identity of Ao (K), that is, which consist of the cycles 


(4.322) 20. € Zo (Ko) n Hy (kK). 


We now complete the proof of the theorem in three steps. 
To begin with, suppose r < n — 2. If 


a Sag ee ER). 
then Qx™*? € Z."*'(Q) and consequently 
Qa? = Aare’. xgrt? c Liy?0). 
Hence 
Meg = Or ge, ye Se Ly Ky. 
Since AQa’*? + Ay’ *t? = AAx,’* = 0, 
AQa = —Aye™, 
1.¢., 
zo = Av = AQe + AK” = A(Ka’™ — to )-€ Hy’ (Ko). 


Therefore, zo” € Zoo) 9 Ho’ (A) implies that zo” € Ho'(Ko), so that the 
kernel of f is the identity of Ao (¥o). This means that 7f r < n — 2,fisan 
tsomorphism. 

Suppose r = n — 1. If zo”) € Zo" (Ko) a Ho” (BK), ie., if 2,77 = Ay” 


3 
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y” € Ly"(kK), then (since Ay has no n-simplexes) y” € Zo"(Q). Hence 
y” = cx” and 2” = cAx” € Jz. Therefore, the kernel of the homo- 
morphism f of Ap” (Ao) onto Ap” (K) is Jz and we have proved that 
Ay” '(Ko)/Jz is isomorphic to Ap” “(K). 

It remains to consider the case r = n. 

Suppose z” € Zo"(Av). Since Ay has no n-simplexes, z” € L”(Q) and so 
z” € Zy"(Q), that is, z” = cx", c an integer. But a chain cx” is a cycle of K 
if, and only if, Ar” = 0. This completes the proof. 

Now let S.” be a simplicial mapping of an elementary triangulation 
Kg = Qg u Ag onto a triangulation A, with the further assumption that 
S.? restricted to Qg is an isomorphism in the following sense: 

1°. Every simplex 7's’ € Qs is mapped onto a simplex S.°7s € K. of 
the same dimension r. 

2°. If 

Te =SeTs, Ts € Op, 
then 7’ is the unique simplex of Kg mapped by S,” onto 72’. 

Remark. Since S,” is a simplicial mapping, the relation proper face of 
between simplexes is of course preserved by S,.’. 

Simplicial mappings S.° satisfying these conditions will be called ad- 
missible. 

4.33. Let S,” be an admissible simplicial mapping of an clementary tri- 
angulation Kg = Qs u Kg onto a triangulation K, . Then Kis an elementary 
triangulation; moreover, uf Qa = S03 Kao = SPR a0 then Ke. = QaUKao, 
and Qa, Kao satisfy Def. 4.31. 

Proposition 4.33 follows from the fact that Q.n Kao = 0 and that Se 
obviously induces an isomorphism of the cell complex of all the oriented 
simplexes of Qs onto the cell complex of all the oriented simplexes of Qa. . 

§4.4. Applications to projective spaces. We shall adopt the following no- 
tation. Ngo” will designate the second order barycentric subdivision of the 
boundary S” of the regular (n + 1)-dimensional octahedron £"** whose 
vertices are the points 7%, 0’., k = 0,1, ---, n, of R””*, where 2;(v’,) has 
all coordinates equal to zero except the kth, which is equal to 1 (—1) (see 
IV, 6.2). The triangulation Kg” is symmetric with respect to the origin of 
coordinates 0. We denote by A.o’ the triangulation of the projective space 
P” obtained by identifying the simplexes of Kg” symmetric relative to o. 

We shall designate the second order barycentric subdivision of the closed 
n-dimensional octahedron EB" (in R”) by Ka”; Ka:” is symmetric relative 
to the origin of coordinates o in PR”. The corresponding triangulation of its 
boundary S”* is then Kg” ’ GC Kg,". Identification of the simplexes of 
Kao” * symmetric relative to the origin of coordinates o (in R”) transforms 
Kg,” into a triangulation Ka.” of the projective space P”. It is clear that 
Kg” and K.:” are elementary triangulations and that the identification 


84 A-GROUPS (LOWER BETTI OR HOMOLOGY) OF COMPLEXES [CH. VIII 
carrying Kg,” into Ka” is an admissible simplicial mapping S.” of Kay” 
onto Ka". We see also that 


Qs” = Kai” a Kao = ew SS Ka = Qa” 


is a second order barycentric subdivision of the open octahedron. 
RemMArkK. We shall use the following theorem on the invariance of the 
Betti groups (proved in Chapter X): All triangulations of the same or of 
homeomorphic polyhedra have isomorphic Betti groups. 
THEOREM 4.41. Suppose n > 1. The Betti groups of an arbitrary triangula- 
tion K” of the projective n-space are: 


Ay (K") = 0, ifriseenandO<r<n. 
Ap (K") & Jo, ifrisoddandO <r <n. 
Ay’ (K") = 0, af n is even. 


Ap (K") & J, if n ts odd. 


Coro.Luary. The odd-dimensional projective spaces are ortentable; the 
even-dimenstonal projective spaces are nonorientable. 
LemMa 4.411. Let ag” be an orientation of the pseudomanifold 


Qe” = Ka” \ Koo". 
Let x be the reflection of Kg,” onto itself relative to o. Let 
1s = (€) **- Cnt) 


be any (n — 1)-simplex of Kao” * and set 


7, = Wer O<k<n-)), 
so that T’g;""' = (e’o «++ é’n-1) is antipodal to the simplex 7,;"°. Finally, 
let tg:” ' = | ep «++ en-1| be the orientation of 7's;"° such that 


(Axg”-tas” ') = +1. 
Then 
(Azp"-mtg:"') = (—1)". 
Indeed, the reflection 
(4.411) vy, = —Th, h=1,---,n, 


of &” relative to the origin of coordinates o (which we shall likewise denote 
by 7) has determinant (—1)"; whence, recalling that Avg,” is symmetric 
relative to 0, it is easy to deduce that mvg” = (—1)"xg” (here avs" denotes 
the image of the chain vg” under the simplicial mapping a of A’g:" onto 
itself). 
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Since w is an isomorphic mapping of the cell complex of the oriented 
simplexes of Kg:" onto itself, 
(Amxp”-mta;” ') = (Azp"-te:” °), 
whence 
(Arg"- tg”) = (A(—1)" arg" - rtp:" *) 
= (—1)"(Amxg"- tg") = (—1)"(Aas" te”) = (— 1)". 


This proves the assertion. 
—)| _— . » _ — 
4.412. If ts," t’s:" are orientations of 7's;"" and T’s;"" such that 


(Axg” -t9:” ) = (Azx,” eae) ie 1, 
then 
Sa t's” = (—1)"Saitp;” 


-1 
and t'a;” = | e' x0) 829 €! k(n—t) F then by 


Indeed, if ta:"* = | €o «++ Cn-a 
Lemma 4.411, 


ey core ee A ) = (—1)". 
But 
Safte” ? = | Sa’eo ++ Seen |; 
Soleo S| Soe tayo See nad |: 


The assertion follows. 

From VII, (8.22) and 4.412 above we obtain 

4.413. If te”? = Sabtg:7 7 = (—1)"Sa't's:”— is an oriented simplex of 
the complex Kao” | = Sa’Kgo” | anda," = xs" is an orientation of the pseu- 
domanifold Qa” = Qs", then 


(Aata” tai”) = (Agtp”-te:” *) + (Apte”-(—1)"t’a;”*) 
Se Gad) 
ie., if n is odd, Aare” = 0; and if n is even, Aart.” = 224”, where 
i or 


is an orientation of the pseudomanifold Kao” (orientable for n even), and 
where we have written A.(Ag) to denote the boundary in K,(Kg). 

Proof of Theorem 4.41. We may now carry out the proof of 4.41 by in- 
duction on n. The theorem is true form = 1: P’ = || K’ || is homeomorphic 
to a circumference; hence (see 1.4, Example 2), Ay (K') is infinite cyclic. 
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We shall now suppose the theorem proved for P””’ and, in particular, for 
the triangulation (sce the Remark just before Theorem 4.41) Kao” | of the 
polyhedron P”™’ and prove it for P”. We must therefore show that Theorem 
4.41 is true for K” = K,,”. Forr <n — 2, this follows immediately from 
4.32 and from the inductive hypothesis. or r = n — 1 andr = n, the 
theorem follows from 4.32, 4.418, and the inductive hypothesis (in applying 
Theorem 4.32 for n even it is necessary to keep in mind that the group J; 
consists of cycles 2cz,”", where c is an integer, so that Ay” “(Kai"), iso- 
morphic to Zo” (Kao) /J2 by 4.32, is of order 2). 


§5. Simplicial mappings of pseudomanifolds 


§5.1. The degree of a mapping. Let K, and K, be n-dimensional orien- 
table pseudomanifolds. We recall that the groups 


Ao"(Ks) = Zo"), — Ao"(Ka) = Zo"(Ka) 
are in this case infinite cyclic with generators 
= Darley “ee ies, 


where >>; ¢a;", Do: tai” are orientations of Kg and K,. 
In virtue of VII, Theorem 8.31, 


SaPzs” € Zo"(Ka); 


1.¢., 

(5.11) Sozs” = ya". 
Since (z."-fa:') = 1, 

(5.12) (Si'2p"*tar”) = ¥; 


where y is an integer (positive, zero, or negative). The integer y is uniquely 
determined by the simplicial mapping S.” and the chosen orientations 
5 53", Di fai” of Kg, Ka. lt is referred to as the degrce of the simplicial 
mapping Sa’ of the pseudomanifold Kg into the pseudomanifold K. . 

§5.2. The original definition of the degree of a simplicial mapping. I’or- 
mula (8.22) of VII yields [if ag’ = 23”, aa” = 2a", and (z” + ts;") = 1] 

(Sa re dad re = Se (SaPts;" tai”), 

whence, by (5.12), 
(5.21) y = Do; (SaPts;” tei”). 

If we denote by 7; the number of | tg,” | for which S_%tg;" = tas”, and by 
y; the number of | f;" | such that S.°%,;" = —fai", we arrive at 
(5.22) ee eee 


Hence 
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5.21. Let 22" = Doster”, 28" = >.; te;" be orientations of the orientable 
pseudomanifolds Kq and Kg, and let S.° be a simplicial mapping of Kg 
into K,. Then wr; — v; (with r; and »v; defined as above) ts independent of 7 
and is equal to the degree of the simplicial mapping Sa’. 

In this formulation we have the original definition of Brouwer of the 
degree of a simplicial mapping. 

5.22. If Sa’ Ke ~ Kq (thatis, Sa°Aa © K4), then the degree of the mapping 
Sa? is 0. 

In fact, if | fa:” | is not in S.’Ag, then (S.°ts;”-tai”) = O for arbitrary 7 
and y = O by (6.21). 

Remark 1. The degree of a simplicial mapping S.° of an orientable 
pseudomanifold Ag into an orientable pseudomanifold AK, depends on the 
choice of the orientations of Ag and A, . It is easy to see that if the given 
orientation of any one of the pseudomanifolds Kg or A is replaced by its 
opposite, the degree of the mapping remains unchanged in absolute value, 
but changes its sign. 

ReMaArkK 2. Now let Ags and kK, again be n-dimensional pseudomanifolds, 
but not necessarily orientable. The groups 


Ao” (Kg) = Z2" (Ka), As” (K a) = Zo" (K a) 


each consist of two elements; the identity and zg” = >> 7's;", 22" = >, Tas’, 
respectively. Therefore, cither S.°ze” = 0, or Sa°ze” = 24”. 

We shall say that the parity of S.° is 0 in the first case, and 1 in the 
second. In the first case, the number of 7's;” € Kg mapped onto T.;” for a 
prescribed 7',;” € Ka 1s even, in the second case it is odd. The parity of a 
simplicial mapping is sometimes referred to as the “degree (mod 2)” of 
the mapping. 

REMARK 3. Exampies. Let A. be a closed m-polygon whose vertices 
a, °**:, @m are enumerated in some order, say counterclockwise. Let y 
be a natural number and let Kg be a closed ym-polygon with its vertices 


G1, °'* » Aim;Ga1,°'°* » Gans? > Ay1, °** » Aym 


also indexed counterclockwise. If we orient both 1-dimensional pseudo- 
manifolds K, and Kg counterclockwise and set 


B ‘ as ree 
Sa @izj = a;, @ = Tere PH hoo, 


we obtain a simplicial mapping Sa’ of Ka onto K4 whose degree is y. Re- 
versing the orientation of one of these pseudomanifolds yields a mapping 
of degree —y. In Fig. 123, m = 3, y = 2. 

The simplicial mapping S 2 obtained above has (for n = 1) the following 
property: 7; = y, v; = O for all n-simplexes 7.;" € Ka” (that is, as a 
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result of the mapping S,” each oriented n-simplex of K.” is covered by the 
images of precisely | y | uniquely oriented simplexes of A", where y is the 
degree of S.°). 

Now let n be a natural number; we shall assume that the n-dimensional 
orientable pseudomanifolds K.” and Kg," are triangulations in R”*? of 
polyhedra homeomorphic to the n-sphere S” and that S,.° is a simplicial 
mapping of K,” onto K,” of degree y, satisfying the condition formulated 
above. Let us imbed R** in R”* and choose two points 0 and o’ in 


Re Se Re 


on different sides of the plane R”*’. We then consider the cones <oK,">, 


<0’'K.">; <oKg">, <o’K,">. Each pair of cones 
K.""' = <oK,"> u <o'K.">, 
Ks"? = <oK,"> v <o'Ks"> 


O22 Qe) 


a a 
0, Ge " 12 


Fie. 123 


is an orientable closed (n + 1)-dimensional pseudomanifold, and the poly- 
hedron corresponding to each is homeomorphic to S”*?. 

Let us now extend the simplicial mapping S.° of K,” toall of Ks””’ by 
setting S.°(0) = 0, Sa°(o’) = o’. We obtain a simplicial mapping of K,”*’ 
onto K,”*' with the property that 7; = y, v; = 0 for all Ta:"°' € KA”. 
Hence the mapping is of degree y. Thus we have triangulations A,", Ag" 
of polyhedra homeomorphie to the n-sphere and a simplicial mapping of 
degree y of Kg” into AK,” for arbitrary natural number n and integer y = 0. 
We note, finally, that to obtain a mapping of degree zero it suffices to map 
all of the complex Ag” onto a single vertex of K.”. Hence 

5.24. There exists a simplieial mapping of degree y of one triangulation of 
the n-sphere into another for arbitrary natural number n and integer y. 

Rimark 4. The ease n = 0. A pair of points eo, @, is called a 0-sphere. 
The normal 0-cycles e; — eo and ¢) — ¢; are called ortentations of the 0-sphere. 
Hence a 0-sphere, as is the case with the n-sphere for n > 1, has precisely 
two orientations. However, there is no pseudomanifold corresponding to 
the 0-sphere, since it is not connected. 
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Let S.” = {€a0, a1} and Ss’ = {ego , es} be two 0-spheres. The following 
four mappings cxhaust all the possible mappings of Sg’ into S,°: 
1) Cilego) = Cileg) = Cao ; 2) C2(ego) = Co(em) = Car ; 
3) Cs(es0) = @ao, Ca(ea) = ear ; 4) Calego) = €a1, Cala) = ao. 


: : 0 0 0 
Let us now choose any orientations z~ and zg’ of the spheres S, and S,’, 
0 0 
Say Za = Car — Cao and zg = eg: — eg. Then 


Ci(ze’) = Cres) = 0, Cslz#?) = za, Cale) = —ee 


It is natural to say that the degree of the first two mappings is 0; the 
degree of the third is 1, and the degree of the fourth is — 1. 


Chapter IX 


THE OPERATOR v AND THE GROUPS V(&, %. 
CANONICAL BASES. CALCULATION OF THE 
GROUPS as, % AND V(&, 9 BY MEANS 
OF THE GROUPS Ay (&) 


§1. The operator V 


§1.1. Definition of the chain Vx’. Let 8 be an a-complex. We shall 
define an (r + 1)-chain Vex’, called the V-boundary or upper boundary or 
coboundary of the chain 2’, for every r-chain 2” € L’(&, 9). In each pair 
of opposite cells of & denote any one of the cells by ¢; and define the value 
of the chain Vez" on the (r + 1)-cell &:”** in accordance with the formula 


caer Ven’ (tt) = SS. (7 st7)2" (te), 


where the sum is extended over all 4,7. 
Tor comparison, we recall the definition 


(1.1), Age’ (t,” *) = Day (t7:t;" a(t). 


Remark. If the a-complex S& is the complex consisting of the oriented 
elements of a simplicial or polyhedral complex A, we shall write Vx instead 
of Ve. Lf there can be no misunderstanding, we shall write simply V in place 
of Va (or Vx). 

Exampues. 1°. Let K be the complex consisting of all the edges and 
vertices of a tetrahedron (oe,e2e3), and consider the O0-chain x which is 1 
on the vertex o and 0 on the rest of the vertices of K. The chain Vz" is 1 
on the oriented segments | e;0 |, 7 = 1, 2, 3 (Pig. 124) and 0 on the remain- 
ing I-clements of K. If we denote V2° by 2’, then ¥z' = 0. 

2°. Let the complex A consist of the two triangles (¢,c2e,) and (e2e3¢4) of 
Tig. 125, and their sides and vertices. The chain 2’, by definition, is 1 on 
the oriented simplexes | ee: |, | exes |, | exes |, and | ese: | and O on | ee, |. 
The chain Ve' is 2 on the oriented triangles | erese, | and | esesey | (Fig. 125). 

3°. Fig. 126 and Tig. 127 show a torus divided into curvilinear rec- 
tangles (opposite sides of the square ABCD are to be identified). The 
complex Av consists of the curvilinear rectangles, their sides, and vertices. 
The chain z’ is, by definition, | on the l-elements of A (the horizontal and 
vertical segments) oriented as indicated; then V2' = 0. The same result 
is obtained if x is set equal to 1 only on the horizontal segments and 0 on 
{he vertical segments, or conversely. 

If we set 2° | ee | = q! | exe3 | = a | esey | = 2! leg, | = 1 (Pig. 128) and 
z equal to 0 on the remaining segments, then Vz’ is the 2-chain which is 
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eC, 
Fia. 124 Fra@. 125 
Fig. 126 a 127 
Fic. 128 Fria. 129 


0 on the hatched squares (I*ig. 128) and 1 on the rest of the squares ori- 
ented by arrows as indicated. 

4°, In Fig. 129 the plane has been divided into congruent squares. ‘The 
complex K consists of these squares, their sides, and vertices. Let the chain 
x be 1 on the segments marked with arrows and oriented as indicated by 
the arrows, and 0 on all the rest of the 1-elements of A. Then Va’ = 0. 
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§1.2. The chain Vz’ as a linear form. If the chain 2’ is written as a linear 
form 


x a Ss ail; , 
it is also convenient to write the chain Vz’ as a linear form. Since Vz’ has 
the value >; (t7**:4.7)a: on t,’** by Def. (1.1), , we may write 


(1.21), Vax" = Sh Dae ae aati 
For comparison we rewrite the analogous formula for Az’: 
(1.21), A a >; De (tf :t7 ats”. 


In particular, if 7’ = ¢,’, that is, if a; = 6x, then (1.21), becomes 
Vt, = ya Ge ie 
Comparing this formula with 


hie = i (Gk 


and examining the incidence matrix @ = || en’ || = || (7**:4’) ||: 
hoe vate, 
ir 
| 
ee oe cy Cnn . 
een ) 


we obtain the following rule: 


Each column of the matrix ©' ts the V-boundary of the simplex t,’ appearing 
al the head of the column; each row of G' ts the A-boundary of the sinvplex 
ty’! heading the row. In other words, the number eng” = (th "':th’) is the valuc 
of Vt" on ty and also the value of At, ** on ty. 

§1.3. Vhe operators A and V are dual homomorphisms (see Appendix 2, 
5.4) of the module L'(&) into the module L’\(R) and of L™'(R) into L’(®), 
respectively. 

Indced, for arbitrary 


ve = dat’ € L(S8) 
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and 
yo = Do bse” € L"(8), 
(Aa-y™™) = Do; Dis (ttt Yad; = Dis tf Dads , 
(oy) = Visas di; (47 )b; = Da; (tty Dads, 
that is, 
(1.31) (Act y™™) = Vy"). 


This completes the proof. 
Replacing y” by x and x” by y’™ in (1.31), we get (Ay’-2") = 
(yf: Va"), or 


(1.310) (Vary) = (27+ Ay’), 
Irom this we deduce the fundamental identity 
(1.32) VVx' = 0 


for an arbitrary chain x’ of an arbitrary a-complex &. 
We prove this identity by calculating the value of VVz" on any t* € &: 


(VVa" +t") = (Va"- Vert) = (x"- AAt’*?) = 0. 


§1.4. The groups Z,"(8, M), H,'(®, YW), VR, U). Def. (1.1), implies 
that 


Via + ae") = Vay’ + Var’. 


Consequently, the assignment to every chain wv’ of its V-boundary yields a 
homomorphism V of L'(, 9) into L’* (8, 9D. The kernel of this homo- 
morphism is the group Z,"(S%, 20) consisting of all the r-dimensional V-cycles 
(r-cocycles), that is, of all the r-chains whose V-boundary is 0. The image of 
L'(&, 2%) under V is the subgroup H,77'(8, 20 of Z'*7(&, 2 of all (r + 1)- 
chains which are V-boundaries of r-chains 2 € L’(®, YW). 

A consequence of the fundamental identity (1.32) is: 

The coboundary of every chain is a cocycle. Hence H,"(&, 2) is a subgroup 
of Z,"(&, WD for arbitrary r. 

The elements 2’ of H,"(S, 2) are said to be V-homologous to zero in & 
over & (cohomologous to zero in & over 2). We shall write this relation as: 


z 0 (in & over Qf). 


If a’ € ZO (K, W, 2” € Z"(K, MW), and a’ — 2” € H,'(K, W), the co- 
cycles 2)’ and z’ are said to be V-homologous (cohomologous) in & over Y: 


za 2) (in & over QW). 
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Remark 1. The cohomology symbol “~~” possesses all the properties of 
the homology symbol “~” enumerated in VII, 6.4. 
Derinition 1.4. The group 


V(R, M) = ZK, M/A (K, W 


is called the r-dimenstonal V-group (r-dimensional cohomology group), the 
r-dimensional upper Bettt group (rth coBetti group), or simply the group 
V' of & (over 2). 

Remark 2. The coboundary of every n-chain of an n-complex &” is 0 
that is, in an n-complezx all n-chains are cocycles: 


Z"(K", MN) = LK", W). 


On the other hand, the coboundary of the only element (the identity) of 
L“'(&, %) is the 0-chain identically equal to zero. Hence H,°(®, 2) is the 
null group, so that V°(%, 1) = Zy (RK, W. 

Remark 3. The group V’(&, J) will be written as Vo (%), and the group 
V'(R, Jm) aS Vin (®); instead of V'(, M2) we shall often write V’(S), etc. 

§1.5. Chains restricted to a subcomplex. Let 2” € L’(®) and let Dt be a 
closed subcomplex of the complex §. The fact that t is closed implies 
that 


p 


(VapMtx”- tt) = (Vax: t'*’), (MVexr" tt) = (Ver -t’*) 
for every t""' € Mt. Hence 
1.51. For x” € L'(&) and arbitrary closed subcomplex Mt of &, 
(1.51) Vata’ = MVe_er’. 


In particular, if x” € Z,"(&), then Ma” € Z,"(M). 

§1.6. The groups V(X, YW) = Zo (R;, 9). Since Hk, %) is the null 

group, 

VR, W = ZK, W, 
and to compute V°(&, X) we must find those 0-chains which are cocycles. 
We shall restrict ourselves to the case that & is the complex of the oriented 
simplexes of an unrestricted simplicial complex K. 

First, let K be a connected complex and za 0-cocycle of K. We shall 
prove that 2’ has the same value on all the vertices e; of K. 

Since K is connected, it suffices to show that z° has the same value on 
any two vertices ¢, ¢1 which are the endpoints of a segment (¢¢:) € K. 
But this assertion follows from the fact that Vz’ has the value 2°(e,) — 2°(¢9) 
on | ots |. Conversely, if z° has the same value on all the vertices, then 
vzr° has the value 

2 (er4) = 2°(es) = 0 


on every segment | cis |, so that V2° = 0. Hence 
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1.611. A 0-cocycle of a connected unrestricted simplicial complex K may be 
defined as a O-chain which is constant on K, that is, a chain which has the same 
value on all the vertices of K. 

This at once implies 

1.621. If K is a connected unrestricted simplicial complex, V°(K, %) is 
isomorphic to %. 

On the other hand, 1.611 implies 

1.61. A O-cocycle of an arbitrary unrestricted simplicial complex K ts a 
0-chain constant on each component of Kk. 

1.62. If K ts an arbitrary unrestricted simplicial complez, VK, W) is 
the direct sum of m copies of MN, where m is the number of components of K. 
Consequently, V°(K, 9) is isomorphic to A°(K, %). 

Remark. Theorem 4.2 is a generalization of 1.62. 

§1.7. The groups V"(K", /) of n-dimensional pseudomanifolds. In this 
article A" is an n-dimensional closed pseudomanifold. We shall consider 
only integral chains. 

Let t” be any oriented n-simplex of K”. Then the integral chain ¢”, as is 
the case with every n-chain of K”, is a cocycle. 

1.71. The cocycle t” is not cohomologous to zero in K”, i.e., there is no 
integral (2 — 1)-chain x” of K” such that 


Ve"? fs ‘le 


To prove this it is enough to note 

1.710. The sum of the coefficients of every n-cocycle 2”, cohomologous 
to zero on A”, is even. 

Proof. Since every n-cocycle cohomologous to zero on A” is of the form 
V2" = So a;Vt;"", where 2” € L”*(K"), it is enough to prove 1.710 
for cocycles of the form Vé,"". But if | tsa)" | and | ¢:@)” | are the two sim- 
plexes having | t;”"’ | as a face, and tiqy”, ti” are arbitrary orientations of 
these simplexes, then 


—1 
Vis” = eitiay” + Estiay”, 


where €), €& = +1. Hence e¢; + & = 0 or +2. This completes the proof. 
If A” is orientable, 1.710 may be strengthened to 
1.720. If >> t," is any orientation of an orientable n-dimensional pseudo- 
manifold K" and 2" = >> ai;” is a cocycle “0 on K”, then >> a; = 0. 
In fact, 


—l 
Vt" = tia)” — bia” 


n—l 


for an arbitrary ¢;”, where | ¢iqa)” | and | tig)” | are the simplexes with 
| t:°-* | as a face. Hence 1.720 holds for every cocycle of the form Vi,;"~ 
and thus for every cocycle of the form Vz". 
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1.720 implies 
1.72. If |é*| € K” and K” is orientable, then at” — 0 on K” only if 


a = 0. 
Now let A” be an arbitrary n-dimensional pseudomanifold. 
1.73. If t;” and &,” are two oriented n-simplexes of K”, 
t*— +4," in K". 
In virtue of the strong connectedness of K” it is enough to prove 1.73 
for two simplexes | ¢,” | and | ¢,” | having a common (n — 1)-face | ¢;""* J. 
But in that case 


(1.73) Vic _ ie al i + (ae 


Since 
(":t") = +1, ("tj") = +1, 


t;" + ti “0. This proves the assertion. 
Remark. If ¢;” and 4,” are coherently oriented, (t;":t;"') = —(t":t;"°) 
and 1.73 becomes Vi;* > = 4(t," — &”), that is, 1," — &,”. It follows that 
1.74. If K” is nonorientable, 


Qi -“ 0 
for an arbitrary oriented simplex 1,”. 
Proof. If t:”, &”, ++, t” is any disorienting sequence of K", 
i my to” oe en a aN —1,", 
i.€., 


ti -_ —t," and DA ~“ 0. 


Since ¢;” — +6 for every | 1," | € K”, 2i;" — 0. This is what we wished to 
prove. 

A further consequence of 1.73 is 

1.75. If 2” is an arbitrary integral 2-cocycle of A”, 
ZR at’, 
where | ¢” | is an arbitrary n-simplex of A” and a is an integer. 

Irom 1.75, 1.72, aud 1.74 we obtain the 

FuNDAMENTAL THtorenM 1.7. Let A* be an n-dimensional pscudomantfold ; 
if K” is orientable, Vo"(K ") ts infinite cyclic; if K” is nonorientable, Vo" (") 
is of ordcr 2. 

We shall derive still another property of closed pseudomanifolds from 
the propositions proved in this subsection. 

1.76. If Ko is a closed proper subcomplex of an n-dimensional closed 
pseudomanifold Kx "then Vo"(Ko) ts the null group. 
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Proof. Let t” be an onented n-simplex of Ay . It is enough to prove that 
the n-cocyele t" is cohomologous to zero in Ky . 
Let | 4," | € A” \ Ko ; let 4” be any one of its orientations. In virtue of 
eR 
Me” in K", e= 1. 
Hence there is a chain x” ¢ Ly” ‘(K") such that 


n—1 
Vint = {" — et,”, 


where V, denotes the coboundary in A”. Since Ao is a closed subeomplex of 
Kk”, we have, by Theorem 1.51, 


VA” = KoVn2t" = te a = Koch” = i 
where Vp denotes the coboundary in Ay. This means that 
e “0 in Ko ) 
which was to be proved. 
§2. Bases of the modules Ly (®) 


§2.1. Preliminary remarks. From now on till the end of this chapter we 
shall assume that § is a finite n-dimensional a-complex. 
The matrices of the homomorphisms A relative to the initial bases 


T e 
fh pen eS r=0,1,---,2, 


of the modules J'(%) (see Appendix 2, 2.7 and 5.2) are the incidence 
matrices 


t= leg, ex = a"). 
Let X° = {a1', ++, tm}, 
(2.11) a = Doron tr, aoa eae 
be any basis of Ly’ (8) and let 
(2.12) Az = dona 2x", b= 1, 2 ee p - 
Then every boundary 
(2.13) Aci=a, a2 = Doan! 


is a linear combination with coefficients a, of the boundaries (2.12). Hence, 
if YX is the matrix |! a), ||, the matrix 67) = |! mu," || is given by 


oo = we? (x )- 1 ; 
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§2.2. Dual bases of Ly (@). Let 


|CH. Ix 


(iW" _ {wy’, er | Wor) } 
(2.21) a oi 
W = {th', <->, Oe}; 
w" = fw", ee Wer}, 
(2.22) See. ace nes 
Wr = {tr ++, Ben} 
be two pairs of dual bases (Appendix 2, 5.3) of Lo(®) and L,” ‘(&), respec- 
tively. Let 67" = || n:;’ |] be the matrix of the homomorphism 
(2.23) Aw! = Vins ws 


of Lo'(&) into Lo” *(®) relative to the bases W’, IV”. Since the homo- 


morphisms A and V are dual, 
— r—-l 


(2.24) Vo; = 
by Appendix 2, Theorem 5.4. 


Hence if the rows of §”* are the A-boundaries of the elements of the 
basis IV" heading these rows in the table 


r—1 r—1 
Wi + W; 
Tr 
Wi 
r r—l 
ws * ij 
T 
Wo(r) 


the columns of "" are the coboundaries of the elements of the basis W 


r—l 
* Wp(r~-1) 


appearing at the head of the columns in the table 


=— rl 


Wi 


—_ T 
Wp ir) 


— r—l 


Z 


* Hay 


—_ Tr 
> We(r-l) 


? 


r~] 
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ys 5 ie bee 5 
Hence 7:;° is the coefficient of w;~ in Aw;’; it is also the coefficient of 
nes ~ rl 

wo; in Vw; . 


In accordance with the Remark following Theorem 5.4 of Appendix 2, 


r—] 


ni; May also be interpreted as the jth contravariant component of 
Awe € Ly "(%) relative to the basis 17" and also as the 7th covariant 
component of Vi," relative to the basis W’. 

§2.3. The elements of the group L’(St, 9[) expressed in terms of a basis 
of the module Ly (%). 

THEOREM 2.3. Let 


dr (ne T 
X= far, -°* 5 Cow } 


be a basis of Lo (&), and let M be an arbitrary Abelian group. Then every 
chain xv” € L(&, 9%) may be uniquely written in the form 


r rt 
Cc = > QAiX:, 


with ar € Of. 
Proof. If 


Tr r Tr T 
wi = Dijsanty, b= Din dawr’, 


the matrices || a,; || and || bj || are unimodular and inverse to each other. 
Hence 


0G # hk), 
Do Gijds, = Ox = Gas. 
Every chain 2” = > ;),t7 € L’(®, %, b; € Y, is of the form 
ik b byte = ay Aner a= By Dib . 


To prove uniqueness it is enough to show that >); a,’ = 0 implies that 
a; = 0. This is easily done. If 


Daze = 0, 
then 
Doi j dail? = 0, 


and therefore >); @:a:; = 0 (for arbitrary 7). Multiplying by bj and sum- 
ming over j, we get. 


i AiOisb = >: adie = a, = O (for arbitrary k). 
This completes the proof. 
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$3. Canonical systems of bases. The groups Vo (St) 


§3.1. Preliminary remarks. In this section, for brevity, we shall write 
L' for L’(&, J); and Za", Ha", H’, Z,", +++ for Za"(&, J), Ha (8, J), H’ (8, J), 
Zy (SK, J), pee 

3.11. The group Z," is a division elosed subgroup of L’. 

In fact, fora € J,a # 0, 


x el, ax’ € ZA" 
imply that 


Hence 


and 
x E Za. 

Since L’/Z," is isomorphic to H4", Theorem 2.61 of Appendix 2 implies 

3.12. The group L’ is a direct sum 
(3.12) ar ae. 
where the subgroup Y" of L" is isomorphie to Hy". 

§3.2. Canonical bases of the groups Z,’. Setting 

Kaan Uae 


in Theorem 2.52 of Appendix 2, we obtain 
3.21. The group Zs’ has a basis 


Tv ae T Tag Tr 
(o:21) a eater es eo ae Uy ttt, Urey 5 are ce 


with the following properties: 
a) vy, +++, Uory are elements of Ha"; the order of the element u;, i = 1 
2,°°:,7, relative to H,4" is a natural number 6; > 1, with 


6; = 0 (mod 6;4,’). 


) 


b) The eyeles 02", +++ 5 Oram Ura’ U1) +++ y Uoey’ form a basis for H,". 

c) The eyeles ur, +++, Uray3 M1, +++, Vea’ form a basis for H’. 

Derinition 3.22. A basis (3.21) of Z4" with properties a), b), c) is called 
a eanonieal basis of Za’ . 

3.23. The numbers 6; are the rth torsion numbers of & and hence are 
uniquely determincd; 1’ is the rth Betti number of &. 

Proof. Denote by Z,', U.’, V;’ the infinite cyclic groups generated by 
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r Tr T : . . sae 2 
Zr, Ui, vj, respectively. Then we have the following decompositions into 
direct sums: 


De SEO SO VER SOV, 


(3322) : ; 

Hy = De bo a ya 
Consequently (Appendix 2, Theorem 1.52) 
(3.23) Ao (&) Y DomD Zl + DNS (Us/07U%), 


where ~ denotes isomorphism. The groups U,’/6,,U;" are finite cyclic of 
order 6,7, while the groups Z;’ are infinite cyclic; the number 7’ is the rank 
of Ao’ (&), that is, the rth Betti number of &. The direct sum >> (U//0/'U7) 
consists of all the elements of finite order of Ap’ (S) and hence coincides (up 
to an isomorphism) with the rth torsion group O'(&) of &: 


(3.24) 07 (®) _ ye (U 1/0, oe or 
Since the finite group O’(S) is the direct sum of 7’ cyclic subgroups of 
order 6;, and 6, = 0 (mod 6;4:'), the numbers 6,’ and 7’ are uniquely 


determined by O'(8): the numbers 6,’ are the torsion numbers of 07() 
(see Appendix 2, 4.3). Hence they are also the torsion numbers of Ag (S). 
This is what we wished to prove. 

$3.3. Canonical homology bases. Let x’ be an arbitrary integral cycle. 
Then, since Zs" = >> Z,) + D> Us + >) V¥, x’ can be uniquely repre- 
sented as a linear combination 


Dante + Di dud + Di epi. 
Since 
, 
{Oy\"u1', ps Ber) Ur(r) 5 V1 ae Va (r) } 


isa basis of Ha’, x” = >> ann’ + >> bus + D5 cy is contained in Hy’ if, 
and only if, 


Dy anzn + PS beu,” ar Ss Civ; = >> iO; Us + s €j0;. 


This condition, in view of the linear independence of the chains 2”, u,’, 
v;’, is satisfied only if 


Hence 
3.31. Every integral cycle x" € Z,’ is uniquely representable in the form 


(3.31) v= > Anzn + 3 bu, + >» Cj; . 
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A cycle x’ is homologous to zero tf, and only “f, 


an = 0, b; = 0 (mod 6;') 
HWABBY): 
It follows that 
3.32. Every integral cycle 1s homologous to a cycle 


>s Gnzn + > bus, 
where the coefficients a, are uniquely determined and the coefficients b; are 
determincd up to multiples of the corresponding 6,’. 

Coro.vary. The elements 2", «++ , Zx@" of a canonical basis of Z,” form 
an r-dimensional (./, 9t)-basis of §. 

The converse follows from Appendix 2, Theorem 2.63: 

3.33. Every r-dimensional (J, R)-basis of R can be extended to a canonical 
basis of Za’. 

§3.4. A system of canonical bases of the groups L’. Suppose that a 
definite canonical basis (3.21) of Z’(®) has been chosen for each r, 
r = 0, --:, ». The isomorphism A between L'/Z,’ and H a’ associates 
with the basis 


r—1 1 


r—-1 r—1 r—1 T r— 
A Ur 9, tty Oey Ura); Vy 4g PO po MeweD 
—] . 
of the group H," the basis 
Tr T T T 
Yi, t'y Ure 5 My 07s Yoo—D 


of the group L’/Z,', where 


r—1 r—l 


Ati = 6; \u;", Ay; = 0; 
for arbitrary x; € x7, yj’ € 9;’. Let us choose fixed chains x," € ty, yj’ € 07. 
In view of Appendix 2, Theorem 2.64, the chains 
T T, T rT, T r. 
Ly 0 ' y Ur(r-1) 5 Yr, °° y Yolr—1) 5 Zr, °°" y &x(r) 5 
tr r. r r 
Uy > owe ; Us (r) ; Vv} ) oe ) Ue (r) 


form a basis for L’. 

We have the following fundamental result: 

THEOREM AND DEFINITION 3.4. Let & be a finttc n-dimensional a-complex. 
It is possible, for every r = 0, 1, 2, «++ , n, to construct a basis 


< T rT, r r, 
(3.4) Zz) ) Vaated ) Ur (r—1) } Y1 ) 4 ? Yo (r—1) ) 

T r, r rs f f 

21, °° * y &r(r) 3 Uy, 1% y Urry y Vr, 77° y Ve(r) 


for L’, with the following properties: 
. r T r r T r 
a) the chains 21°, +°* , ry 3 Ur, 7% 5 Urry 5 My 17% Voy GFE cycles and 
. 7? 
form a basts for Za ; 
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b) the cycles wu", +++, Us@y'} U1, °° + 4 Ye form a basis of 114"; 

c) for every? = 1, +--+, 7’, the order of u; relative to Hy’ is a natural 
number 6; > 1, where 0; = 0 (mod 6,41’) and the cycles 0)'uy", «++ , Or) Urey) 3 

r r . r 
V1, °°+ 4 Very forma basis for 14’; 

d) Aa” = 6,7 ‘us, Ay” = v1" (so that the chains xy, -++ , X@—»' and 
Yi, °°* 4 Yo-1) are not cycles). 

The bases (3.4), constructed for every r = 0, 1, --+, n and satisfying 


a)-d) for every r, form, by definition, a system of canonical bases of L’. 


' | 
Pigee r—1 r—1 a1 fl r—1 r—l r—1 r—l r—1 
T1 oe "Zr (7_2) Yi ae *Yo(r_2) zy oe ‘2x (r-1) Uy oe “Us (P-1) vy ay * Va (r-1) 
e ee re |e | = ise 7 
zi a 
0 0 0 0 
r r—l 
Ty (r-1) 95 (r—1) 
yi 1 
0 0 0 0 
. 
Yo(r—t) 1 
(3.41) Zi 
: 0 0 0 0 0 
r 
rir) 
r 
U1 
0 0 0 0 0 
7 
Us(r) 
vi 
: 0 0 0 ) 0 
. 
Ye0r) 


—! 


Remark. We recall that 7’ is the rth Betti number and the 6,’ are the 
rth torsion numbers of &. 

Conditions a)-d) enable us to write the matrix of the homomorphism A 
of L’ into L”’ relative to the canonical bases (3.4). This matrix is given in 
Table (3.41). 

Each row in the matrix is the A-boundary of the chain heading the row. 

The matrix of the homomorphism A of L"*' into L’ is given by Table 
(8.42). 

EXAMPLE 1 (see VII, 4.2, Examples 1-3 and VIII, 1.4, Exercise 4). 
Let K be the complex consisting of the three sides and the three vertices 
of a triangle (e:¢2¢3). We construct a system of canonical bases for K as 
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r r r ba r r r - - ; 
Ti+ * Tr ¢¢_1) Uae Urea Z:° 2x (r) Ul + Us) DY" Vo cs) 


r+l 
xi 6 


. rol . 
Ire, (r) 6, (r) 


Ta 1 


+l : 
Y or) 1 


(3.42) | tt 


T41 
en (r41) 


r4l1 
U1 


r+l1 
Ur (4a) 


ot , 
: 0 0 0 . 0 0 


“ppl 
ee ok oN ee ee ee 


follows: 


i) 0 0 
vy = €3 — @2, Vo = & — &, a1 = 63, 
1 1 1 1 1 1 1 
yr = ty = | exes |, ye =h = | e3€1 F ~=h tk +h, & = | €2€1 |. 


EXAMPLE 2 (see the references given for Example 1). & is the a-complex 
consisting of the elements 
+i, 2t), th, +h), 
with 
(tt)) = Git) = 0, (a':t®) = it’) = 0. 
A system of canonical bases is 


0 1 1 2 
ao=h, 4 =4h, Zz = te, 2) = ty. 


EXxAMPLe 3 (see the references given for Example 1). § is an a-complex 
with the elements 


2 1 
kh ) kh ) ty 
whose incidence numbers are 


(4°:h1") a 2, (it) = 0. 
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A system of canonical bases is 


§3.5. A system of V-bases for ‘?; the groups Vo'(%). Let 
(3.51) WS as AS FRG SD St Vee el 4 OF Sete | 
9.0 


T T, T T 
Ur, ttt y Urry 3 U1, -2* De) | 


(r = 0,1, +--+, 2) be a canonical system of bases for St. 

A system of bases for L’, r = 0, 1, --- , », dual to the bases (3.51) is 
called a system of V-bases or cohomology bases of the complex &. The elements 
of these bases dual to the elements 


r e a r es i ie 
Ly °° * y Ur(r-1) 5 Yr, °° 5 Yotr—i) 5 215 "°° 5 Slr) 5 
Tr, T fi 
Uy oy ttt y Ur 5 V1, °°" 4 Va(r) 
are denoted by 
_T ~ T as >) ? 
(8.52) Gr, -'+ , Grey 3 Yr, °° 4 Vara) 5 
S01. F =? af. 747 77.7 
215 °°" 9 Sw(r) 5 Ty tt ' 5 Url) 5 Yrs "°° 5 Yorr) 


respectively. = 
The basis (3.52) itself we denote by W’. Recalling that the homomorphism 


-T—1l -T—1 -r—l1 -r—1l =r—l -r—l -r—l -rT—l -r-l _r—l 
Ur tt Ug(peey | UI Vg (pay [FL ery) Fl Tray JY °° ‘Ysqn1) 
ay ie 
0 0 0 : 0 

_T r—1 

Us (7-1) 9; (1) 

by 1 

: 0 0 0 0 

Ve (r-1) 1 
(3.537) | & 

: 0 0 0 0 0 

-r 

2m (r) 

=f 

Ty) 

‘ tf) 0 0 0 0 

of 

Tr(r) 

nis 

Y1 

0 0 0 0 0 

ey 

Yor) 
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(B53) 


-T+l 
Rt 


wy4t 
tT, (r+1) 


—T+1 
Y1 


—r4l 
Yocr+t), 


A of L’ into L’* (of L’™ into L’) is represented by Table (3.41) [(3.42)], 
and applying the rule of 2.2, we see that the homomorphism V of L” into 
L’ (of L’ into L’*’) is represented by Table (3.53’) [(3.53""")]. Each column 
in these tables represents the V-boundary of the element at the head of the 
column. 

It is therefore clear that the chains @,’, ,’, and 2,’ are cocycles, but that 
the chains 2,’ and 9)’ are not cocycles: 


zs - r+) 2 
Vix” = 0, thi ) Vir =v 


(3.54) ; : ; 
Va; = V0; = Viz = 0. 
EXXAMPLES OF ConomMoLoGy Bases. We shall consider the examples of 
canonical bases constructed in 3.4, and find corresponding cohomology 
bases. I‘or Example 1 we obtain 


Il 
Se 
hs 


- 0 - 0 - 90 -0 
Y= —-&, Jo = 4, ZA = tert e3\VA 


1 1 1 1 = 1 1 -0 
yn =k —k, m =k — ty, Zz, = ts Viz = v2. 


In Example 2 of 3.4 the system of canonical bases is self-dual, that is, it 
coincides with the corresponding system of cohomology bases. 
In Example 3, we have the system of cohomology bases 


0 23 1 
Z =, X =k, m=, 
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where 
= 29 
Viz = 2%, . 


Since (3.52) is a basis for L’, every chain x’ € L’ can be uniquely written 
in the form 


a= Vaas + YO ba7 + Dak + da’ + DO eg’, 
with 
(3.55) Vu = De a;Vu;z + Ss b;Vo,;’ + DS enV En" + > ad VE + » eVyr 
— > diVi, + 2 eVir = y dG + ye ear. 


Hence x’ is a cocycle if, and only if, 


Bel Oe es 
d, = Q, e = 0 


1=1,2,---,0" 
in (3.55). 
In other words, the elements 
ae yee 
U;,0;, 2% §j = 1,2, °°, Gr. 
h=1,2,::+,7 


of (3.52) form a basis for Z,’. 
Moreover, since W’ and W” are bases of the groups L” and L"", re- 
spectively, every coboundary 


Vo Sa 

is a linear combination of coboundaries 

Vis" = 6; “a, 

Vg; =3;. 

But this means that a cocycle 
(3.56) v= laa; + >. bf + Denk 
is in H,’ if, and only if, 
c, = 0, a; = 0 (mod 6;"’) 
forallh = 1,2, °--,7; 4=1,2,---,7° 

in (3.56). Hence the cocycles 


r—-l-r r—1 - r, = Tr 
Oy Uy ty Ory Ur(r—ay 5 V1 °° * 5 Va(r—1) 
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form a basis for H,". Therefore, if 

Ri VEVLO 
are, respectively, the infinite cyclic subgroups of L’ generated by the ele- 
ments 

Bis Yip Oh 5 UN Us 
we have the following decompositions into direct sums: 
Fe = to x r a Bey a =o pay Vie ae Se Us a De aie Vj, r 

: SZ ee Oe zi V/, 
a or Tae) p 
Hence (see Appendix 2, Theorem 1.52) 
= ZH = (1) De &. ye (U7 /670,). 


N 
Il 


Here U,’/6; 1U/ is the infinite cyclic group of order 6,”", so that, by 
(3.23), >? (U7/67 "U%) is isomorphic to the (r — 1)st torsion group 
er (®). 

The groups Z;,’ are infinite cyclic. Hence the group ey mS? Z' is obviously 
isomorphic to Ago (&). 

Consequently: 

TurorEM 3.51. The growp Vo (&) ts isomorphic to the direct sum of the 
(r — 1)st torsion group ©” (8) and the free Abelian group of rank a(S). 

Let K” be an orientable pseudomanifold. Then, by Theorem 1.7, Vo"(A”) 
is infinite cyclic, so that r”(K”) = 1 and 0” '(K”) is the null group. 

But if A” is a nonorientable pseudomanifold, then, by Theorem 1.7, 
Vo"(K") is of order 2; consequently, t7(K") = 0 and 0" '(K”") is of order 2. 

Hence 

Theorem 3.52. An orientable n-dimensional pseudomanifold is (n — 1)- 
torsion free; the (n — 1)st torsion group of an n-dimensional nonoricntable 
pseudomanifold ts the group of order 2. 

Moreover, we have from Theorems 3.51 and 1.76: 

3.53. If Ko 7s a proper closed subcomplex of an n-dimensional closed pseu- 
domanifold K, then Ko 1s (n — 1)-torsion free. 

For, by Theorem 3.51, Vo"(A‘o) is isomorphic to the direct sum of ©" (Ko) 
and Aoo*(Ko). But by Theorem 1.76, Vo"(Ao) is the null group. Hence both 
QO" (Ko) and Ag”(Ko) are null groups. 

EXAMPLES OF Grours V(&). Let us return to the examples at the end of 
3.4. In the first two examples the V-groups are isomorphic to the V-groups 
of the same dimensions. In the third example Yo is the null group, while 
Vo is of order 2. 
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EXERcIsE. Determine the V-groups of the various complexes considered 
in VUI, 1.4 both by a direct calculation and by application of Theorem 
3.51. 


$4. Calculation of the groups A’(®, %) and V'(%, %) by 
means of the groups Ap (%) 


§4.1. Calculation of the groups A’(St, 9). Let 


. r o 15, r T. 

(4.11) TL, 88% 4 Urry) 3 Yr, "°° 5 Yo(r—1) 5 
rf Tv. Tv T, T T 
Z1y 0" y &x(r) 5 WM, ttt 4 Urry) 5 Dp, ttt 4 Var) y 

—1 —1 —1 
Ax = On" Us", Ay =ol; Pee Mg 2 tg 


be a canonical system of bases for L’, and let 2’ € LL’. The representation 
(4.12) 2 = Dae + YS by + Koa’ + “dal + d epj, 

a, € YU, by ©. 7, Ce U d; © AU, é7€ 2 
is unique by Theorem 2.3. The boundary 
Av = DiaAr’ + Do dbAy! + Yo eadn” + Do diAu” + 35 e;Av/ 
D> On age” + > bet 


is zero if, and only if, 


I 


0, ae ee ee a 
b, = 0, PSD. cag 


Hence, in order that a” € L'(S, %) be a cycle, it is necessary and sufficient 
that the coefficients a, and b; of (4.12) satisfy (4.18). 

We may, therefore, say that 

All cycles 2" € Za'(S, WX, and only cycles, are representable in the form 


(4.130) Z = Daan + Deer + Do du’ + Yew, 


where cr, di, e; are arbitrary elements of MN and every ax ts an arbitrary ele- 
ment of the group ae Y (we recall that ,% is the subgroup of % consisting 


94” Oe 
(4.13) 


of alla € &% such that ma = 0). In the sequel we shall write this group as 

H[0,”"]. If 6 appears without subscripts or superscripts, we shall write 9. 
Remark. If all the a, = 0 in (4.180), the cycle z’ is said to be a cycle of 

the first kind. In the contrary case, 2’ is called a cycle of the second hind. 
Let us now consider the direct sum 


(4.14) 6 = Yuan) + SIP om + Vw + VO aw,, 
where %, = WM: = A; = W. A unique cycle 


SS ager’ + DS cnen” + Dd dus + Diep; 
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corresponds to each element 
(4.15) (Gi, 05 Oren 5 Cr 8 Cx 5 Ay 11 Ue 5 1, 17+ 5 Catry) 


of the group SG. Conversely, we have just seen that a unique element (4.15) 
of the group S corresponds to each cycle (4.12) in virtue of (4.13). Hence: 
The group Za'(&, %) is tsomorphic to the group (4.14). 

Now let 


(4.12') v= Daa + Doe’ + Doda’ + Dep 
be a cycle and let 
t= Male + dosys + Vela 
+ Dd’ug + Y ev’™ 
ao? Goan 


be a chain. We shall find necessary and sufficient conditions that Ax 
xv’. We have 


Ag? = DafAast + do bf/dys? + DS cp’ Az + DS dau 
ae >» ey Avy"? 
= >) 6fa‘uz + > bj'v;. 


In order that Az™*’ = 2’, it is obviously necessary and sufficient that 
d; = 6/a/', t= A, Bote es 
asi = bj, 9) ND Mae a’, 
ax = 0, BSG Wat oa 
- = 0; h=1,2,-++,7. 
Therefore, 


The cycles homologous to zero, t.e., chains wv € H4'(®, %), are uniquely 
representable tn the form 


(r) 
a= Diet dag + DS? ews, 


where d; € 07M, e; € WM; and conversely. 
Consider now the direet sum 


(4.14’) G= Ve att DG, WW = w. 
To each element 
(4.16) (dig today Gi 5. tear ney) d; = 0;a, 


(a, € W arbitrary) of the group S’ there corresponds the chain 


xv _ »; du; + = Cv; 
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which is the boundary of the chain 


= Dari + Vosys" + Veta + Ldlult + Deve”, 


with a,’, bj given by (4.13’) and e,’, d;’, e:, completely arbitrary. 

Hence a unique element 2 of /74’(8, 9) corresponds to each element 
(4.16) of G’. Conversely, if x” € H4’(®, %) and 2” = Az”, then (4.12) 
satisfies (4.13’) and the element 


(di, Hy Ce) FUL 5 "28 5 Cate) 


of G’ corresponds to the cycle x’. Hence 
The group H4'(®, X%) is isomorphic to the group S' defined in (4.14’). 
rom this it is easy to derive 
THeorem 4.1. The group A’(®, YW) is isomorphic to the direct sum 


pes , {67-)] 1 ee ye 1, + pa W/O; U;, Nf; = Y. 


Theorem 4.1 follows from the definition A’(®, %) = Za’(R, W/Ha'(K, W), 
from Theorem 1.52 of Appendix 2, and from the fact that the groups 
Za(K, MW) and H,’(K, XW are isomorphic to the groups (4.14), (4.14’), re- 
spectively. 

§4.2. Calculation of the groups V’(®, 9). The calculation of these groups 
is effected by means of reasoning similar to that immediately preceding. 
However, instead of starting with canonical A-bases, it is now necessary 
to begin with V-bases. 

If z’ € L'(R, Y) is arbitrary, then 


= io 1 nd + ao 1 bg + er Cran 
ee ad a; a Se €jv i ’ 


where the representation is in terms of the elements of a cohomology basis. 
Hence, by (8.54), 


T(r) = 7 a(r alr D rg 
Deed a, Az, + See biVgr ae 6," Ayte = rt + a ( b La 
Therefore, Vz" = 0 if, and only if, 


(4.21) 


II 


Ox" a 0, fe oe. eet arg 


b: = 0, 1=1,2,---,0¢. 


(4.22) 


Hence, as in 4.1, axe arrive at 


4.21. The group Z,"(R, %) is tsomorphic to the direct sum 


T(r) T(r 
ery 26.7) + EO %, + See 1; + ye H;, 
where Un, Ui, Uj, are all equal to I 
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Given a cocycle (4.21) and a chain 
= > a/'s; rl ote >. 6/9; 1 oe >> cn 2n” 1 ae DS dy’, 1 ie > eb) 2 
then 


=> a; IVE; r—1 ats > b/ Vg; * a Dy 6, a,/d; r a 2D b/d 


r—1 


Consequently 2” = Va’ ~ if, and only if, 
d; = 6, ‘ai, 


(4.220) e; = by, 


Asin 4.1, it follows that 
4.22. The group H,"(&, M) is isomorphic to the direct sum 


De” 6 M+ Da, = = A. 
The following theorem now follows from the definition V’(R, 9%) = 


Lg (&, D/H, (&, UX), from 4.21, 4.22, and from Appendix 2, Theorem 1.52: 
TurorrenM 4.2. The group V'(&, %) is tsomorphic to the direct sum 


bah [6,"] 4 bas % + peas (1/679), 


where >." 9% is the direct sum of x” terms each equal to I. 

§4.3. The coefficient domains //, Slt, Jt, . We shall consider several special 
cases of Theorems 4.1 and 4.2. 

a) & = J. Since ¢J is the null group for 6 > 1, while the group J/@J is 
the cyclic group of order 6, Theorem 4.1 gives for % = J the already 
known result (see (3.23), (3.24)): 


Ao (®) = WP + DID Je) = LOT + O(N), 


where J(6,) = Jo. = J/6,/J. We shall use this notation in the sequel, 
whenever 6 appears with subscripts or superscripts. 
For % = J, Theorein 4.2 yields 


Ao’ (&) ae Soe J ale yar Stee) = ae Bf ae O7'(8). 


This result was obtained in Theorem 3.51. 
b) W% = M. Since oI is the null group and a9 = M for 6 an arbitrary 
natural number, it follows that 


AR At) Se Pe, 
V(F, MR) = DOO 9. 
Hence 


The groups A'(S, 2) and V'(&, N) are isomorphic and completely deter mine 
the rth Betti number of &. 
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REMARK. Theorems -+.1 and 4.2 imply that if & is both r- and (r — 1)- 
torsion free, then the groups A’(&, 90, V'(&R, %) are direct sums of 7” 
groups isomorphic to the group % for arbitrary coefficient domain 9%. 
Consequently, they completely determine a unique invariant: the rth 
Betti number of &. 

ce) % = M.. For arbitrary natural number 86, 


alti © J(8), =, = Nr. 
Therefore 
(8, 94) = DT? FY) + OP Ih = OK) + DO Mh, 
"(%, M1) = DEP TH") + DOT? My = OCS) + DO” Ot. 


§4.4. The groups A,, (%) and V,,’(&) (see Appendix 2, 4.5, Remark 2). 
Let & = Jn. For arbitrary @ > 1, 


oF m = (Se)m = Sim, 6) 
Lnf OS «= (I mle = JF Ge.) 
Hence [writing Vm’ () instead of V’(R, J m)] 
Am (8) ae Se DS dae Tes 
Vin (8) = DS Tema FOP Tm FLT” Sema s 
where a = 6; ', 8 = 6;.. Then, in particular, 
(4.410) AR = Van GUS 


We formulate (4.41) as 
Theorem 4.41. The groups An (8) and Vm (&) are isomorphic to the direct 
sum of x" cyclic groups of order m, r’" cyclic groups of order (m, 6, YG = 1, 
zr”), and 7° cyclic groups of order (m, 6) @ = 1, +++, 7). 
The following remarks supplement this result: 


Since J (me) = (Je)m and > de =O 


yO Ven= a UbaH On = CO Mas 
DET? Joma = (O'R) m - 


(4.31) 


(4.41) 


Hence 
“AI. Al) =O Veet SS laa tl Ie 
= (O(R))m + (O'R) mw + DO Im 
Finally, noting that 
(O'(8))m FD? In = (OR) +"? Dm = (A(R) ms 
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we may write 
(4.412) Am (®) = Vn"(X) = (OR) m + (A())m - 

Remark 1. Let us return to (4.41) and assume that m is divisible by all 
the 6," ' and 6,‘ [for this it is enough, in particular, to have m divisible by 
the orders of the groups 9" "(K) and 0’(K)]. Then 

(m, 07") = 02", (m, 07) = 6; 
and 
Ile Do TH OM 
ae = De ar Oe: 
Hence 

Tueorem 4.42. If m 7s divisible by all the 0; and 6," [in particular, if m 

is divisible by the orders of the groups 8'(&) and O"'(S)], then 
Vin (R) = Vn" (R) = OUR) + OR) + DOT, . 


3.52 and 4.42 imply 

4.43. If K” is a nonorientable pseudomanifold and m is even, then 
Am’ (K") = Vn"(K") ts. the group of order 2. 

REMARK 2. Jf mis prime and 6 is an arbitrary natural number, 


(m, 9) = m, if @ = 0 (nod 7m), 
(m, 0) = 1, if @ #0 (mod m). 
For arbitrary r denote the number of torsion numbers 6,’ which are divisible 
by m by bn’. 
Then 4.41 implies 
4.44, For m prime the groups Amn (SK) and Vin'(&) are direct sums of 1” + 
5m’ + 8m’ cyclic groups of order m, so that the rth Betti number (mod m) is 
(4.42) Tr = +b, + bn. 
Multiplying both sides of (4.42) by (— 1)’ and summing over r from r = 0 
tor = n, and noting that 6,” = 5,” = 0, we obtain 
yoo (1) tm = Dor (- 1)" = Dok (- 1)". 
The formula 


(4.43) dora (—1)'mn = Demo (—1)'6" 


is called the L’uler-Poincaré formula (nod m), m a prime. 
$4.5. Integral chains and homologies (mod mm). 
Derinition 4.51. Let 2” = >> ait,’ € L’ be an integral chain. 
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Set 
Bae = ye ait, 


where a;” is the residue of a; (mod m). If Ba” € Za (RK, Jm), we shall say 
that 2” is a cycle (mod m). 

DeFINITION 4.52. We say that an integral cycle x” € Za’ is homologous to 
zero (mod m), 2” ~ 0 (mod m), if 


i e Hs" (8, da): 


THEOREM 4.53. An integral cycle 2” ~ 0 (mod m) if, and only if, there 
exists y” € Zy’ such that 


2 — my € Hy’. 
Necessity. If 
Bae oe dha, ln) 
there is a chain 2m)" € Za"(®, Jm) for which 
Vint” = Adem’. 
Now suppose that 2””’ is any integral chain such that 
gat = re, 
Then 
Bint” = Atim = ASn2* = Bnd, 
that is, 
Sula” — Ar*') = 0; 


T ti 


x — Ar’ = my’; y EL’. 


. 44 ; : : 
Since 2" and 2’ are integral cycles, my’, and hence j/’, is an integral cycle 
and 
1 
a’ — my = Ad’*' € Hy’. 


This proves necessity. 
Sufficiency. If 
zt — my = Ax”, 
then 
Vine = B,Ac™ = AG,2"*, 


and the sufficiency is proved. 
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THEOREM 4.54. Let 
(4.541) w= dicen + Dau’ + dS bys 
be an integral cycle. Then x" ~ 0 (mod m) if, and only if, 
(4.542) cr = 0 (mod m); a; = 0 (mod (m, @,’)) 


for all h and 7 in (4.541). 
For, if 2” ~ 0 (mod m), then by the preceding theorem 


a’ = Av’ + my’, y” € Zar. 
Let 
y = dente + Do atue + >> d,*,, 
oT = Slade’ + dlosys? + Diolw” + do dla” + Deva. 
Then 
Ag = DavAai" + dobf/Ays” = Do alosus + DY djv,. 

Hence 
denen + DO au? + YS bys 

= >) men*en” + D> (ma* + 07 a/)uZ + dS (nds + b,)0/, 
that is, 
(4.543) c, = me,*; a; = ma* + 6,a/; b; = mb;* + b/. 


The first two equalities of (4.543) imply (4.542) and prove the necessity 
of this condition. 
Now suppose that (4.542) is satisfied. Then 


Ch = myn, a; = (m, 6/)a,” = am + 8,6" 
for integers y, , ai, 8:, and (4.541) becomes 
v= move + md au? + B0fuz + > by, 
m (Do ven + Do at’) + A Bal + by"), 


that is, 
a” ~ 0 (mod m). 
Tnrorem 4.55. Lf an integral cycle x" ts not homologous to zero (over the 
integers), it cannot be homologous to zcro (mod m) for any m. 


We shall prove a stronger proposition: 
4.551. If x” € Ha’, but x” € Hy’, then x” ~ 0 (mod m) for any natural 
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number m divisible by the order of the group O'(R). If botha € Hs’ andx ¢ 
4", then x ~ 0 (mod m) for every sufficiently large m. 

Indeed, let x € Hy” and suppose that m is divisible by the order of 
©’(&), that is, by all the @,”. Then (m, 6,7) = 6;'. Hence if 2” ~ 0 (mod m), 
it follows from (4.542) that 


a; = 0 (mod 6), ie, a: = 6;a,”, 
a;” an integer. Then (4.541) becomes 
w= Deen + Do a"Ars + > bjAy7" 
dD cee + A (Salar + by"). 
But 2 € H4" implies that all the c, are zero, so that 
w= A(Yalal + D0 bys) € Hy’. 


Now suppose 2” ¢ 4’. Then in (4.541) not all the c; vanish. If, for in- 
stance, c, * 0, taking m > | ¢,| we see that the first condition of (4.542) 
cannot be satisfied. Hence 2” ~ 0 (mod m). 


(4.543) 


$5. Calculation of the groups A’(@, %) and V’(%, %) by means of the 
groups A’(S, Sti) and V,,’(®) 


$5.1. In the preceding section we derived formulas for the calculation 
of the groups A’(S, M1) and V’(&, %) over an arbitrary coefficient domain 
from the groups Ay (&) and Ay’ “(&). However, it is sometimes expedient 
to reduce the calculation of A’(%, 2) and V’(R, W) to the groups A’(S, %1) 
[or V'(R, 91)] and particularly to A,,’(8) instead of Ao’ (&). To achieve this 
it is enough to reduce Ay (&) to these groups. 

THEOREM 5.1 (the proof given here is due to H. Hopf). Jf the groups 
A’(®, Wy) are known for all r =0,1, +--+ , so are the groups Ay (&), r = 0, 1, 

- , and hence the groups A(R, 2) and V'(R, WX) for arbitrary A. Further- 
more, the group Ao (%) may be calculated from V'(, 91). 

Both assertions of Theorem 5.1 follow from (4.31) and the following 
lemma: 

Lema 5.11. Jf a group @ is the direct sum of a finile group = and of a 
finite number of subgroups G,, --- , Gp of ©, each of which 1s tsomorphic to 
M1 , then both p and T are uniquely determined (the latter up toan isomorphism). 

Proof of the Lemma. Suppose 


(5.11) G= f+ G,-:--+G,. 
We shall prove first that the subgroup 
6 = Gi + -<) + @; 
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consists of precisely those elements x of @ which satisfy the following con- 
dition: 
For every natural number m there exists y € @ such that my = z. 
Indeed, if x € Gand m > 1, then 


= Br ap te tps 2: € @:. 
But there is a y; € ©; such that my; = x;, and putting 


EH? 8 Gas 
it follows that my = zx. 

Conversely, suppose that for every x € Gand m > 1 there existsay € G 
(with y depending on m) such that my = x. Choose m so that it is the 
order of ©. 

If 


x= my, Stas t €-S, s€ G, 
then 
x=my =m+ms € G, 


and this proves the assertion. 

Hence the elements of © are independent of the decomposition (5.11), 
that is, S always consists of the same elements of © no matter how the lat- 
ter is decomposed into a direct sum. It follows that the group & is uniquely 
determined up to an isomorphism: it is isomorphic to @/S. It remains to 
be shown that the number p= in 


S=Gt---+G,, 


where all the G; are isomorphic to 9, is uniquely determined. To prove 
this it is enough to show that p is defined by the equation 2? = V, where V 
is the number of elements x of © such that 2x = 0. 

Ife =a,+ --- + 2, (a: € @&;) satisfies this condition, then 2x; = 0 for 
every 2. But there are precisely two elements 2; in St; for which 22; = 0, 
namely, 2; = O and x; = 3; hence the number of clements x € © for which 
2x = 0 is indeed equal to 2?. 

This proves Lemma 5.11 and hence Theorem 5.1. 

$6.2. TurorrmM 5.2. If ® is a complex, there exists a natural number m > 1 
with the following property: if the groups Am'(&) are known for allr = 0, 1, 2, 
-++, then all the groups Ao’ (&) are also known and consequently also all the 
groups A’(®, U1), V(X, W) for every W. 

Proof. Let mp be a natural number divisible by the orders of all the 
groups ©'() Gif some 0’(@) is the null group, its order is 1). 

We shall show that Theorem 5.2 holds for arbitrary natural number 
m = kmo, where k is an integer > 2. 
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Indeed, by Theorem 4.42, 
(5.2i) An (®) = O'(R) + ON) + VO VT. 
Hence, recalling that .07(®) and m0" '(%) are null groups, we obtain 
moAm (®@) = moO'(R) - moO 2) + OP mol nm = Do? mol m 

for the subgroups moAm (®) & An’ (&). But 

Wlgeh gad es 
where & = m/imo, so that 

nigh y= Do Se. 


Hence x’, the rth Betti number of &, may be defined as the number of cyclic 
groups of order k = m/mp which appear in the direct sum decomposition 
of the group 7A,'(&); hence 2’ is known. We must now determine the 
groups 9’(&). 

©°(@) is the null group. Suppose that the group ©” '(&) has been deter- 
mined up to anisomorphism. Then, since x’ isknown, the group 0” “(S) + 
ye J mis also known up to an isomorphism. But then, by (5.21), the group 


O'(R) = An (R)/(O (8) + 7 T,) 
is also defined up to an isomorphism. Hence, the groups 0’(&%) are deter- 
mined. 
§6. The homomorphism S,;”* of L'(K., 2%) into L’(Kg, 1) induced by a 
simplicial mapping S,” of a complex Kg into a complex K. 


§6.1. Definition of the homomorphism S,*. Let K. and Kg be unrestricted 
simplicial complexes and suppose that S,” is a simplicial mapping of K, 
into Ka. 

We define the homomorphism S,* of L’(K., %) into L’(Kg, 2%) as fol- 
lows: for an arbitrary chain 2, € L’(K., 9) and an arbitrary oriented sim- 
plex ts; of Kg we set 


(6.1) (Sp°ra' -tp;’) = ("+ Sa’ts;’), 


that is, the value of the chain S,“z.." on tg,’ is, by definition, the value of 
the chain x,” on the simplex S.°tg,’, if Sats;’ # 0, and is 0, if Sa°ts,” = 0. 
If X = Jor WU = Jmand zs = >> ajta; € L’(Kg, W, then by (6.1) 


(Sgtra" sts’) = (Sp%r0"+ Do astp;’) = Do a;(Sp%r0" -tp;’) 
= Do aj(ta Sates) = Dy (ta + Sa a;tg;’) 
= (ta, ajSa tas) = (a+ Sohne). 
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Hence 


6.11. The homomorphisms Sg* and S.° are dual. 
$6.2. Commutativity of the operators V and S,*. We shall prove the 
identity 


(6.2) VSs"ta = Se°Vrta' 


for any chain x, € L'(K., %). This identity is analogous to VII, (8.3). 
In virtue of (6.1) and the fact that (V2"-y""') = (27: Ay™™’) [(1.310)], 
we have 


(Be" Vea tpi") = (Vaa"- Sata?) = (ta ASa'ts;""), 
(VSp"ta" te) = (Sp%xa"+ Alp") = (ta Sa Alp; "’). 


Since AS,°tg7*! = S,'Ats;"’, the assertion is proved. 

The reader will find examples of homomorphisms in X, 3.2, which may 
be read at this time. 

§6.3. Turorem 6.3. Let Kg and Ka be finite unrestricted simplicial com- 
plexes and let Sa’, 8’? be two simplicial mappings of Kg into K.. If se 
and 8'.° induce the same homomorphism of the group An’(Ka) into An'(K a) 
for arbitrary dimension r and arbitrary m = 0, 2, 3, --- , then the homo- 
morphisms Sg” and S',° of V'(Ka, MX) into V’(Kg, %) also coincide for arbi- 
trary coefficient domain % and arbitrary dimension r. 

Proof. Let 

We’ = {xpi', Yai, Za: Ups, Vp }, Wa Sigh tian Sens Weg Vad | 
be a canonical system of bases and 

Wa" = {tp:’, 0a., 29: 8°, Yor }, Wk ia Van San ph oh Tan. | 
a dual system for Kg and K,. 

Let us consider the matrices of the homomorphisms S,’ and S8’,” of 
Ly’ (Kg) into Lo’(K.q) relative to the bases JV," and W’,’ ; every row of a ma- 
trix consists of the coefficients of the linear combination of the elements 
of W,” into which S.” maps the element of 1,” heading the given row. 

Since S.° maps cycles into cycles and bounding cycles into bounding 
cycles, Sif Ze: isa linear combination of the elements Zan”, tan, Var 3 Sof ug: 
is a linear combination of the elements wan’, van’; and S,°rg," is a linear com- 
bination of @ax"%an’, Van’. The same is true, of course, for S’,”. 

Hence the matrix of S." has the form shown in Table (6.3) (only the ele- 
ments in which we are interested at the moment are written out explicitly). 
The matrix of S’,” has the same structure; we shall not exhibit it, but merely 
note that its elements will be denoted by the same letters as the correspond- 
ing elements of the matrix of S.°, marked, however, with primes. 


§6] THE HOMOMORPHISM Sg” or L'(K., 2%) nto L’(Kz, %) 121 


l F T of ¥ T 
| Tah Yar | Sah Lar | Van | 
eae | Gih din Cih | 
| 
YB: fin | 
(6.3) “I 
ZB, | 0 0 Cth Pih | 
' tas 0 0 ! 0 bin 
vg; 0 0 0 Gan Ger | 


Since the homomorphisms S.° and S’,” induce the same homomorphism 
of Ao’(Ag) into Ay UX .), 


Sa2e. (md S! Peg. in Ke 
for arbitrary 7 = 1, 2, --- , a’; that is, 
Sareee = Paes Tre 


is a linear combination solely of the cycles @anUan and van,. Hence 


(6.31) Cin = Cin’ 
for arbitrary 1 = 1,2, ---,7¢,h = 1,2, ---, me. 
Furthermore, 


r r—1 —1 
Axa: = O6: Ups } 


so that x,” is a cycle (mod m; = 6g; "). Since S.° and S’.” induce identical 
homomorphisms of A,»’(Kg) into An’ (K.) for arbitrary m and in particular 
form = m;, if the operator &,, has the same meaning as in Def. 4.51, we 
get 


Bmi(Sa tpi — S'ate’) € Ha (Ka, Imi): 
Therefore, by the last two equations of (4.13’), 
Bin Gin — Bn,ain’ = 0, 
Bn dn — Bnd’ = 0, 


that is, 
(6.32) Ain — Ain’ = 0 (mod 6;"'), 
(6.33) di, — dix’ = 0 (mod 6,7"); 
or, for suitable integers wai, vin : 
Qin — Gin’ = wide: , VS Nw 2 ae Sy ets So 


! r—1 - rl 
din ~ Ail = vine: ) PS iy rere oes 5 Sd, ee? gta 
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Let us now consider the homomorphism S,* relative to the bases W,,’, 
Wa". Since Ss* and S,° are dual, applying Theorem 5.4 of Appendix 2 we 
obtain 


Sp'tien’ = >: Gintig,, + a linear combination of the d/, 
SeZan = >i dutigy’ + > scin3g° + a linear combination of the is/, 
and analogously 
S'p°tan =>; antag; + a lincar combination of the 3z,’, 
S's "Zon _ »: din tigi + bye ie + a linear combination of the Dai . 


[It is suggested that the matrix (6.3) be rewritten with the left-hand column 
Lai, Yai, Zpr, Usi, Var Teplaced by tg:, dg: , Zar, Ea: , Yas, respectively, and 
the upper row tan, Yah Zah, Uah, Vah, DY Wan, Darky Zah, Eahy Jah, TeSpec- 
tively.] 

Recalling that Vig’ = 03; ‘tigi and Vie; | = dg;, we get from (6.31), 
(6.32), (6.33): 


aay Se°tian — S's°tian = >.s ping’ ‘tig,’ + a linear combination of 
eo the 397 = >>; pinVis’ + a lincar combination of the Vj. ", 

_ Se"Zan — S'p*Zan = DEY, vinOas Uiss + a linear combination of 
ee) the 9° = 5°; vnV%e—i ’ + a linear combination of the Vie." ", 
or 
ea Sa'han’ — S'p%ien in Kg fork =1,°++, 7a, 
coe Se°Zan  S's"Zan in Kg forh = 1, --+, ta. 


Since every integral r-cocycle of A, is cohomologous to a linear combina- 
tion of cocycles tan, Zan and since Sg*, S’s~ preserve cohomologies, it 
follows that 


Sp°Za > S'g%2a— in Kg 


for arbitrary Z" © Zy"(Kg, J). This means that Ss* and S’,* induce identical 
homomorphisms of Vo (A.) into Vo'(iv,). 

To show that the simplicial mappings S.” and S’,’ induce identical 
homomorphisms of the groups V’(K,, 2%) into V’(Ag, 90 over an arbitrary 
coefficient domain %M, we note that according to 4.2 every cocycle Z,” € 
Zy (Ka, %) has a unique representation 


a Qnéarn + >» CnZan + > Dillan + > Chak 5 
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where da, Ca, D2, e, € W and ay satisfies the condition 
(6.37) Band, = 0. 
In virtue of (6.36) we obviously need merely prove that 
(6.38) Spntan — S's "dnEan (in Kg over 2). 
To this end, we return to Table (6.3) and write 
Salar = > Cintigs, + Di funded” 
zi ys pintei + ys: Dintes + YS: Dan GinYpi - 


since 

Saree ~ S' abege (in K, over J), 
(6.39) » Din = pir’ (mod Oar). 
Since 

SaPugé ~ S’ Pugs (in AK, over J), 
(6.39), bin = bi’ (mod Bai"). 


Setting ea — ¢a’ = A,» and keeping (6.37) in mind, we obtain 
ao - T a = - - 
Sank ah = Sa" Antan oad DS; A ntntig,” ae »: (fin = Sin ander” 


from (6.39), and (6.39), . Since dg," — 0 (in Kg over J), the proof reduces 
to showing that 


(6.39) S; Antitis’ 0 (in Kg over 2). 
To this end we recall that zg, is a cycle (mod m; = 64," ) and that 
Bn (Sata — Sate’) € Ha (Ka, Im); 

Sarai’ — S'aPaa? = >> Amen’ + a linear combination of the chains 
Lah, Yah, Zah Van. According to the first equation of (4.13), 
VimeAin = Ooh bin 
for some pin © Jim; Or 

An = Mba (mod m;) 
for some integer m,, , or finally 

Ain = MiBan + nindpi 
for suitable integers man, nin. Hence 


- tT. o- m1. 
> Andis; = Dar Minfan Uitlai + De Nina: Ante, « 
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Applying (6.37), 
2 A inde; = bee ninthOpi “Uae — 0. 


This completes the proof. 

Theorem 6.3 and VII, Theorem 9.4 yield the following result, required 
in Chapter XIV: 

Coro.uary To THEorEM 6.3. Let S,° and S’.° be simplicial mappings 
of Kg into K,, where both Kg and K, are finite unrestricted simplicial 
complexes. Suppose that for every simplex 7's € Kg there exists a simplex 
T. € K, having both 8.°7's and S’.°7 as faces. Then 8,” and S8’,” induce 
identical homomorphisms Sg* = 8's" of the groups V’(A., %) into 
V' (Kg, %). 


Chapter X 
INVARIANCE OF THE BETTI GROUPS 


In this chapter we shall prove that the Betti groups of all the triangula- 
tions of homeomorphic polyhedra are isomorphic. 

In §1 we discuss our method of attacking the proof of this theorem, 
which is finally realized in §6. 

§2 contains a proof of the invariance of the Betti groups under bary- 
centric subdivisions of triangulations. 

§$3 and 5 are devoted to a discussion of normal and canonical displace- 
ments, as well as to edisplacements in compacta and polyhedra, which 
form the basis of a considerable part of this and the next chapter. 

In $4 we treat certain auxiliary concepts, which are related to those de- 
veloped in §8, but are not required until Chapter XIV; consequently, this 
section may be read in conjunction with Chapter ATV. 

§6 contains a proof of the fundamental invariance theorem based on 
§§2, 3, and 5. 

In §7 we prove the invariance of the pseudomanifolds, that is, we prove 
that if a triangulation of a polyhedron is a combinatorial pseudomanifold, 
then every triangulation of the polyhedron (or of any polyhedron homeo- 
morphic to the given polyhedron) has the same property. 


§1. Formulation of the invariance theorems 


§1.1. Definition of the numbers b’(#). Let & be a compactum and r an 
integer > 0. 

DEFINITION 1.1 We denote by b’(®) the least integer k with the following 
property: 

For every open covering w of © there exists a closed refinement a@ of w 
with nerve K, such that 7’(¥.) = k. [By a closed refinement of w we mean 
a closed covering @ of & with the property that every element of @ is con- 
tained in some element of w (see I, Def. 8.11). For the definition of nerve 
see IV, 2.1.] 

If there is no integer / with this property, we sect D'(@) = . 

If b'(@) = ~, for every é there exists an open covering w of ® such that 
for every closed refinement @ of w, 7 (K) > k. 

The following theorem is a consequence of I, Theorem 8.35: 

1.11. The number b'(&) is the least integer k satisfying the condition: for 
every « > 0 there exists a closed e-covering of ® such that the rth Betti number 
of its nerve ts k. 

Remark. Let m be a prime. The numbers b» () are defined in complete 
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analogy with the numbers U’(@) by considering the Betti numbers (mod m) 
of the nerves K, of closed coverings @ of ®. 
Clearly, if the compacta @ and &’ are homeomorphic, then 


D(@) = UG’), bn (@) = bn (#’), 


that is, both sets of numbers are topological invariants. 

§1.2. Definition of the groups @’(#). 

ALGEBRAIC Lemma. If A and B are Abelian groups with a finite number 
of generators and A 1s isomorphic to a subgroup of B, while B is isomorphic 
to a subgroup of A, then A and B are isomorphie. 

Jor a proof see Appendix 2, Theorem 4.41. 

We shall now define a set (perhaps empty) &'(®) of Abelian groups for 
every compactum ® and integer r > 0. 

The set @'(®) consists, by definition, of all Abelian groups 8 (defined up 
to an isomorphism) with the following property: 

For every open covering w of & there exists a closed refinement @ of w 
such that % is isomorphic to the group Ay (K.), where K, is the nerve of a. 

In consequence of I, 8.35, we may now say that 

@'(®) can be defined as the set of all growps 8 with the following property: 

For every « > O there exists a closed e-covering of ® such that Ao (Ka) ts 
isomorphic to B. 

A group 8o € @'(®) is said to be a minimal group of the system @&'(®) if 
every group 8 € @’(&) contains a subgroup isomorphic to Bo . 

The system @’(®) may contain no minimal group in the above sense; but 
if @'(@) does contain a minimal group, it contains just one (according to 
the Algebraic Lemma). 

DEFINITION 1.2. The minimal group (if it exists) of the system @'(®) zs 
denoted by B'(). 

ReManrx. Clearly, if Q’(@) exists, so does S'(’’) for every &’ homco- 
morphic to ®, and B'(#) is isomorphic to 8’). Hence the groups 8’) 
are topological invariants. 

§1.3. Formulation of the invariance theorems. The basic purpose of this 
chapter is to prove the following theorems (and incidentally to give another 
proof of the Pflastersatz): 

TuroreM 1.31. The equalities 


b(b) = w(K), be’ (®) = te'(K) 


hold for every triangulation K of a polyhedron ©, 

TukorEeM 1.32. If ® is a polyhedron and K is a triangulation of ®, the 
group B'(&) exists and is isomorphic to Ay (Kh). 

In virtue of the topological invariance of b'(@) and 8’(&), these theorems 
imply 

TuEoREM 1.33. If K and K’ are, respectively, triangulations of two homeo- 
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morphic polyhedra ® and ', the groups Ap (K) and Ag'(K’) arc isomorphic 
and w(K) = w(K’). 

[The equality of w (A) and 2’(K’) is an obvious consequence of the iso- 
morphism of the groups Ao(A) and Ao'(K’).] 

Theorem 1.33 is called the invariance theorem for the Bettt groups and was 
first proved in 1916 by Alexander. The term invariance in the name of the 
theorem is to be taken in the sense that any two triangulations of two 
homeomorphic polyhedra have isomorphic Betti groups. This invariance 
may also, of course, be understood in the sense that any two triangulations 
of the same polyhedron have isomorphic Betti groups. Indeed, in accordance 
with IV, 6.1, Remark 2, we may also formulate Theorems 1.31-1.33 in the 
following way: 

1.34. The groups Ac (K) are isomorphic for all topological triangulations of 
a topological polyhedron ® (sce IV, 6.1), sence they are all isomorphic to 
3"(b), and the numbers 1(K) are all equal to b'(®). 

Since the groups Ao’ (A) completely determine the groups A’(A, 2) and 
v'(K, %) over an arbitrary coefficient domain Y& (see TX, 4.1 and 4.2), 
1.33 implies the 

GENERAL INVARIANCE THEOREM FOR THE Betti Groups 1.35. If K and 
K’ are triangulations of two homeomorphic polyhedra ® and ’, respectively, 
then the groups A(K,  [V’(K, %] are isomorphic to A’(K’, WM) [V"(K’, 2] 
for arbitrary r > 0 and arbitrary coefficient domain I. 


§2. Subdivision of chains. Fundamental systems of subcomplexes and 
chains. Invariance of the A- and V-groups under elementary and 
barycentric subdivisions 


§2.1. The isomorphism ss“. Throughout this section K, , Kg will denote 
triangulations or open subcomplexes of triangulations. 

Let Kg be a subdivision of a complex Ka. Choose a definite orientation 
t,’ for every clement 7.’ of Ka. We shall call Ts" € Kg a principal element 
if 7's’ is contained (sct-theoretically) in some T,’ € Ka of the same dimen- 
sion r. Of the two oricntations of a principal clement 7's" € Kg we denote 
py és’ that which is coherent with the orientation ¢.° of the carnier 7," of 
Tp’. If T's’ is not a principal clement, és” will denote either one of its orienta- 
tions. Moreover, for brevity, we shall now write La’, Lg’, Za", Zs’, Aa, Ap’, 
etc. in place of L'(Ka,U), L'(Ka , 0, Za (Ka, UL), Za" (Ka, 0), A (Ka, W), 
A’(Kg , U), ete. The clements of L.'(Z") are denoted by za'(z9"), and addi- 
tional indices are used whenever necessary. 

DeriniTion 2.11. Tor every chain x,’ we shall define a chain ag as 


follows: 
are 8 ; 
a) if Te’ 1s a principal clement contained in 7’,", then 


(xg"- ts’) = (a4"-ta"); 
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1 is not a principal element, the 
b) if 747 tap pal el t, then 
Tv La 
(ag -t’) = 0, 
We denote the chain zg’ by sg°x.’ and call it the subdivision of the chain 
Le mn Kg F 
Remark. If x,’ = ¢,.’ is a monomial chain, then obviously 
(2.111) Sty => ta - Ee ETs. 
For an arbitrary chain 2.” = >>; Gaited, 
(2.112) Sp La = Dy, QaiSp tai. 
Assigning the chain sg*z," to every chain 2, € L,’, we obtain a homo- 
morphism of L.’ into Lg’; in faet, it is easy to see that 
Sa°(fa + Ya) = Sp La  Sp'Ya- 
Moreover, if x, ~ 0, then s3°x,.' ~ 0. Hence sg* 7s an isomorphism o 
) ) B B P 
La into Lg’. 
THEOREM 2.12. 
(2.12) Ass ta = Sp Ox, : 
Proof. In consequence of (2.112) it is enough to show that 
6 
Asst = 87 Ala. 


—] . . . ° * . . 
If 7's is arbitrary and is contained in 7, there exist precisely two 
* 7 =| ‘ é . 
elements 7's,’ and Tg, of Kg having T,;’ as a face. Since the orientations 
tan and tg’ are coherent 
B 8 ? 


(tpn’:ts") = — (tax" 2 ts” ”) 
for an arbitrary choice of ts”. Hence by (2.111) and the definition of A, 


(Asp*ta ts") = (ADS teste") = (Ates’- te) + (Atsx"- ts") 5 
= (tga its’) + (tits) = 02 


Since 7,’ | C T../ is not a principal element, ss“At,” is zero on ts”. There- 
fore, if Ts” C Ta’, both Asg*t.’ and sg“At,” vanish on ts” ’. 

Now suppose that 7's” is contained in a face T.” € Ka of Ta’ € Kg. 
Then only one simplex 7's) & 7,” has 7's" as a face. Let us denote by 
R'(R"™*) the carrying space of the simplex 7'.’(7'2""), and by C the affine 
mapping of 2’ onto itself which carries the oriented simplex t.” into the 
oriented simplex ts’. We shall denote the restriction of C to R™* by C’. 
Since 7',’ and 7's), = C7’,’ lie on the same side of the plane R7? = CR™, 
putting « = +1 in Theorem 1.52! of Appendix 1, we obtain 


sgn C-sen C’ = +1. 
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Since the orientations é.” and ¢;’ are coherent, sgn C = +1. Hence sgn C’ = 
+1, so that 


Ci? = Cis a a 
and 
(2.121) Gi SCL Ch Sa 


But (ta’ita”’) is the value of Ad,” on tf.” and it is also the value of s3*A¢,” 
on ts”. On the other hand, Asg%t.” and Atg’ have the same value (tg”:t;” ’) 
on ts”. In view of (2.121), this proves Theorem 2.12. 

$2.2. Fundamental systems of subcomplexes of a complex K. As we 
indicated at the beginning of 2.1, A, A., Kg will denote triangulations or 
open subcomplexes of triangulations in this section. 

DEFINITION 2.21. A system of subcomplexes U;’ C A of various dimen- 
sions (from zero to the dimension n of K) satisfying the following condi- 
tions will be called a fundamental system of subcomplexes of K: 

1°. All the U;’ are disjoint simple pseudomanifolds and their union is 
Kk. (An r-dimensional pseudomanifold U" is said to be szmple if it is orient- 
able and if all its A?-groups are null groups for 0 < p < r.) 

2°. For every UZ the complex B;’ ~ consisting of all the simplexcs T € K 
which do not belong to U; and which are faces of at least one simplex of 
UZ is an (r — 1)-complex and is the union of pseudomanifolds U;’, 0 < 
s<r-—1l. 

Remark. Setting U;) < U/ if U2 C Bi", we see that the set of all 
U,’ is partially ordered. We shall denote it by K. If we assign to every 
U,” € K a dimension number which is the same as its dimension as a sub- 
complex of K, we can then look upon K as an abstract complex in the 
sense of IV, 1.7. We shall make use of this remark in the sequel. 

We shall designate the set of all Uj) < UZ by B,’”. It is clear that 
B,”’ is a closed subcomplex of K; the union of all the complexes U;* which 
are clements of B,”~ is B/. 

From 2° it follows easily that: 

2.22. The union of the subcomplexes U; which are elements of a sub- 
complex Ko of K is a closed subcomplex Ko of K if, and only if, Ko is a 
closed subcomplex of K. 

From 2.22 we obtain an analogous proposition for open subcomplexes. 

2.23. The set of all U,’, s < r, is a closed subcomplex of K denoted by 
K". Hence K = K”. The union of all the elements of the complex K" (that 
is, the union of all the complexes U,’ which are clements of K’) is a closed 
subcomplex of A denoted by A’. 

We shall require the following casily proved theorem in the sequel: 

9.94. If Us < UZ, Ux" is an open subcomplex of Bi”. 

For, since U;’’, because of its dimension, is not less than any clement 
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of B;’, the set of all elements of B,”” different from U;’* is a closed sub- 
Spinpies Ky of Be and the union of all the elements of Ko is a closed sub- 


complex Ko of B,’ Therefore, U,"" = Bz \. Ko is an open subcomplex 
of BZ. This completes the proof. 
Similarly, 


2.25. Every U/ is an open subcomplex of A’. 

EXAMPLES OF FUNDAMENTAL SYSTEMS OF SUBCOMPLEXES. 

1. Let Kk be the triangulation of the torus discussed in VIII, 1.4, Example 

5 (Fig. 116). Denote by U,’ the subcomplex of K consisting of the elements 
of K inside the square ABCD (Fig. 116), and let Ui'(U2') be the subcomplex 
of K made up of the elements of K on the open segment AB = DC (on 
AD = BC). Vinally, let Ur consist of the vertex A = B = C = D. The 
complexes Uy, U1, U.', U, form a fundamental system of subcomplexes 
of K. 

Exercise. Prove the last assertion of Example 1 by using arguments 
analogous to those of VIII, 1.4, Example 5. 

2. Let K be the triangulation of the projective plane of VIII, 1.4, Ex- 
ample 7 (Fig. 116; the second diagonal of the square is not shown in this 
figure). Let U,’ be the subeomplex of K consisting of all the elements of K 
inside the square ABCD; let U;' be the subcomplex made up of the seg- 
ments [fi | = [a |, |# | = ft |, lt | = [6], [te | = | ao |, [ts | = 
léu' |, [te | = | te | and of the vertices of these segments except for 
A = C;and let U,’ consist of the vertex A = C. The complexes Ui. Ui. 
U,’ form a fundamental system of subcomplexes of K. 

3. We state the following gencral theorem [we shall need only the spe- 
cial case 2.26 (see below)]: 

2.261. Suppose that K, is a subdivision of a complex K. If Ti, 7 = 1, 
Q,+++,ms;i = 1,2, ---, p', are the elements of K and U; is the subcomplex 
of K, consisting of the elements whose carrier ts T;’, then the complexes Us, 

= 1,2,-:-,m;i=1,2,---, 9, forma fundamental system of subcom- 
plexes of Ky. 

Theorem 2.261 may be proved most simply by the methods of 6.2, ouce 
the invariance of the Betti groups has been established (which depends only 
on Theorem 2.26). The proof of Theorem 2.261 for the case when fy is a 
barycentric subdivision of A is left to the reader as an exercise. A direct 
proof of 2.261 in its general form may be found in Alexandroff-Hopf [A-H; 
Chapter VI, §3] (see Bibliography at the cud of Vol. 1). 

Theorem 2.261 makes the value of a fundamental system of subcomplexes 
quite clear. As we pointed out above, we shall not use this theorem in all 
its generality; but a special case of the theorem, dealing with clementary 
subdivisions, 1s essential for the proof of the invariance of the Betti groups. 
We shall now state and prove this special case. 
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2.26. Let Ky, be an elementary subdivision (see IV, 4.3) of a complex K 
relative toa simplex T © Kk. Denote by K the set of all subcomplexes U;' of Ky 
which arc subdivisions of simpleres T; € K. (Mach of the complexes U, 
consists either of Just one nonsubdivided simplex of A, which then appears 
in ‘Ay in unchanged form, or of an elementary subdivision of a simplex of 
K.) The set K is a fundamental system of subcomplexes of K. 

Proof. In consequence of VII, Theorem 9.22 it is enough to show that an 
elementary subdivision Avg of a simplex 7',” is an orientable pseudomani- 
fold. It is not hard to show by induction over the dimension number of 
T. that Kg is a strongly connected complex, each of whose (n — 1)-ele- 
ments is a face of precisely two n-simplexes, that is, that Kg is a pseudo- 
manifold. An orientation of Ag is obtained by taking an orientation ¢,” of 
T,” and constructing the chain sg“t.”, as in 2.1. The chain sg*t,” is then 
obviously an n-cycle of Ag. 

§2.3. Fundamental systems of chains. 

DEFINITION 2.31. A system of integral chains ug; (of various dimensions) 
of a complex Kg is said to be a fundamental system of chains of Kg if the 
following conditions are satisfied: 

1°. Asug; 78s a linear combination (with integral coefficients) of the chains 
ug; (Ag is the boundary operator in Kg). 

2°. The chains ug; are linearly independent. 

3°. Each homology class 3x5 € Aco (Kg) contains cycles which are linear 
combinations of the chains ug;'. 

4°. Tf ae € Ha’ (Kg, J) and x,’ is a linear combination of the chains 

: 

Ugis 


T r 
wg = D0 diupi’, 
there exists a linear combination 


+1 +1 
tg = ey: anugn 


such that 


Ae Sa 

The importance of the concept of a fundamental system of chains is 
based on Theorems 2.32 and 2.35, which follow. 

THEOREM 2.32. Let Ug; be a fundamental system of subcomplexes of an 
n-complex Kg. If ug: is a definite orientation of the pseudomanifold Us;’, 
the system of all chains ug; ts a fundamental system of chains of Ke . 

Proof. We shall retain the notation of 2.2, at the same time inserting the 
index 6 to obtain Ug, Bagi’, Ka’, ete. 

We shall show that the chains ug,’ satisfy all the Conditions 1°-4° of 
Def. 2.31. 
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Condition 1°. Since ug; is a cycle on the orientable pseudomanifold 
Usi', Agus: can be different from zero only on (r — 1)-simplexes of the 
complex Bs; = | Us | \ Usi. But Bei" is a union of terms Ug;' of 
dimensions s < r — 1. Consequently, if Agug;’ does not vanish on a simplex 
tox”, then 


[ ten” | € Us; Cc Bai. 


Since Uj,’ (by 2.24) is an open subcomplex of Bg,’ (which contains the 
cycle Agug;’), Up,’ Agus.’ is a cycle of the pseudomanifold Us; , that is, 
it is of the form c,,jug;", ci; an integer. 

Since Agug,’ is the sum of its restrictions to distinct subcomplexes Ug ee a 
Bai’, Agus’ = >, ¢ijug; '. This proves that Condition 1° is satisfied. 

Condition 2° is an immediate consequence of the fact that the chain 
ug: is contained in Ug, and that two distinct pseudomanifolds Ug,’ are 
disjoint (as complexes). 

To show that 3° and 4° are also satisfied, we shall prove two lemmas. 

Lema 2.33. Let Kg’ be the union of all the Ug;, s < r. If a chain xg € 
Lo’ (Kg) is on Kg’ and its boundary is on Ks’ *, then xg" is a linear combina- 
tion of the chains ug;’. 

Indeed, by 2.25, Ug,: is an open subcomplex of Kg’; therefore, in view of 
the fact that Agzg’ is on Kg", we may write 


Ai-Ugi xe = Usp; Agrs’ = 0, 


where A,, is the boundary in Ug, and Ag is the boundary in Kg. Hence 
Ug:.xe is a cycle on the oriented pseudomanifold Ug,’, so that Ug 2" = 
Cup: and 


ap = 0: Upias” = Dis cigs’. 


Coro.uary. Every r-cycle on K,j’ is of the form >>; cyug,’. 
In particular, every n-cycle of Kg is of the form >>; cxug;”. 
Lema 2.34. Let 


xe € Lo (Ks), Agte’ € Zo ‘(Ke"’). 


Denote by q = q(xs’) the maximum integer such that Us."rs" ~ 0 for some 
Usps? € K. Then, if q > 1, there exists a chain yg’ € Ly (Kg) satisfying the 
following conditions: 


a) ts — ys © Ho (Ke), Agus” = Apys’; 
b) g(ye') < q(az’). 


Proof. According to the definition of the number g > 1, the chain z,’ is 
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r ¢ yr q-l a) 
on Ag" but not on Kg’ ~. The pseudomanifolds U¢;" are open subcomplexes 
of K,", so that 
Aiqlsi'ts" a Ug; Agrg’ =. 0): 


Hence U’s;“r9 is a cyele on Lg". Since r < q and Ug," isa simple pscudo- 
manifold, U’s;"78" ~ 0 on Usz,". 
+1 el r . 7 ais 
Suppose that agi" € L'"’(U's,;") satisfies the condition 


r4l 
Aighpi = Lay a 
Then 
oe PT q 
Apts; = U's: Xp on Us:", 
+1 > =] 
Agt3; = 0 on Kg \ (Ugi7 u Bes” ).~ 
Setting 


yer =O on U's? andon Kg \ (Usit u Bai*’), 


Asta; on Ba, 


_ 
Ysi 
we have 


4 
Astsi = Upi'ae’ + yor 


and 

as’ — Ket lap’ = doi Usitas’ = Mp Doi aed” — Diryer, 
or 
(2.341) — (Ket 'x5" — dos yer) = As 2. tei 


Since >); yai’ is on eee: the chain 
Kp" xs) — Dos yei = Ys 

is on Kg”. Hence by (2.341) 

xg’ — yp = Ap Dae’ © Ho'(Ka). 
Since 23” — ye € Ho (Ke) © Zo (Ka), 

As(xs" — ys) = Asxs’ — Asys’ = 0, 
that is, 
(2.342) Aas = Aas. 


This completes the proof of Lemma 2.34. 
ae of Condition 3°. Let ze’ € Zo(Ka). Applying Lemma 2.34 » times, 
y g(zs) — r, With x” = 2", Agxs’ = 0, we obtain a cycle zg, on Kg’ 
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which is homologous to the cycle zs’ on Kg. By Lemma 2.33, zg,’ is of the 
form x C:Ugi, Which was to be proved. 
Proof of Condition 4°. Let 


Zp" De Cit: , 
T ttl 
Zp = Asta , 
+1 +1 
wg € In’ (Ka), 


I 


and suppose that 
que) > r +1. 


The boundary of x’" is on Kg’. Hence application of Lemma 2.34 to 
y 8 8 P] 
ae’*' yields a chain ys”*' satisfying the conditions 


Tr rt 
ays") < q(x"), 
Asya = Apap’ = zp". 


Applying Lemma 2.34 as many times as necessary we finally obtain a chain 
vs such that 


q(ve"*') = a 1, 
Avg” = ze. 


Hence, according to Lemma 2.33, the chain vg”™ is a linear combination of 
the chains w,’*". This is what we wished to prove. 

From 2.26 and 2.32 we obtain 

2.350. If Kg vs an elementary subdivision of a complex Kq, the chains 
Sg tas, where the tai are the oriented simplexes of Ka, form a fundamental 
system of chains of Kg . 

We shall say (as in III, 2.4) that a subdivision Ag of a complex K,q is a 
regular subdivision of Kq if it is the result of a finite number of successive 
elementary subdivisions of Ka. 

2.35. (This theorem is true for an arbitrary subdivision Ag of A. and 
follows from Theorem 2.261.) If Kg ts a regular subdivision of Ka and 
tei are the ortentcd simplexes of K., then the chains sg*tai form a funda- 
mental system of chains of Kg . 

The assertion is valid, in particular, if Ag is a barycentric subdivision 
of Ka. 

Proof. We shall say that a regular subdivision Ag of A. has rank p if 
Kea can be obtained from A, by means of p elementary subdivisions. We 
shall suppose that ‘Theorem 2.35 is true for all regular subdivisions of rank 
<p — 1 and show that it holds for a regular subdivision Kg = Nay of 
rank p. Let 


Koo = Kat 3 Being 82" GAN ep 
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be a sequence of complexes each of which, beginning with the second, 1s 
an elementary subdivision of its predecessor. 

It is required to prove that the chains sap ter satisfy Conditions 1°—4° of 
Def. 2.31. This is obvious for 1° and 2°. Passing to Condition 3°, let 
Zap © Ao (Kap). It is required to find in 3a, a cyele of the form > GSap tax » 
Since Aap is an elementary subdivision of Kapa , gap contains a cycle of 
the form 

Di Dean tate 


Since K a¢p—1) 18s a subdivision of rank p — 1 of K,, the cycle 


T T 
Zap) = Qui itawr—ns 
is homologous to a cycle of the form >>; aiSacp-y ‘tar on Kap. Hence 
iT T 

Pag. Sas Zaip-l) ™~ Doi QiSap tar on Kap 
and consequently the cycle >>; aiSap"ta’ is contained in jap. 
To prove Condition 4° let zap € Ho’ (Kap) be of the form 

T a vr 

Zap = »: aSap beet . 

+1 


It is required to show that z., is the boundary of a chain syp"t."; 
+1 2 41ysyr é es ‘ fess = 
where «1. " € Lo (K). Since K gp is an clementary subdivision of K acp-1 , 
—] oe . 
the cycle zap = Sap” di As8a(p—1) ‘ta’ is the boundary of a chain 


a(p-—1) r+1 r+l t4Hly yr 7 
Sap Latp-l) 3 Pag °C Lg aGaay)2 


T a(p—1l) a Te ti, a(p—1) rt+l 
Zap — Sap a AiSa(p—1) bai = ASap & a(p—l) 


a(p-l) +1 
= Sap Atco@=1), 


a T a, +1 
Sa(p—l) > iQilei = »: QiSa(p—1) bot = LS eee . 


Since K aq@_y is a subdivision of rank p — 1, the last equation imphes that 


See. es Gilat = Neintasae tet € Tg GE): 
Hence 
Lig San: Di ditai = Sip Sh par, Qitai = Sige, Gaus ee 
Meg t 


This completes the proof. 

§2.4. The a-complex defined by a given fundamental system of chains. 
Let ue’, 7 = 1,2, -°-, 937 = 0,1, ---, m, be a fundamental system of 
chains of a complex Kg. 

We shall construct a cell complex & as follows: 

a) The elements of & are cells 


Tv Tr, Tr T 
U1, °° * » Up(r) 5 TU, 00 TUp(r) 
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corresponding (1-1) to the chains +1g;", where the element u;’ corresponds 
to the chain ug,’ and the element — wu,’ to the chain —vug,’. The resulting 
(1-1) mapping of the set of all wu,” onto the set of all chains +ug;' will be 
denoted by 6: 


Bu; = up: , B(—u) = —Ugi. 


b) The incidence numbers (+u,’: u;" ') are defined in the following way. 
By Def. 2.31, Condition 1° we have 


(2.41) Augi = Da nis Ups 


—] . 
where the 7;;’ are integers. 
We shall put 


Tie tol r—-1 
Gi; Sa 5 
and 


(1; : —u;"’) = — ij 3 (-—ugiuj) s yt 


Hence we may take 


r—1 r—-1 r—l 
ager —:| t—1 r—l] r—] 
Uri M1; "°° M1 p(r—-1) 
ae rol r—] r—1 
Uy Ni "ONG "* * Nip(r—1) 


-—1 


nig td - poe. " Note(r—1). 
as the incidence matrix of the cell complex §&. Accordingly, we have 
(2.42) Aus = Done ty 
(2.43) aie = Se ae 

2.4. The fundamental condition 


AAu; = 0 


is satisficd, so that SX ts an a-complex. 
Indeed, in consequence of (2.42), (2.43), and (2-41), 


Adu; = Ao, ns us = Dy ng hu; 
—] y—9 —?) — eee ‘ee 
= dns “Dene uel = Doe (opal ak ia, 
AAugi = Doe (Dos mis nix’) uae” ” 


. a ~2 : 
Since AAug, = 0, doe( 05 m7 nye”) use” «== 0 and therefore the linear 


9 
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independence of the chains wg” implies that Do, 927 "nn" = 0 for 
arbitrary 2, hk. Elence AAu,’ = 0. 

Therefore, the cell complex & is an a-complex. We shall refer to it as the 
a-complex defined by the given fundamental system of chains. 

REMARK 1. Let Ag be an elementary [the following proposition is true 
for an arbitrary subdivision A (see Theorems 2.35 and 2.261)] subdivision 
of a complex A,. Consider the fundamental system consisting of the 
chains sa“ta;, Where the ¢,,’ are the oriented simplexes of A’. , and denote 
by & the a-complex defined by this fundamental system. Then 8 is iso- 
morphic to the a-complex St consisting of the oriented simplexes of K. . 

This proposition is an immediate consequence of Theorem 2.12 and the 
definition of &. 

Remark 2. Let us return to Examples 1 and 2 of 2.2 and consider the 
fundamental systems of subcomplexes of the complex K constructed there. 
In Example 1, A is a triangulation of the torus, and in Example 2 it is a 
triangulation of the projective plane. The oriented elements of these funda- 
mental systems of subcomplexes constitute, by 2.32, the fundamental 
system of chains 


2 1 1 0 
Usl ; Wal y UWp2 5 UB 
respectively, 
2 1 0 
Us1 y UB1 y UUg1 - 
The corresponding a-complexes 
2 1 1 0 2 1 0 
fu, ti, tw, tu} and ftw, tu, tu} 


are none other than the a-complexes considered in VII, 4.2, Examples 2 


and 3. 
§2.5. The isomorphism 6 of L’(S) into L’(Kg). Let us assign to every 


chain 
t= dan € L'(R) 
the cham 
Be’ = >> azupy € L'(Kg). 


The resulting mapping 6 of L’(St) into L’(Kg) is obviously a homomorphism. 
But @ is also an isomorphism, since 6’ = 0 implies, because of the linear 
independence of the chains zg,’, that all the a; = 0,i.¢., 2° = 0. 

Nloreover, 


ABui = Ausi = > ni; Up; = > 1” Bu; = B YS ng us = BAU, 
and 
(2.51) ABx’ = BAzx’ 
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for an arbitrary chain v” € L’(S). Hence B maps Za’(&) into Za’(K,) and 
Ta" (®) into H,'(Kg). It follows that 6 induces a homomorphism (denoted 
by the same letter) of A’(&) into A’(K8). 

It follows further from Def. 2.31, Condition 3° that the homomorphism 
B of A’(8) into A’(Kg) is a homomorphism onto and hence by Condition 
4°, 6 is an isomorphism of A’(S®). 

Consequently 

2.51. The isomorphism B of L'(®) into L"(Kg) induces an isomorphism 
(denoted by the same letter B) of A’(K) onto A’(Kg). 

Because of this isomorphism of A’(@) and A’(Kg) and the results of LX, 
3, 4, we have: 

The groups V’(S) and V’(Xg) are also isomorphic. 

Flence 

2.5. The groups A(R, X [V(R, WD] are isomorphic to the groups 
A’(Ka, WU) [VK , %)] for every coefficient domain . 

ReMARK 1. Let us recall the triangulations of the torus and the projec- 
tive plane of 2.2, Examples | and 2 and the fundamental systems of chains 
of these triangulations considered in 2.4, Remark 2. We saw there that the 
a-complexes defined by these fundamental systems are none other than the 
a-complexes which occurred in VII, 4.2, Examples 2 and 3 and in VIII, 
1.4, Exercise 4; the Betti groups of these complexes (noted in VIII, 1.4, 
Exercise 4) are isomorphic, by Theorem 2.5, to the Betti groups of the 
triangulation K of the torus and the projective plane, respectively. 

REMARK 2. The isomorphic mapping 8 of L’() into L'(Kg) does not, in 
general, commute with V. In other words, V8v" may not be equal to BV2’. 

To see this, it is enough to consider the complex Kg consisting of the 
segments 


ltr | = (AB), — | tw | = (BC) 
and their endpoints 
A=ty, B=ty, C= ty’. 
Setting 


1 1 1 1 0 0 0 0 
fy = |AB|, to = | BC|, us = ta’ + ta and ug’ = tar ugo = tee 
and defining uw’, 2%", w in accordance with 2.4, we have 

0 0 1 
Bu = ta, VBuy = tn, Vu = 


? 


0 
BVu = Bul = ug. = tov + ips 


1.¢, 


VBuy ¥~ BVuy’. 
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§2.6. Isomorphism of the Betti groups under elementary and bary- 
centric subdivisions of a complex K. Let Kg be an clementary subdivision 
of a complex A, relative to a simplex 7’ € | A, |. Then, by Theorem 2.350, 
the chains ug; = se°tai’, Where the ¢,; are the oriented simplexes of K,, 
form a fundamental system of chains of Kg. 

But the a-complex &, made up of all the oriented simplexes of K, is 
isomorphic to the a-complex & defined by the fundamental system of chains 
ugi (2.4, Remark 1). Hence, by Theorem 2.5, the Betti groups of Kg are 
isomorphic to the Betti groups of S€ and therefore to the Betti groups of 
R., that is, to the Betti groups of K.. 

Hence 

2.60. The Bettt groups of a complex K are isomorphic to the Betti groups 
of an elementary subdivision of Kq relative to an arbitrary simplex T € | Ka |. 

Since a barycentric subdivision is the result of consecutive elementary 
subdivisions, we have the following fundamental theorem: 

THEOREM 2.61. (The theorem is also valid for an arbitrary subdivision 
Kg of A... If Kg is a triangulation, this assertion follows, for example, 
from 2.261 and the parenthetical remark to Theorem 2.35.) Let Kq be a 
triangulation or an open subcomplezx of a triangulation and let Kg be a barycen- 
tric or an arbitrary regular subdivision of K.. Then the group A'(Ka, 2) is 
isomorphic to the growp A’(Kg, 1) and the group V'(K., %) to the group 
V'(Kg, %) for every r and every coefficient domain %. 


§3. Normal and canonical displacements in polyhedra 


§3.1. Normal displacements of subdivisions of triangulations. Let Kz 
be a subdivision of a triangulation K.. Every point of the polyhedron 
P =| Kg|| = || K. || is contained in a unique simplex of K. , the carrier 
of the point in K,. In particular, every vertex eg; of Kg has its carrier in 
Fas 

Let us assign to every vertex es; of Kg a definite vertex ea; = Sa°ea; of 
K, subject only to the condition that e.; 7s a vertex of the carrier of eg;in Ke. 

We shall prove that this vertex mapping defines a simplicial mapping of 
Kg into K.. Suppose that the vertices ego, --+ , esr form a skeleton in Kg 
and denote by 7’, the carrier (in K.) of the simplex (eg. --- e-) = J's. 
Since every vertex ég, is a limit point of the simplex (ego - - + eg,) and hence 


of the simplex 74 > (ég0 +: + gr), all the vertices ego , --+ , egr are contained 

in 7... It follows that the carrier in K, of cach of the vertices eg , +++ , és, 

is a face of 7, . Hence SP ego pees Sat Cpe are vertices of 7. . 
Consequently : 


The mapping Sa? of the set of all vertices of Kg into the set of vertices of Kq 
defines a simplicial mapping, also denoted by S.°, of Kg into Ka. 

Every simplicial mapping S.° of a subdivision Kg of a complex K, into 
K,, so constructed is called a normal mapping or a normal displacement. 
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As is the oF with every simplicial mapping (see VII, 8.2), a normal 
displacement Sq induces a homomorphism Sa’ of Lg’ = L'(Kg, %) into 
Le = L'(Ka, 2), referred to in this case as a normal homomorphism of 
Lg into Da - 

It follows from the general results of VII, 8.31 and VIII, 1.8 that a nor- 
mal homomorphism S.’ induces a homomorphism (also referred to as a 
normal homomorphism) S,° of As = A’(Kg, YX) into A,’ = A'(K.z, A). 

311. A normal homomorphism Saf of Lg into L_ 1s a mapping onto L,’. 

This proposition obviously follows from the following fundamental 
identity which is valid for an arbitrary chain x.’ € L and an arbitrary 
normal homomorphism Sf. 


(3.11) SaPse°te = en 


where S3°2a_ is the subdivision of the chain x,’ in Kg. 

It suffices to prove (3.11) for a monomial chain x,’ = ta’. The proof is 
based on the following lemma: 

ALEXANDER’S Lema. Let S be a simplicial mapping of a complex K into 
the complex | T” | consisting of a simplex T” and all its faces (we assume 
merely that K is a simplicial complex whose oriented simplexes form an 
a-complex). Let t" be any orientation of the simplex T". If 


SAxv” = At” 
for an integral chain x” € L"(K), then 


Se =: 


Proof. Sx" is an integral n-chain of | 7” | and since | T” | contains exactly 
one n-simplex, 7”, Sx” is necessarily a monomial chain. [ence it is of the 


form ct", with c and integer and |¢" | = 7". 
We shall prove that c = 1. Sx” = ct" implies that 


SAx” = ASx” = cAt”. 


Since SAx" = At” by hypothesis, ¢ = 1 and this proves the lemma. 
Remark 1. Alexander’s lemma and its proof remain valid if the coefficient 
domain is the ring J». 
We shall now use Alexander’s lemma to prove the identity 


(3.111) SaPsgta’ = ta’ 
which immediately imphes (3.11). 

(3.11 1) is valid for r = 0 since Sate = ae and S,° reduces in this ca 
the identity mappmng of the vertex | i | onto itself, 

Let us now assume that (3.111) is true for r = n — 1 and prove it for 


se to 


p= 1. 
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nr 


: : : n—1 —l 
Choosing the orientations tao”, +** , tan” of all the (7 — 1)-faces of 


T... so that 
Ala” = tao”) + +++ + ban, 
we have 
s3° Ata” = er ae of ee dts Satan a 
Since 
Ber ae = as sides ar a ae = ‘7 
by assumption, it follows that 
SA ts = Ss Ai Hie” eee Sa". 
Hence, by Alexander’s lemma (putting t” = t.”, 2” = s3%ta”, S = S.°), 
SaPsg ta” =: fe 
This completes the proof. 

Remark 2. If the coefficient domain is J2, it is easy to see that (3.111) 
becomes Sperner’s lemma (sce V, 2.1). 

The identity (8.11) immediately leads to a series of important corol- 
laries: 

3.12. A normal mapping Sa’ is a mapping of the complex Kg onto the 
complex Ka. 

Indeed, let T,; be an arbitrary simplex of K., let ta: be its orientation, 
and let 7's", --- , Tg, be the r-simplexes of Kg of which 7.2,’ is the carrier. 
Sa’ maps at least one of the simplexes Ts, 7 = 1, 2, -+-, g, onto Tay, 
since in the contrary case we would have S,°ss"tai_ = O and not 


Sap bee Shes 


We shall now assume until the end of this section that K, is a triangula- 
tion. 

3.13. A homomorphism S,° of Ls’ onto La’ maps Zs onto Z,' and Hg 
onto H,’. 

Proposition 3.13 follows immediately from (3.11). 

In consequence of 3.13, the homomorphism S,.° of As” = A’(Kg, 20 into 
Aa (Ka, %) induced by a homomorphism S," of Lg” onto L,” is a homo- 
morphism onto all of A,’. 

We shall prove that S,° is an isomorphism of Ag’ onto A.’. The reader may 
carry out the proof of this proposition given below under the assumption 
of various degrees of generality for the subdivision Kg : he may restrict 
himself to the case of Kg an elementary subdivision of the triangulation 
K.; or he may assume that Kg is a regular subdivision of K, (see 2.350, 
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2.35); this case includes, in particular, the case of Ag a barycentric sub- 
division of K, (even the case of Kg a higher order barycentric subdivision) ; 
finally, he may assume that Kg is an arbitrary subdivision of K, . In ac- 
cordance with the chosen degree of generality it will be necessary to refer 
to 2.350 or to 2.35 or finally to the parenthetical remark to Theorem 2.35. 
In the sequel we shall use only regular subdivisions (and almost exclusively 
first order or higher order barycentric subdivisions). 

We shall therefore prove 

3.14. A normal mapping Sa? of a subdivision Kg of a triangulation K. 
onto K, induces an isomorphism S.° of Ag’ onto A,” (inverse to the isomor- 
phism 83°). 

It is sufficient to prove the following lemma: 

3.15. Lf ze" € Zs" and S.fzs" € H.’, then ze’ € He’. 

To prove 3.15 we note that by 2.350 (or 2.35 or the parenthetical remark 
to 2.35), there are chains xg’*’ € Lg" and z." € Z," such that 


(3.15) Az,” = 29 — 8p 2a. 
Hence 
AS Px," = Sa Aare”? = SaPzg” = SaPsg720" 


= S.P2s" — 22°, 


that is, Sia, = 27 © Ae. Therefore, if Siva € H,', then z. € d,’. 
Consequently saz. € Hg’, 1.c., by (3.15), zs’ € Ha’. This completes the 
proof. 

Remark. The normal homomorphism S,* of L.” into Lg” dual to (see 
IX, 6.1) a normal homomorphism S,’ induces a homomorphism 5, of 
V'(Ka, %) into V’(Kg, %). The latter homomorphism is an isomorphism 
of V'(K., 2%) onto V'(Kg, 2%); we shall prove this proposition in the follow- 
ing section. 

§3.2. Examples of normal homomorphisms S,° and S,;*. 

1°. Let K, = | 7. | be the complex consisting of a triangle, its sides, 
and vertices, and let Ags be a barycentric subdivision of A, . 

Let S,° be a simplicial mapping of Kg into A, obtained by assigning to 
every vertex of Ag a vertex of its carrier in A. . In Fig. 130, the letter in 
parentheses beside each vertex of Ag denotes the image of that vertex 
under the mapping S,’. 

Denote by t,” the triangle abe oriented counterclockwise (as well as the 
chain assuming the value 1 on Lo) 

Vor brevity, we put aq = Al.’ and denote by 2," the chain whose value 
is 1 on all the triangles, oriented counterclockwise, of Ag. (We could ob- 
viously write 2° = s3%ta, with Avg’ = sg"At.. We shall not use the nota- 
tion sg“ here in order not to make difficulties for the reader who has come 
to 3.2 directly from IX, 6.2.) We shall denote the hatched triangle of Ag , 


9 
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oriented counterclockwise, by ts’. Finally let xg' be the chain of Ags whose 
value is 1 on all the heavily drawn segments of Ag oriented by arrows as 
indicated in Fig. 130. 

We may immediately verify that 


Sarre = ta, Sa Ars = Ata’, 
in accordance with the general theorems. Furthermore, 
Viq = 3ta’, 
Sita Sts, ale Sis 


Vag = 3tp, 


so that 


b 

(b) (0) 
Fig. 131 

2°. Again, let K. = | Ta | and let Kg be the subdivision of K. indicated 


in Fig. 131. Here again, the letter in parentheses next to each vertex of Kg 
indicates its image under S,°. We adopt the following notation: t.” is the 
triangle 7.” oriented counterclockwise; zg is the chain whose value is 1 on 
all the triangles, oricnted counterclockwise, of Kg ; ys is the chain assuming 
on the counterclockwise oriented triangles of Kg the values indicated in 
Fig. 131; ys is the chain whose value is 1 on the heavily drawn segments 
of Kg (oriented by arrows as indicated) and 0 on all the remaining 1-sim- 
plexes of Kg. 


It is immediately verified that 
SPas = oe Sarys” = a 
VAta = 3ta, 


Sp Ata = Ye, Ss"ta = Ye , 


Ays' = 3yp 
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§4. Canonical systems of bases for subdivisions Kg, of a triangulation 
K,. The homomorphism §,* dual to a normal homomorphism S,° 


§4.1. Canonical systems of bases of Kg. In this section the reader may 
assume that Kg is either an elementary subdivision of a triangulation A, or 
an arbitrary regular subdivision of a tniangulation A, or finally an arbi- 
trary subdivision of K,. Depending on the degree of generality chosen it 
will be necessary to use either Theorem 2.350 or Theorem 2.35, or finally 
the parenthetical remark to Theorem 2.35. For the applications which we 
have in mind, the case of an elementary subdivision is quite sufficient. 

Let & = J. Instead of Lo’ (Ka), Zo (Ka), «++ , Zo (Ka), «-> we shall write 
La’, Le o> fa Zs’; . 

We shall consider the subgroups Log’, Zos’, Hog’ of Ls’, Zs’, 8", respee- 
tively, consisting of chains of the form sg*xa’, where 2, belongs to La’, 
Za, Ha, respectively, and sg*, as usual, is the subdivision operator (see 
2.1). Obviously 

Zos = Log 1 Ze’, 


Hog’ Log’ n HH’, 
Aus’ _ Log’ n Ai,’. 


The groups Zog’, Log’ are division closed in Lg’ (and of course Zs’ is division 
closed in Z,"). Consequently Zg’/Zos" is a free Abelian group and every 
basis of Zs’ can be completed to a basis of Zs’ by clements arbitrarily 
chosen from each one of the classes hg’ € Zs'/Zog'- 

4.11. Every class bg’ € Zs'/Zog’ contains at least onc element hg’ € Hs’. 

Indeed, let 23” be an arbitrary clement of the class bs” € Z,s"/Zos’. By 
Theorem 2.350 (or 2.35 or the parenthetical remark to 2.35) there isa cycle 
‘eog = Se°Za © “os homologous to zg in Ag ; the cycle 


hg” = zg. — ‘Zag. € Hg 


is contained in the same class hg’ as 29’. 
It follows therefore that: 
4.12. An arbitrary basis of Zs’ can be completed to a basis of Zs with cycles 
hai chosen from cach onc of the classes hs" € Ze'/Zos' and belonging to Hs’. 
We now wish to construct a system of canonical bases for L3’, r = 0, 


lorry My satisfying certain supplementary conditions having to do with 
the fact that Ag is a subdivision of A, . 
We shall first construct, for each r = 0, 1, --- , ”, a canonical basis 
Tr T, T Tt, 4 Tr . 
Zal > -- a) Zan(r) ? Yael yr ey Uear(r) 5) Val > 77 4 Casts. 


of Z.”. This construction defines a basis for Zog” consisting of the cycles 


T a rT, T a rT, pn ae a r 
Zon = Sp Fah 5 Uok = Sg Uak 5 Vor = Sp Val. 
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To this basis we adjoin cycles vj" € HH,’ to obtain a canonical basis 


Tr r r Tr T rT, T 
Z01y °** 5 2on(r) 5 Yor, °° 4 Uor(r) 5 Vor, °° ° 5 Voo(r) 5 UL RES 5 Var (ry 
of Za . 
5 % —] : 
Because of the isomorphism A between Lg'/Zs’ and H,' , the basis 
rl r—l1 rl Tl, t= rl 
A; Uo1 yoo sy 6, (7-1) UOr (r—1) } Vor » °° ¢ 4 Voe(r—1) ; 
tl tT 
Vr, 74 * y Vor(r—t) 
—] . 
of Hg corresponds to the basis 
5 < rT, r ae T T 
Yor, °° * 5 Lorgr—-ay 5 Yor, *°° 5 Yootr-a) 5 Yr, 00° 5 Vora 
7 . 1 -1 1 —1 1 a 
of Le’ /Zs’ and since 0,7 wor = 88°07 War and %; = 8gva;"', we 
: - T a Tr T a roe T T . 
may choose chains %o; = 83 Lei, Yor = 88 Yat IN Yor, Nos, respectively. 
Choosing such chains and also arbitrary chains y;" € y,’ for all ¢ = J, 
= ae —]. —1 . . 
-,7 57 =1,°-:-, 0,7 = 1, +--+, 0”, we obtain the required 


system of canontcal bases 


T T, 
Toy °° * y Lor(r—1) 3 


© Tr, T r. 
Yor, °° * 5 Yoo(r—1) 5 Yr, °° * 5 Yori) 3 
T T 
(4.133) r= 0, +++, 2420, 7+, Zone; 
T T T 
Uor, °° 5 Uorwr) ; Vor, °"" y Voa(r) 3 


r T 
V1, °°" 5 Vere) 


of the groups ZL,’ with the relations 


eo? rl, orl, ro 1, Tn rl 
Axor = B8¢ Wor 3 — AYos = Yop 5 AY = 0H, 


(4.144) 
Azon = Ation = Ato” = Avy’ = 0. 


The bases dual to the canonical system of bases above will be written as 


Tr 


- T - fT — TT - T - T - TF - 
(4.138,) toi; Vo; 5 Vy" 5 Zon ; Lok 5 You 5 Yu 
and satisfy the conditions 


(Vito, = Vi0;" => Vo; = Vion" = 0, 
r- rt, a a — ttl, = Tf = T+] 
= O, Von ; Vio. = vu 5 Viv = dy. 


Indeed, in Table (4.15) every row (regarded as a linear form in 20," ", 
Yor» Yar) Zon» Won, Vor, Ve) represents the A-boundary of the 
r-element of the basis (4.134) heading the row; consequently, every column 
of Table (4.15) (regarded as a linear form in %o,’, 00;’, 09°", Zon, Zox, Jor» 


Gv’) represents the V-boundary of the (r — 1)-element of the basis (4.13,) 
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heading this column. We therefore have at once 


- 7-1 - Tl — Tt] - rl 
Viigo; = V0; = V0; = Vion = 0, 


r —- T—] - rl és 


- rol r—l1 =. fF = 
Vio = O Uo, VGo1 = Vol, Vian = Dy. 


which becomes (4.14,) if r — 1 1s replaced by r. 
As in IX, 3.5, we easily verify that the cycles 


r 


Zon ox , dor vu 
form a basis of Zgy’ while the cycles 
—1 — = = 
0, thor , dor y Dy" 
are a basis of Hey’. 
§4.2. Normal homomorphisms relative to canonical bases. Let us now 
consider the form which the matrix of a normal homomorphism S,° of L,’ 


into L,’ takes on relative to a system of canonica] bases of the complexes 
Kg and K,. 


Yv 

ae Yo; lyz" Bae ling ie ie 
a , hoo: 6,7" 
Uoi |Loi 0 0 0) 0 0 0 
eae SS — = a) i ome ie 

1 
Vo; Yos 0 0 0 0 0 : 5 0 
= hs 1 
‘1 
pa aoe | 20> | <O.'|.@ 0 0 = | 
(4:56) | ee | 1 
Zon Zon 0 0 0 0 0 0 0 
To. Uor 0 0 0 0 0 0 0 
Got Vor 0 0 0 0 0 0 0 
gvivr'| 0 | O | O | 0 0 0 0 
| | | | 
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We have 
S a Xo i 


, oT 8 to T 8 nd ¥ 
Lai; Sa Yoo = Yaj, Sa Zoh = 2ahy 


8 r T B ofr r 
Da Une = Uak, Sa Vol = Vai. 


Furthermore, let 
8 r 
Seyi = Dei Oj Bas’ ci Doi by Yar + a Cian 
+ yok dykWak + > C;'Wal, 


where the coefficients on the right are integers. 

Finally, since vy” € Hg’, it follows that S.°ur’ € H,", that is, Sa*vy" = 
Doe Prk Wak + 2.1 Qvat, Where pre, gui are integers. This may all be 
written in the form of Table (4.21), where every row (regarded as a linear 
form IN Lai, Yaj) Zah) Wak, Vat) represents the image under the homomor- 
phism S,” of the element of the basis (4.134) heading the row. 


[ - eter er. one 1 oe ial cae 
thai | Daj | Ban Zax Jat | 
De. | Yaj | Zak |  Uak Val 
Moi Loi 1 0 | 0 0 0 | 
00 j ; yr O 1 0 0 . 0 | 
(4.21) Dye yie Lawes bjr5 Cih dix Cjrt 
Zon Zon” 0 0 1 | 0 0 
Fox” Uok 0 0 0 1 o | 
You Vor ! 0 % 0 | O 1 | 
Gu vy | 0 0 0 pirkOe qu 


§4.3. The homomorphism dual! to a normal homomorphism. Passing to 
the dual bases and recalling that S.° and Sg* are dual homomorphisms, we 
remark that by Theorem 5.4, Appendix 2, every column of Table (4.21) 
(as a linear form in @o,’, 0;', By, Zon’, Fox, Jor, ov > represents the image 
under Ss* of the element of the basis {ta;, da; Zan, Lak, Jar} heading 
this column. 
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In particular, 


Sp tat = toi + Do ape dy", i=1,-°', oo 
Sp°Zan" = Zon + Dos Cyn", Ride Pee 
But 0+" € Hay’ and consequently 
(4.3) Sp lai = Ih, Sa Fan” = uk 4 


Where ila’, Hos’, Jan’, Jon’ are, respectively, the cohomology classes of the 
elements Was, tox, Zan’, Zon"; but the cohomology classes fai, Jax form a 
basis of V'(K.) and the cohomology classes iip;”, Jo.’ form a basis of V’(g). 
It follows from (4.3), that S,* establishes a (1—1) correspondence be- 
tween these two bases, that is, Ss” is an isomorphism of V’(K 2) onto V’(Ks). 

Summing up the results of this section, we have 

4.3. Let S,° be a normal mapping of a subdivision Kg of a triangulation K q 
onto K, and let S,° also denote the corresponding homomorphism of the group 
Lg’ onto La’. If Sg* is the dual homomorphism of L.." into Ls’, Sa“ induces an 
isomorphism S,* of the group V'(Ka) onto V'(Ks). 


§5. The complexes K(P, ©). Small displacements in polyhedra and com- 
pacta. The Pflastersatz and the invariance of the Betti numbers 


§6.1. The complex A(R, ¢«); e-chains of a metric space R. Let R bea 
metric space and ¢ a positive number. We shall call every finite set of points 
of R whose diameter is <e an e-skeleton or an e-simplex of R. It is clear 
that the e-skeletons of a space R form an unrestricted skeleton complex; 
we denote this complex by A(R, «); the chains of A(R, €) will be referred 
to as e-chains of the metric space R. We may define the e-chains of PR as 
follows: an e-chain of the metric space R is a finite linear form x” = > e.t/, 
where the ti; are oriented e-simplexes of R and the c; are clements of a given 
coefficient domain YI. 

The cycles of the complex A(R, ©) will be called e-cycles of the metric 
space F. In other words, an echain 2” = >> e,ti is said to be an e-cycle of 
Rif Az’ = di eAti = 0. 

If « < ¢’, every e-skeleton is at the same time an ¢’-skeleton, so that 
K(R, «-) GK(R, &’). 

If an e-cyele 2’ is homologous to zero in A(R, e’), it is said to be e’-homolo- 
gous to zeroin R. 

Otherwise stated, we say that an e-cycle z’ of R ts e’-homologous to zero in 
Re and write 


Z(e'-~) 0 ink 


. . . 1 . . +1 
if there exists an é'-chain 2"*' of R with z’ as its eboundary: Ar = 2. 
T‘urthermore, the e-chains of F [since they are, by definition, chains of 
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the complex A(R, ¢)] form a group L'[A(?, 6), 90; hence addition and sub- 
traction of echains and, in particular, of e-cycles requires no further ex- 
planation. In connection with this, we note that two e-cycles 2)’ and 2)” are 
said to be e’-homologous in R: 


Zz, (€'-~) Ze" in R 


if their difference is e’-homologous to zero in R. 

$5.2. «-displacements. Let Jf be a subset of a metric space R. Suppose 
that every point « € Af is assigned a point y = S(z) € R subject to the 
single condition that the distance between x and S(x) is less than a pre- 
scribed e > 0. A mapping S of the set A/ in R satisfying this condition is 
ealled an e-displacement of J/ in R. We make no assumptions about the 
continuity of the mapping S. 

Now suppose that « > 0, e’ > O and that S is an ¢’-displacement of AL 
in R. Then if p, p’ € AZ and q = S(p), q = S(p’), we have 


e(g, g’) < p(q, p) + elp, p’) + elp’, a’) < pp, p’) + 2e. 


Henee S maps every eskeleton of the subspace Af C R into an (e + 2e’)- 
skeleton of R, that is, S induces a simplicial mapping of the complex K(R, e) 
into the complex A(P?, « + 2e’). This mapping is called an e¢’-displacement 
of the complex A(R, €) and is also denoted by S. 

The simplicial mapping S maps every e-chain 


z= ys Cte € LK (R, e)| 
into an (e + 2e’)-chain 
Sv’ = >> cSt’ € L'[K(R, « + 2¢’)]; 


if t, = |e --- ¢,|, then St7 = | Se) --- Se, |. The chain Sz’ is called an 
e’-displacement of the chain 2’. 

§5.3. Canonical displacements. Let @ be a compactum (a case which 
occurs particularly often is that of & a closed bounded subset of the Muclid- 
ean space I"). 

Suppose that J/ is a subset of 6, that 


(5.31) C2 Ap sey Apuer ules 


is a closed e-covering of 6, and that A’, is the nerve of @ realized in ®; or 
if@ C RP”, we shall assume that K, is realized in a prescribed neighborhood 
of &. Then the vertex e; of the nerve K,. corresponding to the element A; 
of the covering a is a point of A;, ora point of R”, whose distance from A ; 
is less than some prescribed 6 > 0, which we will in all cases take to be so 
small that it is a Lebesgue number of a, so that 6(4,) + 6 < « for every 
z [6(A,) is the diameter of A,] (see IV, 2.1, Remark 4 and I, Def. 8.38). 
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We shall now define an e-displacement S,” of a set Af C @ as follows. 
Let p be an arbitrary point of AZ and let A; be an element of @ which con- 
tains p (if there are several sets A; with this property, choose a definite 
one). If e; is the vertex of the nerve corresponding to A; , set 


q= Sa’ (p) = 6. 


Since both p and e; = S.°(p) are contained in the same set of diameter 
<e, Sq’ is an e-displacement of Jf. The e-displacement obtained in this 
way is called a eanonieal displaeement of M C ® relative to the eovering a of 
the compactum ®. 

Remark 1. In order to completely define a canonical displacement of 
AI © @ relative to a given covering a@ of &, it is necessary first to choose a 
definite realization of the nerve of the covering a and secondly to choose 
for each point p € M (which is contained in more than one set .4;) a definite 
set A; containing p. 

THLOREM AND Dp¥INITION 5.31. Let S.” be a canonieal displacement of a 
compaetum ® relative to a closed e-eovering a of ® and let 6 be a Lebesgue 
number of a. Then Sq” induces a simplicial mapping Sa? of the eomplex 
K(®, 5) into the nerve K of a. 

The simplieial mapping Sq’, as well as the homomorphism of the group 
L’[K (®, 6)] into the group L'(K q) induced by it, will be referred to as a canonical 
displacement relative to the covering a. 

To prove Theorem 5.31 it is enough to note that if | ¢ | = (po +++ pr) is 
a 6 skeleton in ® and p € Aia, then by the definition of the number 64, 
Ajo N ++: n Ai #0. Consequently, the vertices ei) = Sao, ***; 
Cia) = Sap, determine a simplex S.? | t' | of Ka. 

REMARK 2. Since 


Sa {Z[K@, 5)]} CZ(K.), Sa {H{K(, 6)]} CH (Ka) 


(see VII, Theorem 5.31), a canonical displacement maps every 6-cycle of a 
compactum into a cycle of the complex A’, and every 6-cycle, 6-homologous 
to zero, into a cycle homologous to zero in the complex NK . 

§5.4. The numbers 7(/‘). Canonical displacements in polyhedra. Let 
be a polyhedron and Ict A. be a triangulation of &: 


& = || K.|l. 


We denote by a a barycentric covering dual to the triangulation A, (see 
IV, 5.3). 

Whenever it is convenient we shall call a canonical displacement of 
M C|| Ka|j relative to a covering a a canonieal displacement relative to the 
complex Ka. In the same way, Lebesgue numbers of « will be called Le- 
besgue numbers of Ka. 
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We recall a property of the barycentric covering a: 

Let Tai € Ka ; the closed simplex 7.; intersects only those elements of 
a whose centers are vertices of 7'.;. Denote by «(.) (as in IV, Theorem 
5.43) the minunum of the distances between any simplex 7'4; € Aq and 
the union of all the elements of @ whose centers are not vertices of J'ai. 

Finally, we denote by n(4) any Lebesgue number of @ which is less than 
e(A.). The nerve of @ is the complex A. ; consequently, a canonical dis- 
placement of @ relative to a induces a simplicial mapping of the complex 
K(®, 6) into AK, , where 6 is a Lebesgue number of a. 

If J, in particular, is the set of all vertices of a subdivision Ag of a 
triangulation A. , a canonical displacement of Jf relative to K. maps each 
vertex ¢3 of Ag into the center of a closed barycentric star of A containing 
this vertex, that is (see IV, Theorem 5.42), into a vertex of the carrier of 
ég in WN. Hence every canonical displacement of the set of vertices of Kg 
relative to A, induces a normal displacement of Ag into K,. 

We state this result briefly as: 

d.41. Every canonical displacement of a subdivision Kg of a triangulation 
K, relative to Kg is a normal displacement. 

We shall now state a stronger theorem which will find repeated applica- 
tion in the sequel. 

FUNDAMENTAL THEOREM 5.42. Let Ng be a subdivision of a triangulation 
K.. of a polyhedron ® = || Ka'| = |! Ke". Let» = (Ka) and let ds’ be an 
n-displacement of the set MI of all vertices of Kg in®. If S.° is a canonical 
displacement of ® relative to K., then Sa°ds° is a normal mapping of Kg onto 
KK, , 80 that 


(5.42) Sa de sas => cn 
for an arbitrary chain x. € L'(K.4) and, in particular, 
(5.420) Sarda’ss'ta = te. 


for an arbitrary oriented simplex ta of Ka. 

Proof. If eg; is a vertex of Kg, then according to the definition of n(K.), 
the point ds°es; can be contained in only those elements of the barycentric 
covering @ whose centers are vertices of the carrier of ¢g; in K, ; it follows 
at once that de cs ; 1s a vertex of the carrier of eg; in K,. This com- 
pletes the proof. 

$6.5. The Pflastersatz. Invariance of the Betti numbers. We shall now 
show that both the Pflastersatz (see V, Theorems IT’ and II at the be- 
ginning of the chapter) and the equality 


(5.51) b"(|| Ka f}) = w(K.) 


follow immediately from Theorem 5.42. 
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Proof of the Pflastersatz. Let K, be a triangulation of an n-dimensional 
polyhedron @:6@ = || K, ||. Let us set ¢« = 9(W.) and prove that every 
closed e-covering 


eg = {Al, +--+, Ad} 


of @ has order >n + 1. We shall denote the nerve of the covering ¢ by Ky . 

Let 6 be a Lebesgue number of the covering ¢ and consider a subdivision 
Ke, of K, of mesh <6 (the mesh of a triangulation is the maximum of the 
diameters of its simplexes). Denote by d,’ a canonical displacement of Kg 
relative to y. dy’ is an e-displacement; hence if 8S.” is a canonical displace- 
ment relative to A,, the hypotheses of Theorem 5.42 are satisfied and 
Sq dy’ is a normal simplicial mapping of Ag onto A... 

Ilence kK’, is the image of the subcomplex d,°X3 of K, under S,° and it 
follows that the dimension number of d,’Kg, and consequently of A, , is 
>n. This completes the proof. 

Proof of (5.51). There exists a closed covering y of @ = || Ka || of arbi- 
trarily small mesh whose nerve Ky satisfies the equality 7’(A,) = 2’(K.). 
To obtain such a covering it is enough to define y as the barycentric cover- 
ing (see IV, 5.8) dual to a barycentric subdivision Ky of A, of sufficiently 
high order. Consequently 


b'(||Ka ID< a (Ka) 
and it merely remains to be proved that 
5.511) ar(K,) > r(k.) 


for every closed covering ¢ of & = || A, || of sufficiently small mesh (where 
kK, denotes the nerve of ¢). To prove this inequality, let us again set 


e = n(Kq) 


and show that (5.511) holds for an arbitrary ¢-covering. 

Let Kg be a barycentric subdivision of A. of order such that the mesh of 
Kg < 6, where 6 is a Lebesgue number of the prescribed e-covering. As in 
the proof of the Pflastersatz, denote by d,’ a canonical displacement of 
Kg relative to g and by S,° a canonical displacement relative to a. Then 
Sad,’ is a normal simplicial mapping of Ag onto A, . Let 


rT Tr 
4 


daly °° * y §an(r) 


be a set of linearly independent elements of Ao’(A.) aud choose arbitrary 
cycles Za; © jai. These cycles are lirh, i.c., 


oar Cai ~O in K,, 


where the c; are integers, if, and only if, all the e; are 0. 
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: 6, 8- . + ee . 
Since S, dg iS a hormal simplicial mapping, 
®,8 «a r 
Sa do 88 fai = ne 
This implies that the cycles d,’sg"za are lirh in K,. For, if there were a 
F +1 +1 r . 7 a 
chain t, € Lo (X,) bounded by a linear combination of the cycles 
a Tv. 
dg’ 8 fai: 
ttl SB ar 
Arg = dic, 88 fai, 
it would follow that 
+1 @oortl by, r+ $B 
Ata’ = AS. vo — Se Ary = SS Cie d, Sp zai. = i: Coy. 
r+l ® rt+l Lee ee r . - 
where te = Sat, - However, since the cycles zo; are lirh, the relation 


, ttl rT 
AT. -_ >> Ck ai 


implies that all the c; are equal to zero. 

Hence there are in K, at least t = 1’(Ka) cycles dg ss"2ai lirh. This 
proves (5.511) and therefore (5.51). 

The invariance of the Euler characteristic follows from the invariance of 
the Betti numbers and the Euler-Poincaré formula: 

5.52. If the polyhedra & = || kK | and &' = || K’ || are homeomorphic, the 
triangulations K and Kk’ have the same Euler characteristic. 

This may also be stated as 

5.520. All topological triangulations of a topological polyhedron or of two 
homeomorphic topological polyhedra have the same Euler characteristic. 

Remark. The proof of the equality 


bm (|| Ke ||) = tm (Ka), m a prime 


can be carried out in exactly the same way as the proof of (5.51) and is 
left to the reader. 


§6. Invariance of the Betti groups 


§6.1. In this section we shall give a proof of Theorem 1.82. This will also 
prove Theorems 1.33-1.35, as well as the generalization of these theorems 
to the case of polyhedral complexes. It follows from the formulation of 
Theorem 1.32 and the definition of the groups 8’(#) that to prove Theorem 
1.32 it is sufficient to prove the following two propositions: 

6.11. If 6 = || K, || 7s a polyhedron, the system of groups @'(P) ts non- 
emply. 

6.12. The group Ao (Ka) ts tsomorphic to a subgroup of B for every 
BE BS). 

To prove 6.11 it is enough to note that for every « > 0 there is a closed 
e-covering y with nerve K, such that Ag (K,) is isomorphic to Ap (K 4). To 
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construct the covering y it suffices to choose a natural number / such that 
the closed barycentric stars of the barycentric subdivision Ka, of order h 
of A. are of diameter <e. These stars form a closed e-covering of @ with 
nerve Ka, ; the group Ap (K an) is isomorphic to the group Ag (K,). 

We shall now prove 6.12. Let 8 € 8'(@) and put 7 = 43n(K,). Choose 
a closed n-covering » of ® such that % is isomorphic to Ao (Ky), with Ky the 
nerve of X. 

Let Kg be a barycentric subdivision of KX. of sufficiently high order so 
that the mesh of Kg is less than a Lebesgue number of X. If S\" is a canonical 
displacement of the set of all vertices of Kg relative to \ and S,* is a ca- 
nonical displacement of the resulting set relative to K, , Sa Sy? is a normal 
mapping of Kg onto K,. 

Let us assign to each chain 2.’ of A. the chain 


(6.11) Sy?sp*ta" © Lo’ (Ky) 


(where sg", as usual, is the subdivision operator). The result is a homo- 
morphism of Zo’ (4) into Zo'(K,) and an induced homomorphism (also 
denoted by S,°sg*) of Ac'(Ka) into Ao’ (Ky). We shall show that the latter 
homomorphism is an isomorphism. To do this, it is enough to show that if 
Za € Zo (Ka) and 


(6.12) S\’se%ze ~O in Ay, 


then z.” ~ Oin K,.. But (6.12) implies that there is a chain y"~ € Lo (Ay) 
whose boundary is S,"sg"zq': 


Sy’sa"Zar = Tae 
Hence 
nN 
Sa 8) 8325 = SAK. 


: aoe ‘: : - = : 
Since S,’S)° is a normal mapping of Kg onto K,, the left side of the last 
inequality is za’, so that 


ny +1 » +1 
oe = Sa Ayn” = ASa Yn” 7 


where Say’? € Lo’ *'(K 4). This completes the proof. 

§6.2. Invariance of the Betti groups of polyhedral complexes. Let A be 
a polyhedral complex (see IV, 1.2). According to the results of VII, Adden- 
dum, the oriented elements of K form an a-complex; the Betti groups of 
this a-complex arc, by definition, the Betti groups of the polyhedral com- 
plex A. 

Toren 6.2. The Betti groups of a polyhedral complex K are isomorphic 
to the Betti groups of an arbitrary triangulation K’ of the polyhedron || K |!. 

It is sufficient to prove that the Betti groups of a polyhedral complex A 
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are isomorphic to the Betti groups of a barycentric subdivision Ay of A. 
To this end it is enough to show that if {7,’} are the elements of A and if 
{U,’} are their barycentrie subdivisions, then the set {U;"} is a fundamental 
system of subcomplexes of A, . The last assertion will obviously follow if 
we show that each Uy is a simple combinatorial pseudomanifold. 

The proof of the fact that Uj is a pseudomanifold can be carried out 
very simply (e.g., by induction over the dimension number) and may be 
left to the reader. The orientability of the pseudomanifold U; is immediate: 
it suffiees to choose any orientation of the convex polyhedral domain 77’; 
the corresponding oricntations of all the 7-simplexes of U;’ define an orienta- 
tion of UZ. It remains to be proved that every p-cycle 2? € Z"(UZ) is 
homologous to zero in U; for 0 < p < r. Denoting by 4, the boundary 
operator in Ay, we note that Ajz? is a (p — 1)-eyele z?~ of the complex 


Be? a | ve | ~s Le 


=} ; : 
and that the polyhedron || B,~ || is homeomorphic to an (r — 1)-sphere. 
Hence 


—1 = Seif 
2’ ~O0O in B;. 


Choosing a chain 2” € Lo?(B;~') which bounds z?", we see that 
z? — 2? © Z?(| UF |). Sinee UZ is a convex polyhedral domain and | U,’ | 
is a triangulation of this domain, 2” — 2” ~ O in | UZ’ |, so that there is a 
chain 


ptl ptl 
ee erg AON) 
which bounds z” — x”. Hence 


1 
Aa?™ = 2?, 


where A; is the boundary operator in U;’. This completes the proof. 


§7. Invariance of pseudomanifolds 


§7.1. Formulation of the theorems. In this section we shall prove 

7.11. If a triangulation K of a polyhedron ® is a combinatorial pseudomani- 
fold, every triangulation of every polyhedron homeomorphic to ® is also a 
combinatorial pseudomanifold. 

This theorem leads naturally to the following definition: 

7.12. A polyhedron ® is said to be a pseudomanifold if some (and hence an 
arbitrary) triangulation of ® 1s a combinatorial pseudomanifold. 

To prove Theorem 7.11, we make the following definition: 

7.13. A point of an n-dimenstonal polyhedron is called a regular point 
of if it has a neighborhood homeomorphic to ”; in the contrary case, the 
point is said to be singular. 
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iis definition implies that the set of all regular points of is open in @. 
the set of singular points is closed. : 
ase orem 7.11 is obviously contained in the following proposition: 

i i: If at least one triangulation of an n-dimensional polyhedron » isa 
combinatorial pseudomanifold, then ; 

1°) Pisa strongly eonneeted eompaetum (VI, 5,2) % . 

9°) the dimension of the set of singular points of ® ie <n — 2. 

Conversely, tf @ polyhedron ® satisfies Conditions 1°) and 2°), then every 
triangulation of ® is a combinatorial pseudomanifold. 

On the basis of Theorem 7.14 we may give Def. 7.12 of an n-dimensional 
pseudomanifold the following so called invariant form: . 

7.120. A polyhedron ts ealled an n-dimensional pseudomanifold tf it is a 
strongly connected eompaetum of dimension n and its set of singular points 
has dimension <n — 2. 

We note finally that the invariance of the Betti groups (Theorem 1.33) 
and the definition of the orientability of a combinatorial pseudomanifold 
(VIII, 3.2) imply 

7.15. Lf a triangulation of a polyhedron ® ts an orientable (a nonorientable) 
eombinatorial pseudomanifold, then every triangulation of ® is an orientable 
(a nonorientable) eombinatorial pseudomanifold. 

Hence we have only to prove Theorem 7.14. 

§7.2. Proof of Theorem 7.14. Suppose that the triangulation A of the 
polyhedron ® is an n-dimensional combinatorial pseudomanifold. Then 
is strongly connected and consequently @ is also strongly connected (VI, 
Theorem 5.251). Moreover, all points of whose carriers in A are of dimen- 
sion >n — | are obviously regular points of &; hence the singular points 
of @ form a closed set of dimension <n — 2. This proves the first half of 
Theorem 7.14. 

Now suppose that an n-dimensional polyhedron ® satisfies Conditions 
1° and 2° of Theorem 7.14; we must then show that an arbitrary triangu- 
lation A of ® is an n-dimensional combinatorial pseudomanifold. 

Since ® is a strongly connected polyhedron, A is a strongly connected 
complex (VI, Theorem 5.252). It remains to be proved that every (n — 1)- 
simplex 7'"~ of K is a face of exactly two n-simplexes of A. This is a conse- 
quence of 

7.21. [fan (n — 1)-stmplex ‘ae of an n-dimensional triangulation K is q 
Jaee of only one or of at least three n-simplexes of NX, then every point p € TT" 
is a singular point of | K |. 

Proof. We shall consider two cases. 

1°. Suppose that 77" is a face of exactly one n-simplex 7” ¢€ K; let 
V" be the carrying 7-plane of 7”. If p € 7” had a neighborhood U" cy 
relative to AK, homeomorphic to R”, then U" would be open in vy? (V, 


TI 
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Theorem 3.14) and hence p would be an interior point relative to V” of the 
simplex T”. This is obviously impossible. 

2°. Suppose T”~* is a face of 71”, T2”, T3” © K (and perhaps of still 
other n-simplexes of Ay). 

The set ©? = T,;"u T”” v 7.” is obviously homeomorphic to 2”. Let 
V" be a neighborhood of p € 7” relative to || A || and homeomorphic to 
R"; then, since p(p, ® \. V") is positive, there exists a similitude with 
center p of the set I” into a subset U" CT" a V". Then U” is open in 
Vv" (VY, Theorem 3.140) and hence also in || K |'. This is a contradiction, 
since p is a limit point of 73” and 73” and U” are disjoint. 


Chapter X I 
THE A GROUPS OF COMPACTA 


§1. Definition of the groups A’(#, %) 
§1.1. Proper cycles. Let be a compactum. A sequence 


T T 
21,225 °°* 5 Phy Pt ty 


where 2," is an r-dimensional 6,-cycle (see X, 5.1, 5.2) of over W is called 
a proper (or true) r-cycle of € over I if the following conditions arc satisfied: 


1°; limys» 6, = 0. 

2°. For every « > 0 there exists a natural number h(e) such that 
zn (e~) any” for h’ > h(e), h” > he). 

Proper cycles will be designated by 


r T T r 
(1.11) gS = (zy 5 20, eS phy ee 
The sum of two proper cycles 5;)) = (2, 22, °°°, 2, °''), 52 = 
(Zar, 202, °° + y Zon, >**) isthe proper cycle 57 = (2u" + za1’, 212° + 209, °° +; 


211 + Zan , ae -). 

This definition of addition converts the set of all proper r-cyeles of over 
the coefficient domain % into a group Z’(®, %1). Indeed, the addition defined 
above is associative; the zero or null proper cycle (the identity) is obtained 
by putting z;) = 0 in (1.11); and the cycle inverse to (1.11) is 

Se oe ee ee 


which therefore satisfies the condition 
Sas 0: 
A proper cycle (1.11) is said to be homologus to zero (5° ~ 0) in & if for 
every « > 0 there is an A(e) such that 
zn (e~)0 in ® 


for all h > A(e). 
Two proper cycles 5)” and 5.” are said to be homologous if their diffcrenee 
1s homologous to zcro. 


If the proper cycles 
T T T T T T T Tr 
Si Sig 218 5 8 * 2 8D, Sa Sars hae 5 PP he he) 


are each homologous to zcro in @, then their sum is also homologous to 
zero in ®. 
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Indeed, for arbitrary « > 0 and h > hi(e), h > ho(e) there are e-chains 
ain’ ** and wo,"** which are bounded by the cycles 21," and zen”, respectively. 
Hence, if h > hi(e), ho(e), 


aa +1 
A(t ben) = zu’ + Zon’, 


and this proves the assertion. 

Moreover, since the null proper cycle is homologous to zero and since 
3’ ~ 0 implies that (— 5”) ~ 0, it follows that the proper r-cycles homolo- 
gous to zero in & form a subgroup H’(@, %) of Z27(4, YM). 

DEFINITION 1.1. The factor group 


A'(é, WY) = 2, W/M'(S, W 


is called the r-dimensional A-growp (rth homology group) or simply the 
A’-group of the compactum & over the coefficient domain %; the elements 
of the group A’(#, %) are the homology classes of &, that is, classes of 
homologous proper r-cycles. 

Remark 1. Since a proper cycle is defined as a sequence of 6,-cycles 21’, 
the term “subsequence of a proper cycle” needs no explanation. It is also 
quite natural to refer to the cycles 2,’ as the ‘‘members”’ or elements of the 
proper cycle (1.11). 

It is clear that every subsequence of a proper cycle is itself a proper 
cycle. Condition 2° of the definition of a proper cycle immediately implies 
that every subsequence of a proper cycle 3° is a proper cycle homologous 
46.5; 

Remark 2. If 6’ C #, every proper cycle of ©’ is at the same time a 
proper cycle of &; but a proper cycle (1.11) of need not be a proper cycle 
of &’, even if &’ C & contains the vertices of all the cycles z,". [The vertices 
of a é-chain 2” = >> c,t/ are the vertices of the simplexes ¢,’ appearing in 
the linear form 2” = >> ed; with nonvanishing coefficients (see VII, 5.2, 
Remark 3).] 

The following definition therefore makes sense: 

Let (1.11) be a proper cycle of a compactum %; every closed subset 
&’ | © such that (1.11) is also a proper cycle of &’ is called a carrier of 
(1.11) in &. Examples illustrating the concept of proper cycle and, in 
particular, the meaning of Remark 2 will be given in the following section. 


§2. Lemmas on e-displacements and e-homologies 


[See X, 5.1 and 5.2.] 


§2.1. Prisms and «-displacements. Let R be a metric space and let 
x” be an e-chain of #2. Suppose that S is an e’-displacement of the set of 
vertices of the chain x’ transforming 2’ into the chain 2” = Sz’. Having 
enumerated the vertices of x’ in a definite order, let us consider the prism 
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Koy over the skeleton complex A = | 2’ | (see IV, 2.4 and VII, 5.2, Re- 
mark 3). We shall define a mapping S’ of the set of all vertices of A (1) into 
R as follows: if e; is a vertex of the lower base of Kyo (that is, a vertex of 
the chain 2’), we shall put S’e; = e;; but if e;’ is a vertex of the upper 
base of Xj) and e; is the corresponding vertex of the lower base, then we 
shall set S’e/ = Se;. 

If (€’ «++ ee, «++ e,) is any skeleton of the prism K qa , its image under 
the mapping 8S’ is obviously the set {Seo,--:, Se, &,°--, e,} Whose 
diameter is equal to the maximum of the numbers p(e;, €;), p(Se:, Se;), 
p(e;, Se;), with e;, e; any two vertices of the same skeleton of K. 

Ilowever, 

ple: ) £3) < €, 
(Se, Se;) S p(Se:, €;) + plex, e;) + ple;, Se;) 
(2.11) <e tete’ =et 2’, 


plex, Se;) < ples, e;) + p(e;, Se;)) ce + €. 


Hence S’ maps every skeleton of Ayo into an (e + 2e’)-skeleton of FR, i. e., 
S‘ is a simplicial mapping of A (oy into A(R, €¢ + 2e’). 

The simplicial mapping S’ of Ayo into A(R, « + 2’) maps the prism 
to over the chain x2” (see VII, 9.3) into an (e + 2¢’)-chain which we 
denote by Isz” and call the prism spanned by the chain 2’ and its e’-dis- 
placement x2”” = Sz’. In the same way S’ maps the prism Zio’ over the 
ehain 2” ' = Az’ (in the complex Kioy) into the prism TsAz” spanned by 


Az’ and SAz’. 

From VII, (9.34), we now have 
(2.12) ATIga” = 2" — 2” — IIsAz’. 
In particular, if 2’ is an e-cycle, then HsAz” = 0, so that (2.12) reduces to 
(2.120) Al Sa — 22 


> 


which yields the following important proposition: 

2.12. Kuery e-cycle of a metric space R is (e + 2e')-homologous in R to 
every one of tts e'-displacements. 

Remark 1. Let & be a compactum and let @ be a closed e-covering of &. 
Suppose that A, is the nerve of the covering a = {+l1, +--+, -A.}, realized 
in® (or ina neighborhood of ? if & C /2”) insuch a way that 6(a; u A;) < «, 
with a; the vertex of the nerve corresponding to A; € @; and let 6 be a 
Lebesgue number of @ satisfying the condition 


26 + S(a; u li) < € 


sat eS iy ° : . 
for every 2. Iinally, denote by S,° a canonical displacement of & relative 
to a (see X, 5.3). 
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We saw above that every prism spanned by a 6-chain 2’ and a canonical 
. @ + : : : . 
e-displacement S, 2" of x" is a (6 + 2e)-chain. Mowever, in our case, in- 
stead of (2.11), we have the more precise estimates 


p(ei, ej) <b <6, 
p(er, Sas) < plex, es) + ples, Sa’es) <6 +e <e, 
p(Saet Sate;) < p(Sarez, es) + ples, es) + ple;, Sae;) 
<et+6+ Cette’ < 2e, 


where ¢ is the maximum of the numbers 6 (a; u A;). 

It follows that the prism spanned by a 6-chain and a canonical] displace- 
ment of the chain is a 2e-chain and, therefore, in particular: 

2.13. If 6 is a Lebesgue number of a closed e-covering a of a compactum ®, 
every d-cycle of & is 2e-homologous to every one of tts canonical displacements 
relative to a. 

§2.2. The case of a polyhedron ® = || K.||. If Ka isa triangulation of 
a polyhedron ® and K¢ is a subdivision of K, , every normal mapping (see 
X, 3.1) S.’ of Ag onto K, is obviously an e-displacement, where « = 
max {6(Tai); Tai € Kat. 

In this case then all the vertices egjo) , «--* 5 @gj(r) Of an arbitrary simplex 
Ts; of Kg, as well as their images €a:(o) = Sr Casi, 4. oo? pa = ig ree 
are contained in T,;, where T.; is the carrier of 7's; ; hence all simplexes 
of the form (@aio) ++ * @amesj(h) °° * €pjtr)) are e-simplexes and every prism 
spanned by a chain x” € L’(Kg) and its normal image S.*x," € L’(Ka) is 
an e-chain. 

Thercfore 

2.21. Let K, be a triangulation of the polyhedron @ = || K, |) and let ¢ be 
the mesh of K,. (the maximum of the diameters of the simplexes of K.). If Kg 
is a subdivision of K, and S,° is a normal mapping of Kz onto Ka, 


Sa'zs (e~) 26° 
in ® for every cycle zs’ of Keg . 
Coro.iary. Let 
Kw = Kg Ie; eae 5 Bones : 


be the consecutive barycentric subdivisions of a triangulation A. of a 
polyhedron #; the mesh of K., tends to zero with increasing h. If 2.’ is 


: : ee 
a cycle of Ky and Zar’, Za2, °** , Zan, °° are the consecutive subdivisions 
of ze nKa, Kae,-:+, Kan, ++: , then 

Tl ee. T T T T 
(2.21) ee ee ee, 


is a proper cycle of ©. 
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Indeed, if ¢, is the mesh of Ag, , lim ¢, = 0 by hypothesis; and, because 
of 2.21, 


Za(h+k) (en-~) ee 


Remark. If z.. ~ 0 in K,, then 3a) ~ 0 in ®. For suppose that 
te € L'(K,) and Ar,’ = 24". If tan’ *’ is the subdivision of the chain 
te in Kan, then ta*' is an e-chain and moreover, according to X, 
Theorem 2.12, 


rt T 
AXah = Zah; q.e.d. 


The corollary to Theorem 2.21 yields an unlimited supply of proper 
cycles of polyhedra; moreover, the study of the homology theory of poly- 
hedra can be confined to the investigation of proper cycles of the type (2.21). 

This follows from the fact (proved in §4) that every 
proper polyhedral cycle is homologous to a proper 
cycle whose elements are the consecutive barycen- 
tric subdivisions of a cycle of an arbitrary triangu- 

lation K, of the polyhedron. 
To conclude this section, we shall give some fur- 

* ther examples of proper cycles. 
1°. Let us write all the rational numbers in the 
interval O < 6 < 1 in a sequence 1, 7 
Thy ttt. 

Denote by 2’ an oriented circumference and by 
Fic. 132 AM? the torus obtained by revolving 2’ about an 
axis pp’ in its plane but not intersecting it. Now 
consider the oriented circumference %,' which is the result of turning 2' 
about the axis pp’ through the angle 27,7 measured from the original posi- 


eee 
) ? 


. sl Ds: ; fT os hte ey : 
tion of 7. Divide the circumference %, into 2° (hk = 1, 2, 3, +--+) equal 
. - ‘ ; 7 1 
parts oriented in accordance with the chosen orientation z of the cireum- 
at : 1 1 1 1 
ference Z. Denote the resulting l-evcle by z,. Then 3 = (21, ze, °°: , 


z,, +++) is a proper cycle on the torus J/° which is not homologous to zero 
on A’. 

2°. Consider the closed curve 6! of Fig. 132 consisting of the segment 
—-1 < y <1 of the ordinate axis, the portion of the curve y = sin 1/2, 
0 <x < 1/z, and any smooth are connecting the points (0, —1) and 
(1/7, 0) and having no points except these two in common with the ordinate 
axis and the curve y = sin 1/x,0 <2 < 1/z. 

Let 


Co, °** es, Csi = C9 = (1/7, 0) 
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be a finite sequence of points of &' cyclicly ordered counterclockwise and 
with 

per, Cra) < by. 
This sequence defines a 6;,-cyele of the compactum &'. Constructing se- 
quences of this sort (always starting from the same point ¢> = (1/7, 0) and 
proceeding counterclockwise) for a sequence of values of 6, which ap- 
proaches zero, we obtain a proper cycle 
= = (ar', ae ae ne 
which is not homologous to zero in &’. 

The groups A’(’) and A‘(€') are infinite eyelic; A’(€') is the null group 
for r > 1; the proof is left to the reader as an exereise. Hint: lor every e, 
there is an e-displacement of &' which maps it into a closed polygon without 
multiple points. 

If ® is revolved about an axis pp’ which does not intersect it, the result 
is a ring-like surface @°. The proper cycle 5’ constructed on & C & is 
not homologous to zero on &’ either. We may construct on &’ a proper 
cycle analogous to that of Example 1°. The group A’(’) is the free Abelian 
croup of rank 2, the groups A?(’) and A°(#’) are infinite cyclic; A’(#’) is 
the null group for r > 2. Hence the groups A’(®’) are isomorphic to the 
groups A’ of the torus (for each dimension 7). 

SXERCISE. Prove that A°(&) is infinite cyclic if is a connected com- 
pactum (continuum). If @ has n components, A’(4, %) is the direct sum of 
n copies of Y. 


§3. The homomorphism of the groups A’(®) induced by 
a continuous mapping of a compactum 


§3.1. The continuous image of a proper cycle. If C is a continuous map- 
ping of a compactum X into a compactum Y, for each e > 0 let 


ec = sup [o[C(x), C(x’)]; p(x, 2’) < €] 


(the least upper bound is to be taken over the set of all pairs of points 
x, xz’ € X for which p(z, x’) < e). 

The continuous mapping C maps every e-skeleton of X into an e¢-skele- 
ton of Y; hence C induces a simplicial mapping (denoted by the same letter) 
of the complex K(X, e) into the complex K(Y, ec) and this in turn induces 
a homomorphism of the group L'[K(X, 6] into L'[K(Y, ec)]. 

This homomorphism (again denoted by C) assigns to each chain 


a = > otf € LIK(X, ©] 
the chain 
Cx =D aCe € LIK (Y es)I: 
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Since the homomorphism C is induced by a simplicial mapping (see VII, 
8.3), it commutes with the boundary operator A: 


(3.1) ACx” = CAz’. 


It follows immediately that C maps every e-cycle of X into an ec-cycle of 
Y; every e-cycle of X, e-homologous to zero in X, into an e--cycle of Y, 
éc-homologous to zero in Y; and every pair of e-homologous e-cycles of X 
into a pair of ec-homologous ec-cycles of Y. Since C, as a continuous map- 
ping of a compactum, is uniformly continuous, as « approaches zero so 
does ec . Consequently, 

If 
(3.11) z = (ar, 22", on: ee — -) 
1s a proper cycle of X, then 
(3.12) (Cay’, Czo", +++ , Can, +++) 


is a proper cycle of Y; we shall denote the proper cycle (8.12) by C3’ and refer 
to it as the continuous image of 3° under the continuous mapping C. 

The mapping C of the group Z’(X) into the group Z’(Y) defined in this 
way is a homomorphism. Furthermore, it follows from the above that if 
3 ~ 0 in X, then C3’ ~ 0 in Y. Hence the homomorphism C maps 


H'(X) & 2'(X) 


into H’(Y); so that (Appendix 2, 1.1) the homomorphism C of Z’(X) into 
Z'(Y) induces a homomorphism (also denoted by C) of A’(X) into A’(Y). 

If C isa topological mapping of X onto Y, the homomorphism C' is an 
isomorphism of Z’(X) [A’(X)] onto Z’(Y) [A’(Y)]. 

Hence 

3.1. Homeomorphic compacta have isomorphic homology groups. 

§3.2. An immediate consequence of the definition of the homomorphism 
C is the proposition 

3.2. If C.' is a continuous mapping of a compactum &, onto a compactum 
&, and C;’ is acontinuous mapping of 2 onto a compactum 4; , then (see I, 1.2) 


(3.2) Cp = 070s 


is a continuous mapping of ®, onto &; and (3.2) remains valid if Cy’, C3’, C3" 
are interpreted as the corresponding induced homomorphisms of A’(®1) into 
A’(#,), A’(@2) into A"(®3), and A’(#) into A’(@3), respectively. 

§3.3. Homology classification of mappings. Two continuous mappings 
C, and C, of a compactum X into a compactum Y are said to be (r, %)- 
homologous if they induce the same homomorphism C = C, = C, of A’(X, XM) 
into A’(Y, A). If C; and C, are (r, %)-homologous for a given r and all %& 
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(for a given 9 and all r), they are said to be r-homologous (-homologous). 
Iinally, if C; and C, are (r, %)-homologous for all 7 and all %, we shall 
say that they are completely homologous. It is clear that each of these rela- 
tions is reflexive, symmetric, and transitive; hence it is an equivalence re- 
lation, and partitions the set & of all continuous mappings of XY into Y 
into (r, W)-, r-, and W-classes, respectively. However, an even more subtle 
and much more significant classification is achieved by partitioning & into 
homology classes, 1.e., into classes of completely homologous mappings. 

THEOREM 3.3. Two homotopic mappings (see I, 7.4) are completely homolo- 
gous. 

Let Co and C; be two homotopic continuous mappings of a compactum 
® into a compactum ®’. To prove that Co and C, are completely homologous 
it is enough to show that if 

AC ie ee ee ee 
is a proper cycle of &, then Co5’ ~ Ci5" in ®’. Hence it is sufficient to prove 
that for every « > 0 there exists a /'(e) such that 


Coze ( e-~) Cz," 


for k > k(e). We shall prove the last assertion. Let C>,0 < 6 < 1, bea de- 
formation of Co into C,. Choose a 6 > 0 such that p(p’, p”) < 6 in ® and 
|e — 6” | < 6 imply 
(3.31) e(Cep’, Carp”) < 6/3 in ®’, 
and let £(6) be sufficiently large so that 2,” is a é-cycle for k > k(8). 
We shall assume that k > k(6) and write the vertices of the complex 
| ze’ | (see VII, 5.2, Remark 3) in a definite but arbitrary order, say, a, , 
-,@,. The prism over the skeleton complex | 2” | (see IV, 2.1 and 2.4) 


will be denoted by Il, . Now divide the interval 0 < 6 < 1 into equal 
segments 


(0, hi), (0, ) 92), ay ly (O51 5) 1) 
of length <6. Setting 6) = 0, 6, = 1, we shall prove the relation 
(3.33) Coceree = Caen ~ 0 in K@, €) 


for arbitrary 1 = 0,1, ---,s — 1. 

Let S be the mapping of the set of all vertices a, and b, [where a, (,) is 
the set of vertices of the lower (upper) base of the prism T; (see IV, 2.4)] 
defined as: 


S(a,) = Co (a), 
S(6,) = Coci-+1) (dr), yea By Rs » HK. 
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Because of the choice of 6 (Condition (3.31)), it is easy to see that S maps 
every skeleton of I, into an e-skeleton of &’, that is, into a skeleton of the 
complex K(#’, «). Hence S is a simplicial mapping of Il, into K(®’, 6); if 
we let Iz,” denote the prism over 2,” in the complex I; (see VII, 9.3), then 
S maps the chain Iz,” into the e-chain SIIz,” and 


ASIIz," => Cocegnen = Caciyzn - 


This proves (3.33). Summing (3.33) for? = 0,1, --- ,s — 1, we obtain the 
relation 


Cig. = Coz, ~0 in K@’, €), 


which proves Theorem 3.3. 

§3.4. Deformation of a continuous image of a proper cycle. Deformation 
of a proper cycle. We have just proved the following theorem: 

3.4. If Co and Ci are homotopic mappings of a compactum ® into a com- 
pactum ® and 5° is a proper cycle of &, then the proper cycles Cos’ and C15 
are homologous in ®’. 

Related to this result is the following concept: 

DEFINITION 3.41. Assume as given a compactum @, a closed set ¥ C 4, 
a proper cycle 5 of ¥, a continuous mapping Cy of W into a compactum ®’, 
and a deformation Cs, 0 < @ < 1, of Cy. The family of proper cycles Co(5) 
of &’, indexed by the parameter @, is called a deformation of the continuous 
mapping Cy of the proper cycle 5. If ¥ € & and Cp is the identity mapping 
of ¥ into %’, this will be referred to simply as a deformation of 5 in ®’. 

Theorem 3.4 then implies 

3.42. A deformation in a compactum ® maps every proper cycle 5 of & intoa 
cycle homologous to 5 in ®, that 1s, a deformation in & does not take a proper 
cycle 5 of ® oul of tts homology class. 


§4. The fundamental theorem on the A’-groups of polyhedra (The second 
proof of the invariance of the homology and cohomology groups) 


§4.1. Fundamental Theorem 4.1. Let Aa be a triangulation of a poly- 
hedron &. Then A'(®, 9) ts tsomorphic to A™(Ka , WU). 

Remark. Theorem 1.35 of Chapter X follows from Theorem 4.1. 

We shall now proceed to prove Theorem 4.1. 

We shall write Za’, Hs", Ae’, Za, Ha’, Aa instead of Z'(4, 9), H'(’, W), 
A (?, 1, 7(Ka, 0, (Ka, 0, ACK. , 1); and in place of L’'[A(, 4), 1] 
we shall write Las, etc. 

§4.2. Construction of the homomorphism S," of Ag’ into A,”. Let a be 
the baryeentric covering of dual to the triangulation A, and let 6 be a 
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Lebesgue number of «. We shall use S." to denote a canonical displacement 
(sce X, 5.3) of ® relative to a, as well as the induced simplicial mapping of 
K(®, 6) into K, and the induced homomorphism of Le,;’ into L,.’ which com- 
mutes with A. The homomorphism S,” assigns to every chain 


(4.21) t. => Dd ete 
of @ the chain 
(4.22) Sar’ = 68.77; 


: : ® . 
it maps every 6-cycle 2’ into a cycle S,°2" € Z,’, every 6-homologous to 
Te: Pry : : r : : 
zero 6-cycle z’ into a cycle S, 2 homologous to zero in K, , and every pair 
of 6-homologous 6-cycles into a pair of homologous cycles of K.. 
If 


(4.23) 5 ea 5 eh 


is a proper cycle of 6, starting with some A all the z, are 6-cycles which 
are 6-homologous to each other. Consequently, for sufficiently large h all 
the cycles S,°z," are homologous, that is. they are all contained in the 
same homology class 34 € Aq. We shall denote this homology class by 
S,°5", and use the same symbol S,° to designate the homomorphism of 
Ze’ into A,” which assigns to every proper cycle 3 of & the homology class 
Ses € Aa. 

Since a canonical displacement S,* maps every 6-cycle, 6-homologous to 
zero in ®, into a cycle of A, , homologous to zero in kK, , the homomorphism 
S,* maps a proper cycle homologous to zero into the identity of AJ’. 
Ilence S,*” maps every pair of homologous proper cycles of © into the 
same element of Aq”. Therefore, a canonical displacement S,” induces a 
homomorphism (also denoted by Sa?) of Ae” into Aa’. 

$4.3. S,° is a mapping onto A,”. Let 3.” be an element of A,’ and let 2.” 
be a cycle of the homology class 3.’. Denote by Kas the barycentric sub- 
division of order h of AK. , and by Zea’ the subdivision of the cycle 2,” in 
kK, . A canonical displacement S,° applied to the vertices of K4, induces 
a normal simplicial mapping of K., onto K,, with Satan = Za; that is, 
if 5’ = (Ze, Za1) °** » Zany ***) i8 & proper cycle whose homology class is 
je € Ag’, then 


Hence S.° is a homomorphism onto A,’. 
We are now ready for the last step of the proof of the invariance theorem. 
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§4.4. The homomorphism Sa of As’ onto A,” is an isomorphism. This 
assertion follows from the following proposition: 
4.41. If 


mae veer cee hee 
1s a proper cycle of & and 
8.23 ~0 inka, 
then 3° ~ 0in®, 1. e., for every « > 0 there is a k(e) such that 
zn (e-~)0 in ® 


fork > k(e). 

Proof. Suppose that 26, < ¢1s a Lebesgue number of A, (that is, of the 
closed barycentric covering dual to K.) and choose fh so that Aa, is a 
6.-complex and the corresponding barycentric covering is a 6,-covering. 

If dan < 6, is a Lebesgue number of K,,, choose k(e) so that all the 
Ze are dan-cycles for k > k(e). Assume that k > k(e). 

Then (by 2.13) 


(4.410) Zn (26a-~) San en’. 


Since A, is a regular subdivision of A, , according to X, Theorem 2.35, 
there exists a cycle z, of K. such that 


© , 7 
San % ™Sar2a MNKa; 

hence 

(4.411) Zn (26g-~) Sah Za 


The canonical displacement S,* maps the left side of the homology (4.411) 
into S.7z," and the right side into z,”, so that 


Saree ~ 2a" nA,. 
By assumption, Soa) ~ Oin Ky; hence san*Za" ~ O in Wax. Since Kar 
is a 6,-complex, 
Sah Za (€-~)0 in ®. 
Therefore, by (4-t11), 
zn (e-~)0 in &, 


This completes the proof of the invariance theorem. 

§4.5. Rules for finding the images of the isomorphisms Sa” and (S.°)-1. 
We shall formulate once more the conerete realizations of the isomor- 
phism S.° of As’ onto A,’ and its inverse (Se 
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First Rulc. Given an element 39 of As’ it is required to find the cor- 
responding clement ja” = Sa°3e" of A”. To this end, choose an arbitrary 
proper cycle 5” of the homology class je” and an /h sufficiently large so that 
all the cycles 2, k > h, are 6-homologous 6-cycles (where 6 is a Lebesgue 
number of the covering a). The canonical displacement S,° relative to a 
of an arbitrary cycle z,, k > h, is a cycle of A, , and its homology class is 
the required element of A,’. 

Second Rule. If 3.7 € Ag’, it is required to find the corresponding ele- 
metas = (5) 4 of Aa 

To this end, choose a cycle za € 3a. Then z,’ and its consecutive bary- 
centric subdivisions 

Sy Bass nit ree ea 
form a proper cycle 5" whose homology class is the desired element of Ag’. 

Remark. The preceding considerations contain as a special case the 
proof of an assertion made in 2.2: 

Every proper cycle 


cH a (2r’, Ze’, sey ge cae *) 
of a polyhedron ® = || K, || 1s homologous to a proper cycle of the form 
Stay = Bars Zal; sty Zaks _ “3 


where 


T Tr 7 T Tr T 
Se Le: GN. Ba Beg Sang 


are the consecutive barycentric subdivisions of Za’. 
A ‘ © : 

Indeed, suppose that a canonical displacement S,° relative to a maps 3° 
: ; b As 
into 2. Then according to 4.3, Sa 5a) = Za. Therefore, 

ie) 
Se (3 i 3a) ) = 0, 
so that, by 4.4, 3° ~ 5a)’ in®. 

§4.6. Cycles 2’ © Z,’ and homologies in ® = || K, ||. Since the second 
rule of 4.5 gives a perfectly definite realization of the isomorphism between 
Zq and Zs", we are justified, whenever convenient, in identifying an arbi- 
trary cycle z. € Z,' with the proper cycle 


(4.61) 3 (a) = (ae: Zeal re aes Bos ee -) 


consisting of z. and its consecutive barycentric subdivisions. In par- 
ticular, it is natural to say that a cycle z.’ € Z,’ is homologous to zero in ® 
if 5(a) is homologous to zero in &. In the same way we say that the cycles 
Za and z,” € Z,’ are homologous in ®, ete. 
4.6. If 22” € Z,' is homologous to zero in a polyhedron ® = || K, ||, then 
Tr T 
Za € H,’. 


170 THE A-GROUPS OF COMPACTA [cl XI 


Proof. Let ¢ be a Lebesgue number of K,. Then there exist a natural 
number h and an echain 2”** in ® such that Az?’ = zas’. A canonical 
displacement relative to kK, maps 2") into a chainaz,”* € L,’* and zen” 
into z4’, With Az,’*' = 2”. 

Corouuary 4.61. If the cycles 24, 24° © Za are homologous in ®, they 
are homologous in Kg . 

§4.7. The image of a cycle z.. € Z,. under a continuous mapping C of a 
polyhedron = || K, || into a compactum ’. Parametric representation 
and deformation of singular cycles. Let K, be a triangulation of a poly- 
hedron & and let C be a continuous mapping of © into a compactum ®’. 
The considerations of 4.6 lead to the following definitions: 

4.71. We shall call the proper cycle 


x = Cex) = (Cz., Cza, wae C2ak a 


(see 3.1), where Zar, °°: , Zax, °** are the consecutive barycentric sub- 
divisions of z,’, the zmage of the cycle z,, € Z, under the continuous map- 
ping C of the polyhedron @ into the compactum ®’. 

4.72. A proper cycle 5’ of a compactum ©’ is said to be a singular cycle 
of &’ if it can be represented as a continuous image of a cycle 2. € Za: 


(4.7) 5 = (2a Cea’; eee Czar ; Ae -); 


where A, is a triangulation of &, the cycles 2a1, 242) °** » Zak) °** are the 
consecutive barycentric subdivisions of z,.’, and C is a continuous mapping 
of || X,.!, into &’. The representation (4.7) is called a parametric representa- 
tion (relative to A, and C) of the singular cycle 3’. 

We shall call a deformation of a continuous mapping C of a proper 
cycle (za’, Zar) °° * » Zak, ***) Of a polyhedron || K. || a parametric deforma- 
tion of the singular cycle 5° (represented by the proper cycle). 

Two parametric representations 


Col(za ) = (Coz, Cozar saree CoZak 3 ss a) 
Cy(z.") = (Ciza’, Ciza naar: Craik 5 me *) 


are said to be homotopic if there is a parametric deformation which takes 
one into the other. 

Remark. In all the applications of these definitions in Chapter XVI the 
compactum ©’ is assumed to be a polyhedron. 

§4.8. Orientability and orientation of closed pseudomanifolds. The fol- 
lowing proposition is an Immediate consequence of the isomorphism of the 
groups A"(?) and A"(A,) for every polyhedron ® and every triangulation 
K, of P: 

4.81. If @ is an n-dimensional closed pscudomanifold, only two cases are 
possible: either Ap"(&) = A’(&, J) is infinite cyclic or Ao"(&) is the nall 
group; in the first case every triangulation A’, of ® is an orientable combina- 
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torial pseudonianifold and @ is said to be an orientable pscudomanifold; in 
the second case every A, is a nonorientable combinatorial pseudomanifold 
and © is called a nonortentable pseudomanifold. 

If @ is an orientable n-dimensional closed pseudomanifold, each one of 
the two generators +3” of Ao’(#) is called an orientation of ®. 

If K,” is any triangulation of an orientable pseudomanifold @ and +3," 
are the two orientations of the combinatorial pseudomanifold A,”, the 


orientation 3.” corresponds to that orientation of 6 = || K,” || which con- 
tains the proper cycle 

(4.81) ais Cie, a) ae yy ops 

in the same way, the orientation 35” of 6 = |! K.” || corresponds to the 


orientation 3,” of kK.” which satisfies the condition 
nm n n n nT 
Ma = (oe » al » '*' » @ak y a) c be - 


Hence there 1s a (1—1) correspondence between the orientations of a pscudo- 
manifold ® and those of an arbitrary triangulation K, of ®. 

Iivery proper cycle 3” contained in a given orientation j+” of a pseudo- 
manifold ¢ is called an orienting cycle of (more precisely, an orienting cycle 
defined by the given orientation of @). If K,” is any triangulation of 9, 
each of the two orientations +3,” of K,” is also often referred to as an 
orienting cycle of ©. 

Remark 1. Let C be a continuous mapping of an orientable closed 
n-dimensional pseudomanifold ®; the image of ® is a compactum ®’. C 
maps each orientation 36” of into an element C3e” of Ao”(#’), the zmage 
of the orientation under C. 

REMARK 2. Sometimes, the term orzented pseudomanifold is used instead 
of the expressions orientation and ortenting cycle of a pseudomanifold; the 
former refers of course to the pair: a pseudomanifold and an orientation (or 
an orienting cycle) of the pseudomanifold (or most often to a pseudomani- 
fold and an orientation of some triangulation of the pseudomanifold). 
If the pseudomanifold is an n-sphere, the expression oriented sphere is com- 
monly used in the above sense. 

§4.9. The homomorphism (," of A,” = A’(K,, 2) into A,” = A’(Al,, X) 
induced by a continuous mapping Cy” of a polyhedron @ = || K, || into a 
polyhedron W = {! J, ||. Because of the isomorphism established above 
between the groups As and A,’ (and the groups Ay’, A,’), the homomor- 
phism Cy® of Ag’ into Ay’ induced by a continuous mapping Cy® of & into 
W defines a homomorphism of A,’ into A,’ which we shall denote by C,*. 
The mapping is easily constructed by 4.5. We shall state the rule explicitly: 

Given an element 3.” of the group A,’ it is required to find the clement 


(4.90) Cie = 5 Cg (Sa. 
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of the group A,’. To this end, recalling the definition of S.* and (S.°)”, 
letting K,, stand for the barycentric subdivision of A, of order h, and 
Sqn for the isomorphism of A,’ onto Ag,’ induced by the subdivision (see 
X, 2.1), we may rewrite (4.90) in its final form 


(4.9) Coie = SC San ta, 


where hf is a sufficiently large natural number (see below). Equation (4.9) 
may be stated as the following proposition: 

4.9. A continuous mapping Cy® of a polyhedron & = || K, || into a poly- 
hedron VW = || AL, || induces a homomorphism C,* of Aq into A,’ defined as 
follows: Set (see X, 5.4) » = n(AI,) and choose 6 > 0 sufficiently small so that 
dc < 7» (see 3.1). Now choose h sufficiently large so that the mesh of Kn is 
less than 6. 

Tf ga © Aa and z,’ is an arbitrary cycle of 3a, consider the subdivision 
Zan’ = Sah Za’ Of 3a IN Kan. The cycle Cu*zan is an n-cycle of ¥; a canonical 
displacement S,* of Cy*zan’ relative to M, is a cycle z" of M, and its homol- 
ogy class is the desired element C,*3. of Ac’. 

If Cy* is a topological mapping of a polyhedron @ = || K, || onto a 
polyhedron ¥ = || AJ, ||, C.* is an tsomorphism of A,’ onto A,’; finally, if 
@ = W and Cy” is the identity mapping, the homomorphism C,*, which 
in this case takes the form 


, aT ® a, rT 
(4.9 ) Cy ja = De Sah ga) 


becomes an isomorphism of A,’ onto A,, where A, and J/, are two (in 
general, topological) triangulations of ®. 


$5. Simplicial approximations to continuous mappings 
of a polyhedron into a polyhedron 


$5.1. Definition of a simplicial approximation to a continuous mapping 
Cy? of a polyhedron @ = || K.|| into a polyhedron ¥ = || 1,||. 
Let » = 7(M,) and choose a 6 > 0 such that 6¢ < 7 (see 3.1) and a sub- 
division A, of K,of mesh < 6. The mapping Cy* takes every 6-skeleton of 
® into an -skeleton of W; hence, if S,” is a canonical displacement of ¥ 
relative to the covering o, the mapping S,”"Cy* defined on the set of ver- 
tices of Kan induces a simplicial mapping 


v ® h 
S, Cy as Se 


of Aan into AZ, . 
7 The mapping S,™ of Ka, into Af, , and also the simplicial mapping 
5. of & = | Kan |] into ¥ = |] AV, || induced by it, is called a simplicial 
(ah, o)-approvimation to the continuous mapping Cy". 

The composition of the homomorphism sax (the subdivision operator) 
of L,” into Ly,” and of the homomorphism 8," induced by the simplicial 
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P ] > ‘ : ; a h . 
mapping S,*" of A, into A/, yields a homomorphism 5S,°"sa.° of L.” into 
Lies 


: h Vy & 
(5.11) Ss Bie 2. = De Cy Sah Za > ae € ee 


° h : os * I 
Since 8,“ commutes with A, it induces a homomorphism 8,°"san" of 
A, into A,’: 


(5.12) So Sat 3a = Se! Ce San 3a: 

Comparing (5.12) with (4.9), we conclude that 
(5.1) CPi = SS Sak bas 
that is, 


5.1. The homomorphism of A,’ into A,’ induced by a continuous mapping 
of a polyhedron @ = || K, || into a polyhedron WV = || AL, || 1s realized by taking 
a subdivision Kv a of Ka of sufficiently small mesh and applying to the elements 
of Aa first the subdivision operator Sax and then any simplicial (ah, o)- 
approximation to the continuous mapping. 

§5.2. Fundamental property of S,””. 

THEOREM 5.21. A simplicial approximation §,*" (of ® = || Ka |, = || Kan || 
into V = || .M,'') to a continuous mapping Cy* is homotopic to Cy®. 

Lemma 5.210. Suppose that Co and C are two continuous mappings of a 
conpactum & into a polyhedron’ = || M, || with the following property: if 
x € ®, both points Cyx and Cyx are contained in the closure of a simplex of M, . 
Then Cy 1s homotopic to Cy. 

Proof of Lemma 5.210. The polyhedron WV is contained in some R”. Every 
closed simplex is a convex set; hence, by hypothesis, for every x € ®, the 
straight line segment [Cov, Ciz] joining the points Cox and Cir in R” is 
contained 1 WV. Let us denote by Cex, 0 < @ < 1, the point of [Cox, Cig] 
which divides this segment in the ratio 6:(1 — 6) in the direction from 
Cox to Ciz . The resulting deformation Cex maps Cp into C). 

Proof of Theorem 5.21. According to Lemma 5.210, it 1s enough to show 
that if p € ®, the carrier of the point S,7“p in M, is a face of the carrier 
of the point Cy*p. 

Suppose p € Tan € Kan, Tan = (ao -*- ar), and Cy°p € T, € M.. 
Since the diameter of the set Cy?7'a, is less than 7 and Cy?7T'q, is known to 
have the point Cy*p in common with T,, the set Cy*T a, is contained in 
the union of the elements of the covering o (the barycentric covering 
dual to A/,) whose centers are the vertices of 7’, and which do not intersect 
the remaining elements of o. Therefore the points S,"Cy*ao = ao’, --* 
S.’Cv*a, = a,’ are vertices of the simplex 7, so that the simplex 


So Lea, = (ao sid ae) 


is a face of 7, . This is what we wished to prove. Hence 


) 
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5.2. A continuous mapping of a polyhedron ® into a polyhedron WV 1s 
homotopic, and consequently homologous, to every simplicial approximation 
to the mapping. 

A consequence of the fact that the carrier of the point S,°"p in A/, is a 
face of the carrier of the point Cy*p in the same complex is the following 
proposition: 

5.22. If the mesh of AI, ts less than a prescribed € > 0, then 


p(Cy"p, S."p) < « 


for arbitrary p © ®. 

Yor a triangulation J/, of sufficiently small mesh, we conclude from 5.22 
that: 

5.23. Let C be a continuous mapping of a polyhedron & = || K, || into a 
polyhedron Y. For every « > 0 there exists a simplicial approximation Se 
to C (which ts a simplicial mapping of some subdivision Kan of Ka) of Ka 
into a triangulation MI, of V of sufficiently small mesh such that 


p(Cp, S.*"p) < € 
for every p © ®. 


§6. Degree of ‘a continuous mapping of closed pseudomanifolds 


In this section ® and W are closed n-dimensional pseudomanifolds, as- 
sumed to be oricntable. C denotes a continuous mapping of © into WV; 
K. and AM, are arbitrary triangulations of &, Y, respectively. 

§6.1. Definition of the degree. Choose definite orientations 3— and jy 
of ® and ©. Then As” consists of the elements m3e and Ay” of the elements 
m3y , Where m is an arbitrary integer. The homomorphism C of Ag” into 
Ay” induced by the mapping C yields 

Ce) = Yu, 
with y an integer, known as the degree of the continuous mapping C. 

Remark. The number y is completely determined by the mapping C 
and the orientations of ® and W; replacing one of these orientations by its 
opposite changes the sign of y. 

$6.2. Definition of the degree of a continuous mapping of an n-cycle 
into an n-dimensional orientable pseudomanifold. The following notion 
is an Immediate gencralization of Def. 6.1. 

Suppose that C is a continuous mapping of a compactum ®& into an 
n-dimensional orientable pscudomanifold WV. Let us choose a definite 
oricutation 3y of Y, that is, a definite generator of the infinite cyclic group 
Ay" . Suppose that 5" is a proper n-cycle of mapped by C into the proper 
eycle C5” of ¥ and that C5" is contained in the homology class y 3v” € Ay"; 
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the integer y is called the degree of the mapping of the proper cycle 5" into V 

In the majority of applications of this definition, the compactum ® will 
be a polyhedron and the proper cycle 3” will be a cyele of a triangulation of 
® in the sense of +.6; consequently, C5” is a singular eycle. 

§6.3. Calculation of the degree of a mapping. ‘he isomorphism S,° 
maps a generator 3g of As” into a generator 34 = Zz,” of the cyclic group 
A,” = Z,” and it is always possible to choose the orientations f,; of the 
simplexes of A, so that 


n n 
fg = ota: 


In the same way one may choose the orientations ¢,;" of the 2-simplexes 
of MJ, so as to satisfy the relations 


Vv n n 
Si jy 7? 30 = Re) > aly 


for the chosen orientation 3y of ©. 
Then the cycles 


x. = n n n 

O(a) — (2 5) Zal OE Zak anand -) 
a _ n n n 

0) ~~ (2. » 21 > °*' y 2k y eee) 


are contained in the homology classes 34 and 3 , respectively, and 


i 


C P _ = _ 1 n n 
Vv 3a) ™~ YS@) = (20 » Y%o1 » °° * 5 Yok y ae 


Furthermore, (S,°) "3. = 3 ; but je is the homology class of the proper 
be 5 ) 


cycle 3¢a) = (Ze", Za1”, °** » Zak”, ***), Mapped by Cy® into the homology 
class of the proper cycle 


a __ n nr n 
Yoo = (YZ. » ¥%o1 » °° ° y Y@ok y rae) 


A canonical displacement S,” maps the latter homology class into the 
class containing y3, = yz". Hence S,"Cv"(Sa*) Za” = Ye", that is, by 
(4.90), 


Caren -_ Y20" 

Therefore, 

6.31. If Cy* ts a continuous mapping of an oriented pseudomanifold © 
into an oriented pseudomanifold ¥, the homomorphism Cy* of Ae” into Ay” 
and the homomorphism C,* of Aa” into A,” induced by Cy” are defined in ac- 
cordance with the formulas 


(6.31); Caza = YI0 5 
(6.31). Coe = 203 
where 


n n nm n 
Ze = Du: lat y 24 = yo bee 
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are the orrentations of Ka and Ml, eorresponding to the orrentations 35 and 3y 
and y is the degree of the mapping Cv”. 

Remark 1. We adopted (6.31), as the definition of the degree y of the 
mapping C’; we sce now that it would be equally valid to take (6.31)> as 
the definition of y. 

Hence 

6.32. Suppose that Ka, M, are arbitrary triangulations of &, V; that Kan 
is a sufficiently fine subdivision of K. ; and that S,“" is an (ah, c)-simplicial 
approximation to the continuous mapping Cy’. 

If the orientations of Ka and ®, as well as those of Al, and V, correspond 
to each other, the degree of the mapping Cy” is equal to the degree of the sim- 
plieial approximation S,*". 

Remark 2. Theorem 6.32 is a special case of Theorem 5.2. I have pre- 
ferred, however, to prove Theorem 6.32 independently in order to show 
once more how simplicial approximations are used to study continuous 
mappings. 

§6.4. Fundamental properties of the degree of a mapping. An immedi- 
ate consequence of the definition of degree is 

6.41. Two (n, J)-homologous, and therefore two completely homologous or 
two homotopic, mappings of a closed ortentable pseudomanifold into another 
have the same degrec. 

Remark: The easen = 1. Using Remark 3 of VIII, 5.2, it is easily shown 
that a “normal mapping of degree y” of one oriented circumference into 
another defined in II, 2.5 is indeed of degree y. Since both definitions of 
degrce (that of II, 2.5 and XI, 6.1) yield the same degree for two mappings 
in the same homotopy class, and since every mapping of one circumference 
into another is homotopic to a normal mapping, the degree of an arbitrary 
continuous mapping of one etrcumference into another in the sense of Def. 6.1 
is equal to its degree in the sense of II, 2.5. 

Let us now return to the general case of two n-dimensional orientable 
pseudomanifolds @ and ¥. There exist precisely two isomorphic mappings 
of the infinite cyclic group Ag” onto the infinite cycle group Ay”: the iso- 
morphism which maps 3e” into 3y” and that which maps js” into —3y” 
(here 39” and 3y” are definite orientations of ® and Y). 

Consequently 

6.42. The degrce of a topological mapping of a pscudomantfold ® onto a 
pscudomanifold V is cither 1 or —1. 

6.43. If C,' (C;’) is a continuous mapping of a closed orientable pseudo- 
manifold 4; (4,) into a closed orientable pseudomanifold &, (#3), then the 
degree of the mapping C3’ = C3'Co' of , into &; is equal to the product of 
the degrees of Cy' and Ce 
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~] 


lor, 
Co'(31) = Vide 5 
Cs(32) = 283 
Cs'(Co (31)) = Cs (va32) = nC (32) = “117283 


where 31, 32, 3s are orientations of ®,, &:, 63, respectively, and y ,y 
are the degrees of C.' and C;’. 

Gt. If C(’) C W, that ts, if C(’) # W, then the degree of C is zero. 
Proof. Suppose p’ © W, p’ € C(®) and let « = p(p’, C(&)). Take a tri- 
angulation J/, of Y of mesh <e and denote by A/,* the combinatorial clo- 
sure of the complex consisting of all the simplexes of A/, containing at 
least one point of C(&). 1/,* is obviously a proper subeomplex of A/, so 
that A”(.\/,*), and hence A”( || 1/,* ||), is the null group. The mapping C 
takes ® into the polyhedron /|' J/,* ' so that every cycle C(5"), with 3” € 
Zs" any proper cycle of , is homologous to zero in |; A/,* |! and therefore 
in VW; in other words, C(3) is the identity of Ay” for every 3 € As”. This 
completes the proof. 

Examples of continuous mappings of various degrees are given in XII, 
5.4, which may be read at this point. 


Chapter XII 
RELATIVE CYCLES AND THEIR APPLICATIONS 


In this chapter 6 denotes a compactum, I an open set in ®, and ¥ = 


es Be 
$1. The complex A(T, «) 


§1.1. Definition of A(T, «) and basic notation. By A(I’, «) or, more 
precisely, A(#, T',e) we shall mean the complex K(, —).\A(Y, ©. Hence 
the simplexes (skeletons) of the complex A(T, €) are precisely those e-sim- 
plexes of @ which have at least one vertex in I. 

Sinee A(T, 6) = K(®, 6€) \ AY, © and K (¥, 6) is an unrestricted, and 
hence closed, subcomplex of K(#, ¢), A(T, ©) 7s an open subcomplex of 
the unrestricted simplicial complex K(®, €). 

Remark. We shall use the notation K(#, T, 6) very infrequently and 
only when [ is also an open subset of a second compactum (besides &) 
Which enters mto the discussion. The most important case occurs when, 
of two given compacta, one is a subset of the other. Thus, if Pf C y) C , 
where ® is closed and IT is open in %, then every skeleton of A (@, I, 6), as 
is easily seen, is a skeleton of A(@, T, €); that is, 


K(@®,T, 6.) CAG, TY, «). 


The converse inclusion does not hold in general: A(#, T, €) contains skele- 
tons not in A(®o, T, ¢«), namely, all the skeletons of A(, «) which have at 
least one vertex in T and at least one vertex in ® \ & . 

We shall use the following simplified notation. Le,.’, Ze,, ete. will 
stand for L'[A(@®, ¢«, %)], ZA (, ¢, WJ, etc. Instead of L'[A(T, «, 9), 
ZI(AK(L, ¢, %], etc. we shall write Zr,.’, Zr,., ete. Finally, Av’ will mean 
the boundary of a chain 2” € Le, in A(’, 6, and Ara’ will denote the 
boundary of a chain x” € Lr,,’ in A(T, e). 

§1.2. Cycles and homologies in A (I’, «). Since A(T, ©) is an open sub- 
complex of A(@, €), Theorem 6.51 of VIT vields 


(1.20) AKT, oe = KOO 
for every v € Ly,” in particular 
(1.200) Are = ACT, ear, we € Ly. 


It follows easily that: . 
1.21. If ve” € Ly’, then A (I, 6&2” is a cycle of A(L, ¢) if, and only if, 


78 
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Az’ € Zy,’ ’. Asa special case, if 2” € Lr.., then x” € Zre if, and only if, 
Av’ € Vie 

Another consequence of (1.20) is 

1.22. If 2” € Les,.”, then 


(1.220) A(T, 2a’ ~ 0 in K(T, e) 
if, and only if, there is a chain 2”*’ € Le,."** such that 
(1,221) Ae eae ee 
For, if (1.220) is satisfied, there exists a chain 27"? € Ly.“*' such that 
Are” = K(T, 6&2’; 
but 2”*? = K(T, 22", so that 
Ara™*) = ApK(T, da’? = K(T, dar’; 
that is, A(D, 2” = K(T, €)Ax™™ or 
ATO ar Sa a6: 
Hence 
(1.221) Ag™*! — 2" € Ly. 
On the other hand, if (1.221) is satisfied, then 
K(r, 6—)(Az"* — 2") = 0, 
that is, 
KToe Sik ane SArmkii2e 
so that 
K(t, ez" ~ 0 in A(T, ©). 


As a special case, if 2 € Zr,., we obtain 
1.221. A cycle 2 € Zr,’ is homologous to zero in A(T, e) if, and only if, 
there is a chain 2’*’ € Le..” satisfying the condition 


1 
Ax"? ae z ‘Ss Lye « 


ExaMPue. Let @ be a square with interior T and boundary ©. Let A 

be a triangulation (Fig. 133) of & of mesh less than a prescribed e. Denote 
. . : 2 2 

the triangles of K oriented counterclockwise by 4°, «++ , &: and assume 


180 RELATIVE CYCLES AND THEIR APPLICATIONS (cl. XII 


that | 4° |, ---, | de | are the triangles of the top half of the square. The 
oriented 1-simplexes ie rey ty’ are shown in the figure. If 
z= dint, © = Diab, wah +b th +h, 
y = yes i, 


then 2’ € Zr,¢. Further, 2’ € Hr... This is because 


Age eg! oh y, 


where 


§1.3. (ec, ¥)-displacements. 

DEFINITION 1.31. An (e, V)-displacement of a compactum © is a mapping 
S* of ® into itself with the following two properties: 

1°. p(x, S*x) < « for every x € ®. 

2°. S*x € Vforevery2 € V=O\T. 

Let 6 and be arbitrary positive numbers. Every (e, ¥)-displacement in- 
duces a simplicial mapping of the complex A (®, 6) [A (Y, 6)] into A(®, 6 + 2e) 
[A(W, 6 + 26)] (see X, 5.2) and hence homomorphisms S*?, 8S”, and S' = 
K(1, 6 + 26S” of the groups Lg," (sec VII, 8.2 and 8.4), Lys’, and Lys’ 
into Lasse, Ly sice, Lripee, respectively. We are interested here in the 
third of these homomorphisms, S*‘. If 2” is an arbitrary chain of A(T, 6): 


Tv T Tr 
w= dij ajlss € Les, 
then 
tr } g 
S x = per a;s tis, 


where only those terms a,S°t;,8° of the linear form a;S°t;.. are to be 
y 
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retained for which S*t;,." are oriented r-simplexes of K(T, 6 + 2¢). The 
homomorphism S" commutes with A, that is, 


S*Ara” = ApS? 2" 


for an arbitrary x" € Lr.s’ (see VII, 8.4). 
THEOREM 1.32. If z’ is an arbitrary cycle of K(T, 6) and S® is an (e, V)- 
displacement of ®, then 


Zz~ S82 in K(T, 6 + 2e). 


The proof is similar to that of Theorem 2.12 of XI. Let IIz’ be the prism 
spanned by z’ and S*2’ (see, XI, 2.1); its simplexes (that is, the simplexes 
on which the value of IIz’ is different from zero) have diameter <6 + 2e 
(XI, 2.1); hence Iz’ € Le sy... By XI, (2.12), 


Allz’ = 2 — 8°" — Az’, 


where IIAz’ is the prism spanned by Az’ and S*Az” = S”Az’. Since IAz’ 
ison ACY, 6 + 2e), according to 1.22, 


z — S*22~0 in K(T, 6 + 2e). 


This completes the proof. 

§1.4. Canonical displacements. If a = {A,, --: , As} isa closed e-cover- 
ing of a compactum ® and A,, --- , Au are the elements of @ which inter- 
sect VY, then the sets Wn Ai, --:, Un A, form a covering Va of V € ©. 
The nerve of a will be denoted by A, and the vertices of K, by a, --- , as, 
with a; and A; corresponding to each other. In this notation, a1, +--+ , au 
are the vertices of the nerve Ky. of the covering Va. The complex Ky. 
is a subcomplex of K, ; a set of vertices ai), @ia) , °° + » Airy Of Ky. defines 
a simplex of Ay. if, and only if, 


Vn Aig A “NA 0. 


We shall denote the groups L’(K,, %), L'(Ke., WM, LU (Ka\ Kee, Y), 
etc., by La’, Lye’, Lra’, ete. 

A canonical displacement S,° of ® relative to a assigns to each point 
p € ®a vertex a; of K,, and to each point p € WV a vertex ax) of Kya. 

Now let 6 be sufficiently small so that it is a Lebesgue number of both 
coverings « and Va. As we know S,” maps every é-skeleton of ® into a 
skeleton of K, ; in addition, it maps every 6-skeleton (e) --- e,) of W into 
a skeleton of Kya. In fact, for each e;,7 = 0, ---, 7, the point S,°e; isa 
vertex ai;, subject to the condition that e; € A xj) ; since all the e; are con- 
tained in WY, the sets ¥ n Aiwy, --- , YA Aig all intersect the set con- 
sisting of the points eo, --- , e, and having diameter <6. Since 6 is a Le- 
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besgue number of Wa, the sets Yn Aiw, -+: , Yn Aig have a nonempty 
intersection; hence the vertices as , -++ , Gi) form a skeleton of Ky. . 
Consequently 
1.41. If a = {Ai, ---, As} is a closed e-covering of a compactum ® 
and A,, --- , A, are the clements of a which intersect Y C ®, then the sets 
¥nAi,°--,¥n A, are a covering Va of Y whose nerve Ky, is a subcom- 
plex of the nerve K, of a. If 6 is a Lebesgue number of both a and Wa, a 
canonical displacement S.° of ® relative to a is also a canonical displace- 
ment of V relative to Va. Hence it induces homomorphisms S,°, Sva’, and 
Sra’ = (Ka \Kya)S.° of the groups Le.", Ly,3’, Lr’ into L.’, Lya’, and 
Lr. , respectively. (In reference to the homomorphism (Ke. \ Kya)Sa° 
see VII, 8.4; the analogous homomorphism was there denoted by GaSa°.) 
These homomorphisms commute with the corresponding boundary 
operators: 
Ifz’ € Las,ore € Lys ,orx’ € Lr, then 
AS." = S,° Av, 
(1.41) ASyet’ = Sya" Ax’, 
AgSre x” _ Sra Art’, 


respectively; where A, , A: , A; are the boundary operators in K,, Ave, 
| NG Cre 


§2. I'-cycles (relative cycles) and '-homologies in #; the 
groups Ze (I', W), Ha (Vl, MN), Ae (I, 0) 
§2.1. Definitions. 
DEFINITION 2.11. A sequence 


r 


(2.11) 35 = (a1, Zo", set ae Par -), 
with 2” a 6,-cycle of K(T, 6x) and lime & = 0, is called a P-cycle of a 
compactum & if for every « > 0 there is a k(e) such that 

ie a Pe in A(T, e) 


for every two natural numbers p, q > k(e). 
Exampus. Let & be a square, I its interior, and W its boundary. If Jv is 
any triangulation of ®, let A, stand for the barycentric subdivision of K 


of order n. Suppose ba ses ate the triangles of K,, , all oriented in 
the same way (say, eounpenee kwise). If z,” = ae inc, then 

a2 ~) 

(ar’, "Sy Ry oa) 


is a I’-cycle of ®. 
Remark 1. In this chapter, as previously, we regard all chains as Imear 
forms. We recall that two chams (perhaps of two different complexes K 


6 
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and K’) are to be considered as identical if they coincide as linear forms, 
that is, if the same simplexes have the same nonzero coefficients in both 
forms. It is of course assumed that all simplexes with nonzero coefficients 
in the chains being compared belong to both complexes AK and K’. Another 
way of expressing this convention is that every chain 2” of a complex K is 
also a chain of any other complex A’ which contains all the simplexes 
occurring in 2” with nonvanishing coefficients. 
Accordingly, we shall say that a I’-cycle 


a = (21, 20, Res Bi ae -) 


of @ is equal to the T-eycle 


of &' if 


for every k. In the same way, we shall term 

5 = (ar’, 22"; uty ae Ts 2) 
both a I-cycle of & and I’-cycle of #’ if z” is a chain of both complexes 
A(T, 6.) and A(1”’, 6) and if the relations 


ty Le in A(T, 6), 
2, ee, in K(T’, 


hold for arbitrary « > 0 and all sufficiently large p and gq. 

Fexampue. Let ® and &’ be two congruent squares lying in two perpen- 
dicular planes of three-dimensional space and having a diagonal &9 in 
common. Let I (I) be the interior, and ¥ (¥’) the boundary of @ (®’); and 
denote by W the set consisting of the two endpoints of the common di- 
agonal $9. Finally, let TM = @) \ Wo. 

Suppose that K is the complex whose elements are the common diagonal 
of the two squares and its two endpoints and that A, is the nth order 
barycentric subdivision of K (that is, the subdivision of the diagonal into 
2” equal segments). Assuming a definite direction on 9 and denoting by 


1 1 . . . 
tnt, °** npn), Where p” = 2”, the segments of K, oriented in the given 
direction, we set 

1 p(k), 1 Ip 1 1 1 
a = pees bed 2° (21, 22, "tt 5 en, ane) 


Then 5’ is a one-dimensional I’-cycle of @, I’-cycle of @’, and Ty-cycle of 
Po. 
We make particular note of one special case pertaining to Remark 1. 
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2.10. If dy is a closed subset of and W C4, Ty = SH (Hh, THEW, 
then every Iy-cycle of &y is also a T-cycle of ®. 

Remark 2. If there is no need to indicate the set T over which a given 
I-cycle is to be taken or if I is a variable (as, for instance, if the existence 
of a T-cycle with certain properties is in question), it is preferable to re- 
place the term “‘T-cycle”’ with the term “relative cycle”; hence 


Sy ee yg eg) 


is a relative cycle of ® if & contains an open set T such that 5’ is a T-cycle of ®. 

The notion of relative cycle in all its various forms (both combinatorial 
and set-theoretic) was first introduced by Lefschetz. This idea has, in the 
last two decades, influenced the development of combinatorial techniques 
and made possible the discovery of a whole set of new topological theorems 
which it would be impossible to formulate without this concept. 

DEFINITION 2.110. If 3’ is a relative cycle of &, every closed subset of 
® with the property that 3” is a relative cycle of ) is called a carrier of 3” 
in ®, 

Therefore, if 3’ is a T-cycle of 6 and 4) C #isa carrier of 5’, there eixsts 
a closed set Yo C & such that 3’ is a (b) \ Y)-cycle of 4 . 

DeFINITION 2.12. A T’-cycle of @ is said to be T-homologous to zero in ®: 


3 (T-~)0 in &, 
if for every « > 0 there exists a k(e) such that 


ze ~ 0 in K(T, e) 
for all k > k(e). 
EXAMPLE. Once more, let © be a square with interior I. If 7 is a natural 


1 1 . ane Ts 
number and ta, ++: , ta, ¢ = 2”, are the segments obtained by dividing 
an oriented diagonal of the square into 2” equal parts, set Zn = ili 
Then 

wa es 1 i 1 
an (21, 22, Ps Ske see) 


is a one-dimensional I-cycle of ®, T-homologous to zero in ®. 

Remark 3. If #) and © € 4) are closed subsets of ® and 5" isa (®o \ ¥)- 
cycle of &, then 3" is a (6 \ W)-cycle of &; if in addition 5’(®o \ vee)0 
m&p, then 5"(@ \ ¥-~) 0 in &. The proof is left to the reader. 

2.2. The groups Z4"(P, 1), Hs'(I', ), Ae(T, H). If 


= r La 
od (au, 212", He abi. ree), 


- — Tr Tr 
= (Zar', 202, +++ , za", -++) 


are two T-cycles of &, then 


al Ps a T 
So Se = (ay + 2, 219 + Bay te ey eBay ys ) 
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is also a [-cycle of , the sum of 5)’ and 52. It is easy to see that this defi- 
nition of addition converts the set of all r-dimensional I'’-cycles of (over a 
given coefficient domain %{) into a group, denoted by Zs’ (T, 9). The group 
Ze (T, A) contains the subgroup He’(T, 2) consisting of all the elements of 
Ze (T, 2X) which are [-homologous to zero in ®. The factor group 


Ze (l; Y)/He'(T, 2) 
is denoted by Ag’(T, %): 
Ae (T, 2) = Ze (F, ) /is'(T, Qt). 

§2.3. Canonical and infinitesimal displacements. Isomorphism of the 
groups Ag, (I, 1) and As (T, YX), Tf C & C . It follows from 1.41 that 
a canonical displacement S,° of ® relative to a closed covering a of ® in- 
duces a homomorphism S,* of Zs'(T, %) into Z’\(Ka \ Kya, YX) which 
maps H4'(T, WY) into (KK. \ Kya, W). Hence 

2.31. A canonical displacement S.” of & relative to a closed covering « 


of @ induces a homomorphism S,° of Agr = As (TI, %) into Ap,” = 
NK Ss Kee 5 2: 

2,32. Let 
(2.3) = _ (ar, 20", te Zh ae oF 


ze a 6,-cycle of A(T, 5), be a I’-cycle of @ and let Sz," = z’" be an (e, , ¥)- 

displacement of the chain z,’, with limz.. « = 0. Since %”” is in this case a 

eycle of A(T, 6, + 2), homologous to z" in this complex, it follows that 
ar = (A", za”, pees ze", ac -) 

is a T-cycle T-homologous to 3’. 

The passage from 3’ to 5’, as well as the T-cycle 5” itself, is called an 
infinitesimal displacement of 5’. 

We shall use the method of infinitesimal displacements to prove the 
isomorphism noted in the title of this subsection. 

Set dP) \ T = &n VY = Wand let p be an arbitrary point of &. If p € Sy, 
put Sp = p; if p € &, then p € Y \. %, and Sp will denote any (defi- 
nite) point g € Wp for which p(p, g) assumes its minimum. 

If (2.3) is any [-cycle of @ and « is the maximum of p(p, Sp), p a vertex 
of the complex | z,” |, we shall prove that lim,,.¢, = 0. In the contrary 
case, there would exist a convergent sequence 


Pil, P25 °°* ) Pay ty 


with p, € YW \ oa vertex of | zeny” | and p(p, ,Sp,), and therefore also 
p(pn, Yo), greater than some positive ¢ independent of n. But p, is a vertex 
of a simplex T,,” € | zecny’ | with at least one vertex in I and hence in 9%. 
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Therefore, p = limps Pn > contained in © (because of the fact that pn € ©), 
is also contained in ®o, that is, in Vo. This contradicts the fact that 


€ < P(Dn ) Vo) 


for all n. 

Therefore the assignment to each vertex py, € | zn” | of the point Spx 
yields an infinitesimal displacement of the I-cycle 5’ of @ into the I-cycle 
S3" of &). The displacement induces a homomorphism S of Zs,r’ onto 
Ze,,r (onto because S maps every I’-cycle of &o into itself). 

The homomorphism S maps Hr’ onto H¢,,r° and therefore induces a 
homomorphism of Ag,r’ onto Ag, ,r. Since the cycles 53’ and S3’ are ob- 
viously T-homologous in &, S3’(I'--~)0 in 9 implies 5"(I'-~)0 in ®. Hence 
S is an isomorphism of Ag,r’ onto Ag, ,r’. This completes the proof. 

.§2.4. The groups As (I, %) and the dimension of ®. The method of in- 
finitesimal displacements affords an easy proof of the following important 
theorem: 

2.4. If a compactum © has dimension n, then As (T, A) ts the null group 
forr > n and for arbitrary coefficient domain A and open set 1 € ®. 

This may also be expressed by saying that every r-dimensional I’-cvcle 
35° of an n-dimensional compactum @ is I'-homologous to zero in ® for r > n. 

Proof. For every m construct a 1/2”-covering am = {.41", +++, Asem” } 
of & having order n + 1. Denote by em a Lebesgue number of a, and by 
Km the nerve of a, realized in © in such a way that the vertices of K,, 
corresponding to the elements A,” of am Which intersect Y are points of WV. 
Every subsequence of a I’-cycle 3’ is [-homologous to all of 5’ in &; hence 
to show that 3’(T-~)0 in ® it is enough to prove that the analogous 
relation holds for a subsequence of 3’. Consider a subsequence of 5° whose 
kth element is a cycle of A(T, e,) and write it also as 

Pe Ce ee ee 
Now let 2./7 = S,2," be a canonical displacement of z,” relative to a, . Then 
Ss” = (a, 20! +--+, enl?, o °°) 


is an infinitesimal displacement of 5°; hence 3"(f-~)S3". But 2z,.’" is an 
r-chain of the n-complex AK; ; since r > n, 2/7 = 0 so that 5(T-~)0 in ®. 

§2.5. Remark. If a closed set Y of ® is a single point, then the groups 
Ze (), Ws"(L), Ae (I) coincide with the groups Z’(8), H’(&), A’(&), respec- 
tively, for r > 1. 

Proof. For arbitrary « > 0, Ly,’, 7 > 1, and /y,é are null groups, since 
KY, €) consists of one point. Moreover, the set of r-simplexes (r > 1) of 
K(®, ©) and A(1P, 6) coincide; whence it easily follows that not only Ls, 
and Lry,,, but also Ze, and Zr, are identical. 


v 
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In fact, if x” € Zr,’, then Av” € Ay,” '; and since Hy."? is the null 
group, Av’ = 0, that is, 2” € Ze... 

We therefore need only prove that Hs,.’ and Hy..’ are also identical. 

It is clear that 2” € He, implies 2’ € Hr,.’. If 2” € Hy..’, there exists an 
element 2’! of Lr.’t' = Le.."’ such that Apv’ = 2. But 

Ag’ = Ap’ € Ly! 
and is therefore equal to zero. Hence 
Ay} = Apa’ = Z, 
so that 2’ C Hs... 

It now follows that the proper 7-cycles of @ are identical with the r-di- 
mensional I’-cycles, that is, that Z7(@) = Ze’"(1’); and that a proper cycle is 
homologous to zero in ® if, and only if, it is [-homologous to zero. Hence 
A’(®, WM) = Ae’ (T, W) and A’, A) = Ag (T, A). 

PROBLEM. Suppose dim VW = p, W C ®. Prove that the groups Ae’ (T) 
and A’(®) are isomorphic for r > p + 1. 


$3. The homomorphism of A¢‘(I’, 1) into As’ (I’, 2) induced by 
a (VY, V’)-mapping Cs’* 
$3.1. The homomorphism C's”. Let & and &’ be compacta, let I’, I” be 
open subsets of &, &’, respectively, and set ¥V = @\T,W=8\T. 
A continuous mapping C'g° of ® into ® with the property that the image 
of the set VY is contained in WV’: 


(3.11) Cee: 
is called a (W, W’)-mapping. 

Condition (3.11) implies that the simplicial mapping Cy: of the complex 
K(@, ¢) into the complex K(®’, ec) induced by the continuous mapping 
Cy»? takes the complex K(¥, e) into K(¥’, ec) (see XI, 3.1). Hence (VII, 
8.4) the mapping C's’* induces a homomorphism ICs.” = K(1", éc)Ce* of 
Ly,. into Lp,e,’ which commutes with A in the sense that 
(3.12) Nera hed are => I’ Cg Ape 


for every x © Lp,.’. 

3 : & ; ; : ; 

Since the mapping Cs of ® into ® is uniformly continuous, so that ec 
approaches zero as e approaches zero, the mapping IC” assigns to 
every I'-cycle 

Tr r r r 
‘aa (a1, 22, "Ty kk y ite) 
of @ the I'’-cycle 
/ @ +r 7 SP + ® ® 
T Cy 3 = (1’Cs: 21, Cs Ze", ee Cs zk, re > 
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of &’. Hence the continuous mapping Cy” induces a homomorphism 
Cr? = I’Cy” of Ze'(P) into Ze-"(T’). 

Because of the uniform continuity of the mapping and (3.11) it now 
follows that Cr’ maps Hs'(P) into H»’(1’). Consequently the homo- 
morphism Cy" of Ze’(V) into Ze" (L’) induces a homomorphism (denoted 
by the same symbol) of A»’(I') into As’ (1) which we shall call the homo- 
morphism induced by the (¥, ¥')-mapping Cs. 

§3.2. (Y, Y’)-homologous and (¥, ’)-homotopic mappings; (¥, v’)- 
deformations. Let us consider again compacta ®, 2’ and closed subsets 
VC? VW CH, with Fr =o \¥V, IY = & \. wv’. In complete analogy 
with the definitions of Chapter X1, we shall say that two (¥, ’)-map- 
pings Cy and C, of ® into @’ are (¥, ¥’)-homologous if they induce identical 
homomorphisms of Ag’(I’, 2%) into Ag’ (I’, W) for all r and all %. 

DEFINITION 3.21. A deformation Cs, 0 < 6 < 1, of a continuous (¥, W’)- 
mapping Cy into a continuous (¥, Y’)-mapping C4 is said to be a (¥, W’)- 
deformation if Cy is a (¥, ¥’)-mapping for all 6,0 < 6 < 1. 

Two (¥, Y’)-mappings are (¥, W’)-homotopic if there is a (¥, W’)-de- 
formation taking one into the other. 

THEOREM 3.22. J'wo (VY, Y’)-homotopic (¥, Y’)-mappings Co and C\ are 
(Y, W’)-homologous. - 

This theorem follows from 

3.23. If Co and C, are (¥, Y’)-homotopic and 


5 = (a, ee, ay oe) 
is a I'-cycle of &, then the I'’-cycles 1’Co3” and I’Ci3" of I’ are I’-homolo- 
gous. 
We shall give a proof of Theorem 3.23 completely analogous to that of 
Theorem 3.3 of XI. It is required to show that for every « > 0 there exists 
a k(e) such that 


I’Con ~~ Che in A(T”, «) 


fork > k(e). To this end, as in XI, we consider a (¥, ’)-deformation C% 
of Co into C; and define 6 > 0 so that 


o(p', pp”) <8 in® and |6—06"| <5 
imply 
p(Cep’, Cop”) < ¢/3. 
Let us now choose /(e) large enough so that the mesh of the complex 
| 2. |is <dfork > k(e). 
Take a definite & > k(e) and index the vertices of | z,’ | in a definite 
order: 


Cig 8 yh 
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We shall divide the segment 0 < @ < 1 into segments of equal length <6 
by means of the points 


0O=%,,-°::,%=1 
and prove the relation 
(3.24) I’ Cocsgn2xe — I’ Caz,’ ~ 0 in A(T”, €) 
for arbitrary 7 = 0, 1, --- , s — 1. Theorem 3.23 will then follow. 
To prove (3.24) we construct the prism H, over the skeleton complex 


z, |, and map II, into A(®’, «) by means of a simplicial mapping S defined 
as follows on the vertices p» and gm of the lower and upper bases of I, : 


S(pm) = Cacy(Pm), S(qm) = Cace+1 (Pm): 


The mapping S transforms the prism Jz,” over z,’ (contained in JI,) into 
the chain SIIz,” € Le,.”, with 


(3.25) ASTIz,” => SAIIz;" = Coacianee = Cacayzn — ST Az,’, 


where II Az,” is the prism (in the complex IJ,) over the chain Az,” € Zw,s"’. 
S maps all the vertices of Az,” into points of W’, so that 


(3.26) SIAz,” € Zy 
From (3.25), (3.26) we get 
T’ASUz.” = I’Cocegiyex” — I’ Cacyezn”. 
Since Ap I’ = I“A (see VII, Theorem 6.51), it follows that 
ArT’ Sz.” = I’ Cocstyen” — T’Cacnzn’ 


This proves (3.24) and hence 3.23 and 3.22. 

§3.3. Deformation of a relative cycle of &. Let 

5 t= (ar, Ze", eae 2 . ) 

be a I-cycle of @ and consider an arbitrary (W, W’)-deformation C,,0 < 
6 < 1, of the identity mapping Co of 6. We shall call the family of T-cycles 
Co3° of ® indexed by the parameter 6 a deformation of the T-cycle 3" in ®. 

Theorem 3.23 implies that the I-cycles 3° = Cy5" and C13" are T-homolo- 
gous in ®: 

3.31. A deformation in a compactum & maps every T-cycle 3" of ® into a 
T'-cycle of & which ts T-homologous to 3" in ®. 

Coro.uaRry. If there exists a (VW, W’)-deofrmation Cs of ® into itself such 
that Ci(@) € W, then every I-cycle 5° of ® is T-homologous to zero in ®. 

Indeed, C1(@), and hence ¥, is a carrier of C15". Therefore Cy3” = 0; but 
3'(T-~)C13', and this is what we were to prove. 
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§4. The groups As'(I’) of polyhedra # and 


§4.1. Introductory remarks. Suppose that ® and W are polyhedra, 
WV C %, and that W is the body of a complex Ay, which is a subcomplex of 
a triangulation K, of ®: 


@=|K.|, Y= Kell, KeaC Ka. 


As usual, we set Tr = @\ ¥. 

We shall denote the barycentric subdivision of K, by K.: and the bary- 
centric covering of ® corresponding to A, by a. 

If e is a vertex of Kya, it is also a vertex of K, . Let 7*(e) be the bary- 
centric star of e relative to K, and denote by 7'y*(e) the barycentric star 
of e relative to Kwa. 

The complex 7'y*(e) is made up of all the simplexes of A. with e as their 
last vertex (see IV, 2.2, Remark 1) which are contained in simplexes of 
Kya ; hence if Ty*(e) and T*(e) are the corresponding closed barycentric 
stars (IV, Def. 5.31), 


Ty*(e) = Wn T*(e), 


where e € Ky. 

On the other hand, IV, Theorem 5.42 imphes that if Yn 7*(e) ¥ 0, then 
eis a vertex of Ky, ; so that by the above, T'y*(e) = Yn T*(e). Hence 

4.11. The covering Va consisting of the (nonempty) intersections of the 
elements of the covering a with W is the barycentric covering corresponding to 
Kv - 

§4.2. The fundamental theorem. 

4.2. The group Ae (I) = Ar’ ts isomorphic to the group A'(Ka \ Kya) = 
Ara 

Proof. Let 6 > 0 be a Lebesgue number of both coverings a and Wea. 

It follows from Theorem 2.31 that a canonical displacement S,° induces 
a homomorphism 8," = (Ka \ Kya)Sq° of Ay’ into Ara’. 

a) The homomorphism S." isa mapping onto Aya’. In fact, if 2.” € 3a” € 
Are’ and Zar, Za2) ‘°° » Zahy *** are the consccutive barycentric subdivi- 
sions of z,, then 

5S. Cay tas, Pes gy ee) 
is a I'-cycle and 
Sas” = eu 
hence 
Sa = ? r 


[Mia ay * . 
where 3° is the clement (homology class) of Ar” containing 3’. 
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b) The homomorphism 8S," is an isomorphism. To show this it is enough 
to prove the following: 

If 
(4.20) oa = (21, Z2, se ne Bd -) 
is a T-cycle of a polyhedron @ and (Ky \ KyaSa’5’ ~ Oin Ka \ Kua, 
then 3° € Hy’, that is, for every « > 0 there is a A(e) such that 2," ~ 0 in 
ACTS €) fork Ske: 

The proof proceeds in complete analogy with the reasoning of XI, 4.4. 
Let Nan, Kya denote the barycentrie subdivisions of the complexes K, , 
Kya of order h. For a prescribed ¢ > 0 let 64 < € be a Lebesgue number 
of both A, and Ky. and choose h so that Ags, is a 6,-complex. Let 6 < 6, 
be a Lebesgue number of both Kg, and Kya, and choose k(e) so that all the 
cycles z," are 8,-cycles for k > k(e). 

Suppose k > k(e) and consider a canonical displacement S,,° relative 
to Ka, . Then 


ze ~ (Ka \ Kva)Sante in K(T, 4), 
Sante € Zre, With Zra’ = Z'(Ka\ Koa). 
According to X, Theorem 2.35 there exists a cycle 2.’ € Zra’ for which 
San 2k ~ Sar"Za tt Kan \ Kaan. 
Hence 
(4.21) 2p? See in A(T, 6,). 
Applying a canonical displacement S,° relative to K. to (4.21), we get 
(Ka \ Kya)Sate € Z'(Ka\ Kya) 
on the left, and 
(Ka \ Kve)Sa San Za = 2a" 
on the right. Consequently 
(Ka \ Kea) Sate ~ ta in Ka\ Kya. 
But, by assumption, 
(Ka \ Kya)Sae ~0O inkKa\ Kya, 
so that 
Za ~ 0 in KK. \ Kye 
and 
Sah 2a ~ O in Ken \ Kyan G K(Y, 62). 
Hence, by (4.21), 
ze ~ 0 in A(T, 6.) C K(T, ©). 


This completes the proof. 
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§4.3, The homomorphism C,,* of Ar,” = A'(Ka \ Kya, YU) into Ap yr” = 
A’(Kar \ Kyra , 1) induced by a (v, ¥’)-mapping Ce*. Given polyhedra 
@ = ||Kel,¥ = | Kvall) Kee Ka, and@ = | Ka |, ¥ = || Kye Il 
Kyaw G Ky, a (¥, ¥’)-mapping Cy induces a homomorphism C,-* of 
Ara into Ap’ given by the following rule (see XI, 4.7): 

4.31. Let 6’ > 0 be a Lebesgue number of both e&’ and W’a’ and choose 6 
sufficiently small so that 6¢ < 6’ (see XI, 3.1; for convenience of notation 
we have used C as a subscript for 6 in place of Cs). 

Now choose a subdivision K., of K. of mesh <6 and let 3.° € Are’ be 
arbitrary. To obtain Cy*34 € Apa’ choose any 2a € ja, apply the sub- 
division operator San° to it, then take the image of the cycle s,,°2.’ under 
the mapping I'’C»-*, that is, the cycle I’Ca,?san%Za" of the complex K(I", 8’), 
and subject it to a canonical displacement (Ka \. Kywra’)Sa” . The result 
is a cycle (Ka \ Kara)Sa? I’'Cor8an°2a of the complex Ka \ Kyaw 
whose homology class is the desired element 


Cs, € Arte’. 


We now consider the simplicial mapping S,-“ of Kg, into K,: defined 
by the rule in XI, 5.1. (In XI, 5.1, ¢ and W are the a’ and © of the present 
section.) This mapping is a simplicial approximation to the continuous 
mapping Cs*. It is éasy to sce that S.- maps Ayan into Ky and thus 
induces a homomorphism (Ka \, Kyra)Sar” of Ara’ into Ara”. Exactly 
as in XI, 5 we get 

4.32. Ca” and (Ky \ Beran) S ae San" are identical homomorphisms of 
Are into Ar arse 

§4.4. Definition of the homology dimension of a polyhedron. Another 
proof of the invariance of the dimension number. If @ is the body of an 
n-dimensional triangulation K” and T” € K”, then |] T” || is an open sub- 
set of 6 and according to Theorem 4.2 Ags”(|| 7” ||, 90) is isomorphic to the 
nth Betti group of the complex consisting of the single element T”, that is, 
it is isomorphic to %{ and therefore it is not the null group. 

Hence for every n-dimensional polyhedron ©& it is possible to find an 
open set I = | T” |i for which the group As”(T, %) is different from zero 
for arbitrary %{. On the other hand, the group As (T, 20) is the null group 
forr > n and arbitrary T and % (Theorem 2.4). Thus 

4.4. The dimension number of a polyhedral complex K (the dimension of 
the polyhedron || K ||) vs the maximum number n such that || & || contains an 
open set 1 for which A-x\"(T, ) ts different from zero. 

Ilere % is any coefficient domain. 

Theorem 4.4 gives a new invariant definition of the dimension number, 
known as the homology dimension, of a triangulation of a polyhedron and 
thercby furnishes another proof of its invariance. 
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$4.5. (See Aleksandrov [d, 7], Bibliography, Vol. 1.) The definition of 
the homology dimension of a compactum. A natural consequence of Theo- 
rem 4.4 is the following definition: 

DEFINITION 4.5. The homology dimension d(®, %) of a compactum ® over 
the cocfficient domain %X is the maximum numbcr n for which there exists an 
open set Y with As"(T, XN) # 0. Lf there ts no maximum n with this property, 
then 


d(, UW) = x 


by definition. In the latter case, then, for every n there is aT, C ® such that 
Ae (Tl, YL) 0. 

Theorem 2.4 implies 

4.51. For an arbitrary compactum & and coefficient domain Y, 


d(@, %) < dim @. 


Irom Theorem 4.4 we get 
4.52. For an arbitrary polyhedron ® and coefficient domain XM, 


d(, %) = dim. 


The proof of the following fundamental result is beyond the scope of this 
book: 
4.53. For an arbitrary compactum ®, 


dim @ = d(, %;) 


(where St, ts the additive group of rationals (mod 1)). 

Hence dim @ is also one of the homology dimensions and, because of 
Theorem 4.51, it is the maximum homology dimension. 

L. S. Pontryagin has given an example of a compactum @ in F* whose 
homology dimension over a certain coefficient domain is different from 
dim ®. It is natural to refer to compacta ® with the property that 


d(@, X) = dim & 


for arbitrary coefficient domain % as dimensionally full-valued. All poly- 
hedra are dimensionally full-valued (by Theorem 4.52). It can be proved 
that all compacta in R® are also dimensionally full-valued. 


§5. Pseudomanifolds with boundary 


§5.1. Orientation of a pseudomanifold with boundary. Let = || K, || 
be an n-dimensional pseudomanifold with boundary V = || Ky. ||; as 
usual, we set T = S\.W. For every triangulation A, of 4, the group 
Are (see 4.2) is isomorphic to Ap”. From this we deduce, as in XI, 4.8, the 
nvariance of the orientability of a pseudomanifold with boundary: 
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5.11. If @ ts an n-dimensional pseudomanifold with boundary ¥, VY = 
&\ W, only two cascs can occur: either Ap"(V, J) is infinite cyclic or Ae"(1, J) 
as the null group. In the first case, all the triangulations of © are orientable 
combinatorial pseudomanifolds with boundary and ® is said to be orientable. 
In the second case, all the triangulations of ® are nonorientable combinatorial 
pseudomantfolds with boundary and ® is sazd to be nonorientable. 

Kach of the two generators +35” of the infinite cyclic group Ae"(1, J) 
is called an orientation of the orientable pseudomanifold &. Repeating the 
arguments of XI, 4.8, it is easy to see that the orientations of @ correspond 
(1-1) in a perfectly definite way to the orientations +3,” of an arbitrary 
triangulation KX, of ®. 

§5.2. Introductory remarks; definition of the degree of a continuous 
mapping of a pseudomanifold with boundary. Let ® and ®’ be orientable 
pseudomanifolds, either with boundary or closed. 

Suppose that C is a continuous mapping of & into ©’ satisfying the 
conditions stated below. 

If ® or & is a pscudomanifold with boundary we denote the boundary 
by W or W’. If @ is closed, we sect VY = 0 and if @ and ®’ are both closed, we 
put VY = 0, W’ = 0 (this case was discussed in XI, 6). For the case of @ 
a pseudomanifold with boundary and &’ closed, ¥’ will be defined below. 

With regard to the mapping C we shall make the following assumptions: 

If &’ is a psecudomanifold with boundary W’, then 


CWS 


but if &’ is closed and & is not, then we shall assume that C(¥) is a single 
point and this point will be denoted by W’. (It is enough to require that 
dim C(¥) < n — 2; the remainder of the argument is in this case left to 
the reader as an exercise; in this connection see the Problem proposed at 
the end of §2; this problem must be solved first.) 

In all cases, we sct 


r=@\¥y, M=@\W. 


n 


Now choose definite orientations 3” and 3/” of ® and ®’, and procced 
exactly as in XT, 6, substituting Ag"(T, J), Ae "(1”, J) for Ao"(@), Ao" (#’), 
T-cyceles for proper cyeles, and T’-homologoies for homologies. This brings 
us to the notion of the degree of the mapping C: C induces a homomorphism 
(denoted by the same symbol) of Ag”(1') into Ay "(T’) such that 


Cea, 


where y is an integer, the degree of the mapping. 

Using the samme notation as in 4.3, we see that for sufficiently large h, a 
‘ ohye : ah r : r rs ai 2 ‘ 
simplicial mapping Sa" of Aa, mto Kg maps Awea into Ky and is a 


nr 
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simplhcial approximation to C. Further, it can be proved in exactly the 
same way as in XI, 6.3 that the degree of C is equal to the degree of the 
simplicial mapping S,-” of the combinatorial pseudomanifold K,, into the 
combinatorial pseudomanifold A. (see VIII, 5 (especially 5.22)). 

$5.3. Some properties of the degree of a mapping. [ctaining the nota- 
tion and assuinptions of the beginning of this section, let us suppose that 
K, is divided into a finite number of n-dimensional combinatorial pseudo- 
manifolds Aa. , = 1, ++: , 8, with boundaries Ay, and that 


KR n Iv an _ Kwan Nn Kwan 


for arbitrary \’, \”. 
Let ye ta; be a prescribed orientation of A, and for each A, choose 
the orientation ba tear’, With the summation extended over all 


| be | kes 


Suppose that C maps each of the pseudomanifolds 6, = |! Ky |] into &’ 
in such a way that the boundary W = |! Kwa || is mapped into W’. Assum- 
ing the above orientation for each of the pseudomanifolds 6, = |] Kaa ||, 


we can speak of the degree y, of the mapping C of #, into &’. We then 
arrive at the following addition theorem: 


(5.31) y= Dn, 


where y is the degree of the mapping C of ® into ®’. 

To prove (5.31) we construct, in accordance with the rule of XI, 5.1, a 
simplicial approximation S,- to the mapping C of ® into &’ which takes 
Ky, and all the Ay. into Ky, . The algebraic number of simplexes of K, 
covering an oriented simplex t.-” of A. (see VILL, Theorem 5.21) is equal 
to the sum of the algebraic numbers of the simplexes of the complexes 
Kw, = 1, ++: , 8, covering the simplex t,”. Formula (5.31) follows. 

The theorems of XI, 6.4 apply word for word to the case of pseudomani- 
folds with boundary, with the exception that in 6.43 it is of course neces- 
sary to assume that the mappings C,' and C;’ are (W%, W2)- and (W , Vs)- 
mappings, respectively. 

5.31. If & is a closed pseudomanifold and ' is a pseudomanifold with 
boundary, the degree of C 1s zero. 

Proof. In this case T = #, every n-dimensional I-cycle of & is a proper 
cycle of @, and it is mapped onto a proper n-cycle of &’ which is homologous 
to zero (®’ does not contain any nonbounding proper n-cycles). Therefore, 
if 3e and 3 are orientations of @ and &’ and 5” € 3o, the element yje of 
the group A» "(T’) containing C(3") is the identity of As ”(I’), that is, 
y = 0. 

$5.4. Examples. 

EXAMPLE 1. The polyhedra ® and ®’ are two 2-spheres, represented by 
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the closed complex planes w = r(cos ¢ + 7 sin ¢), w’ = r’(cos yg’ +281n g’). 
The mapping Cy’ assigns to each point w = r(cos ¢ + 7 sin ¢) of the sphere 
® the point w’ = C(w) = r(cos ng + 7 sin 7) of the sphere ’. 

If the sphere ® is triangulated in the form of a double tetrahedron, while 


a 
en 
d So 
) 2 7 
Fic. 134 
Cc b 


—_ 
XX 


Cc 
Tic, 135 


@’ is triangulated into a double pyramid with base in the form of a 38n-gon, 
it is easy to show that the degree of Cy” isn. 

PEXaMPLe 2. Let ® and & be tori. Introduce geographic coordinates on , 
ihe angles g and y measured as indicated in Pig. 134. On &’ the analogous 
coordinates will be denoted by ’, y’. 

a) Define Cy” as follows: 


Cy" (9, v) = (ne, ¥), 


that. 1s, 
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If ® is divided into n rings by the meridians gy = 2kr/n (k = 0, 1, ---, 
n — J), then each ring, under the mapping Cy’, covers the torus & with 
degree +1. It follows easily (by the Addition Theorem of 5.3 or by tri- 
angulating $ and ’) that the degree of Cy? is n. The mappings 


Ce (y, ¥) = (y, 2y), 
Ce" (vo, ¥) = (ny, 9) 


have the same degree, 2. 
b) Let us consider in general mappings of the form 


Ce"(v, ¥) = (av + by, ce + dy), 
that is, 
vg =atbh, YW =cpt dy, 


with a, b, c, d integers such that the pairs a, b and c, d are relatively prime. 
In the contrary case Ce® is factorable into two mappings, one of which 
has the form ¢’ = my, ~’ = py and the other the form g’ = a’g + b’y, 
Y’ = ce + d’y, with the pairs a’, b’ and c’, d’ relatively prime. 

In order for Ce? to be a mapping onto ®’ it is obviously necessary that 
the determinant 


be different from zero. For convenience we shall term the curves ay + 
by = Oandcy + df = 0 on & “spirals” (gy and y are defined up to integral 
multiples of 27). These two “spirals” divide the torus into curvilinear 
parallelograms, each of which covers ®’ under the mapping Cs-*. The 
number of these parallelograms is equal to D (it is left to the reader to 
prove this, for instance, by using a plane representation of the torus). 
Hence the degree of Cs* is D. Fig. 135 shows the division of the torus by 
the spirals 


3g —2y =0 and 26+ y=0 


into ; 


| = 7 parallelograms. 


EXAMPLE 3. © is a torus, ©’ a 2-sphere. Both surfaces are imbedded in 
three-dimensional space and each point p of the torus is assigned its projec- 
tion Ce? (p) from the center of the sphere €’ onto the sphere (that is, Ce-*(p) 
is the point of intersection with the sphere of the line joining = to the center 
of the sphere). Cy* is a continuous mapping of ® onto &’ if the center of 
the sphere is not on the torus. The degree of Cs” is 1 if the center of the 
sphere is inside the torus and 0 if it is outside the torus. 
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Remark. We have already shown in IT, 2.5 (see also XI, 6.4) that there 
exist mappings of a circumference onto a circumference with arbitrarily 
prescribed degree. This is also true for an n-sphere for every n; in this 
connection sce XVI, 6.1; it is recommended that XVI, 6.1 be read at this 
point. 


§6. The groups A, (€) (The local A’-groups of a compactum ©) 


§6.1. Definition of the groups A, (®). We shall begin with several aux- 
iliary definitions. 

If I and I, are two open sets of a compactum @ and 2” = >> ad; isa 
chain of the complex A(T, , «), set 


Te’ = A(T nT), 62’. 


In other words, the chain Ia” is defined only on A(T'n Ty, €) and coincides 
there with 2’. It may also be thought of as obtained from x’ by retaining 
in the linear form >> ad,’ only those terms with simplexes ¢;’ at least one 
of whose vertices is contained in Ta T,. 

If 


T T Tr 
ed ney | eae 
is a l'\-cyele of &, then 
T i 1 Tv T 
Por = (Pay 5 Pee 508g Eee Oo) 


is a (I. n T))-cycle of ®. 

We are now ready for the fundamental definitions of this section. 

DEFINITION 6.13. Let p be an arbitrary but fixed point of @ and T a 
neighborhood of p (that is, an open set containing p). very T-cycle of 
is called a cycle in the point p € ®. 

DEFINITION 6.14. Suppose that 5.5 = (eu, ze, +++, Zu, °° +), 52 
(2o1", Zon", «** » Zany -°*) are Ty- and Ts-cycles, respectively, in p € ® and 
set . = TI, n T,. Then p € I, so that the l'-cycle 


T 


(6.14) (Vai eo Pei sey, Dein A Dean ye) 


ts a cycle in the point p. The cycle (6.14) is called the swm of the cycles 51° 
and 32°. It is not dificult to see that this definition of addition turns the set 
of all r-cyeles in a point p € ® (over a given coefficient domain 1) into a 
group, which will be written as Z,'(6, %). 

DrFINiTION 6.15. A T-cycle in p € ®: 


Et = (a, 20’, Tyo 2g re 5 *) 
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is said to be homologous to zero in p, 5'(p-~)0, if there is an open set 
lr, © T containing p such that the eyele [15 is Ty-homologous to zero in ®. 
Two cycles in p are homologous, by definition, if their difference is homolo- 
gous to zero 1n 7p. 

Remark 1. From the definition of homology in a point, we immediately 
obtain the following proposition: 

If 5 isa cycle in p € ® and IJ) is a neighborhood of p-p in © (an open set 
containing p), then 


s(p-~)l05 = in ®. 


REMARK 2. If 57 = (ar, Ze, «++, en, +++) is a T-eyele l-homologous to 
zero in ® and if & 1s closed, while TM € IT € Fp is open in %, then 


V5 (I - ~)0 in Po . 


Proof. Choose chains 2,"*" of K(1, e), lim e = 0, such that 


+1 
A rte = Zh. 


Since A (Vo, €) is open in A(T, e) for every e, 1t follows that 
1 7 1 1 
1 2k = | “Agee © = Ao oan ’ 


where Ap 1s the boundary operator in I'p . This completes the proof. 

It is easily seen that the cycles in p € © which are homologous to zero 
form a subgroup H,’(®, M) of Z,'(®, W. 

DeFINiTION 6.16. The group A,'(%, Y) = Z4,'(@, 2/H,'(, % is called 
the rth Bettt (or A’-) group of ® in p over A. The rank of A,’(®, I) relative 
to Mis called the rth Betti nwmber of ® in p; that is, the rth Betti number 
of @ in -—p is the maximum number /& with the property that there are h 
elements of Z,'(®, It) such that no nontrivial linear combination of these 
elements with coefficients in Jt is contained in H,’(@, MN). 

Remark 3. We shall write Z,’, H,’, 4," in place of Z,'(, 2), H, (@, W, 
A,’(, 0). 

ReMArkK 4. If p is considered a variable, the groups A,’ are often referred 
to as the local Betti groups of ®. 

§6.2. The local character of the groups A,’. In this subsection we shall 
prove that the groups A,’ really express a certain local property of 6, that 
is, a property depending only on the structure of ® in an arbitrarily small 
neighborhood of p. This property 1s formulated in 6.21 and 6.22. 

6.21. If &y is a closed subset of ® containing a neighborhood of p (relative 
to &), then A,'(®o, MW) is isomorphic to A,'(, W). 
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Proof. Let us choose neighborhoods I'p and I; of p such that 


Mo C li S 
and assume that 
PA, € = p(I'o, P\ 4S). 
Then 
€ = p(I'o, B\ Go) = o('0, @\ M1) > 0. 
Suppose 


: (ar’, 22, eed Zk y aa 4) S Z, (®, Mt); 


ll 


3 
I'o3” 


(Vozr", Vozo", «+ ° , Toes’, «+ +). 


Only a finite number of terms | I'oz,” | can contain simplexes with at least 
one vertex in ® \ & (because such simplexes have diameter > e). If these 
terms are 


Torr, «°° , Pozar’, 
set 
“(Po)s" =" (Poah", Votes’, +*): 
Then 
(W0)3" € Ze, (Vo, MN) & Zp (Go , A). 


If the cycle (I’o)3’ is made to correspond to each cycle 5" € Z,'(®), the 
result is a homomorphism (To) of Z,(&) into Z,'(o). Since 5"(P-~)0 in 
© implies (I'o)3’(To-~)0 in €9 (by 6.1, Remark 2), (I'o) induces a homo- 
morphism (denoted by the same symbol) of A,'(#) into A,’ (#0). Because 


3(p-~) (To)5" sin 


it follows that (To)3’(p--~~)0 in @) implies 3’(p-~)O in ®; that is, (I's) is 
an isomorphism of A,’(#) into A, (>). 

Suppose that jo € A,'(#o) and that 
5 iy 2a BH Gee) 
is a I'o-cycle of &o contained in 39. If 5’ is thought of as an element of 
Zp (®), we get 

(Tos = 3". 

Hence (I'9) maps A, (#) onto A,'(#o). This completes the proof. 


Theorem 6.2] implies 
Turorrenm 6.22. Let &; © R, b. © FR be two compacta in a metric space R 
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and suppose that the intersection of ®, and B. contains a nonempty set T open 
in both ® and ®, . 

If p € T, the groups A,'(%,, 0) and A,'(@2, X) are isomorphic. 

Indeed, both groups are isomorphic, by 6.21, to the group A,’(T, 2). 

DEFINITION 6.2. (The local Betti groups of a locally compact metric 
space.) Let FR be a locally compact metric space and let p be a point of R. 
By the group A,'(R, %) (defined up to an isomorphism) we shall mean the 
group A, (T, %), where T is any neighborhood of p in R with compact 
closure T. 

According to 6.21 and 6.22, this definition is independent of the choice 
of the neighborhood T. 


§7. The local A-groups of polyhedra 


§7.1. Notation and introductory remarks. Let = || K.|| be a poly- 
hedron and p an arbitrary point of ®. As usual, K., is the barycentric sub- 
division of AK, of order h; a symbol] with index @ (or ah) stands for a sub- 
complex of K, (or K.,); a transition from a subcomplex of K, (or Kan) to 
its subdivision in Kx is indicated by adding the symbol / on the right of 
those already present. 

O (Oan,) denotes the star of the carrier of p in K, (in Kau). 

As usual, a complex surrounded by vertical bars on either side indicates 
the combinatorial closure of the complex; thus | O, | is the combinatorial 
closure of O.. 

In the sequel we shall put (sce Fig. 136; in this figure it has been assumed 
that the carrier of p in K, is =: itself, that is, that p is a vertex of K, and 
therefore also of K, ; it is left to the reader to draw figures for other cases) : 


ae 6 ae Om Gah — | Onn | Oa 
tae =. Oriel NOs 


with the conventicn that |O..| = |O.|, is the subdivision of | O,| in 
K , ; in the same way, Qan is the subdivision of Q. . 
We shall denote the bodies of the complexes 


Ow » Dah y | CG; |, | Oah r Qa » Yah Pu 
by 
Ta » Yah, Pa » Pah y We ) Wah ) Ian ) 
respectively; hence ®2 , gar, Va, Wan, Han, are polyhedra and 
$, = Poa Vo ) Pak = Yar VU Wah 5 Tan, = (@, SY Pah) U Var . 


Finally we shall use Cp, 0 < 6 < 1, to designate a deformation of the 
polyhedron II,, defined as follows. Draw the ray py through each point 
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y © IIa, and let Ciy be the last point of py (in the direction from p to y) 
contained in the closure of the carrier of yin A, . It is clear that Cy € W,. 
The point Cay, 0 < @ <1, is, by definition, that point of the segment 
[y, Cry] which divides it in the ratio 6:(1 — 6). 

The deformation Cs maps the entire polyhedron Il, , and hence Wes also, 
into VY, in such a way that the entire deformation takes place in IT,, and all 
pouits of WY, remain fixed. [lence every proper cycle of fan is homologous 
in II,, to a proper cycle of Y,. 

Therefore (by XI, 4.61), 

7.11. Every cycle of the complex qan is homologous in P gx to a cycle of the 
complex Qan. 

$7.2. The fundamental theorem. 

7.2. The group A, (®, M) 7s tsomorphic to the group A’(O. , UL). 

Proof. Since A,’(@, YW) is isomorphic to A,’ (®. , W) (according to 6.21), 
while A’(O.,, Y) is isomorphic to As,’ (T., YW) (by 4.2), it is enough to 
show that A,’ (@., %) and Ag,’ (T. , 2) are isomorphic. 

To simplify the notation in the following proof, we shall write Z’, A’, 
A’, Z,, H,', A,’ in place of 


Zea (Te ) M1), Ha. CE 3 ) 2), Aa (Pa; Qt), Zp (Pa, 2), H, (®2 } Mf), An (Oa; 1); 


respectively. 
An isomorphic mapping J of A’ onto A,’ is constructed as follows: 
Every element 5° of Z’ is also an element of Z,’, so that 


(7.21) Z ORE. 
In addition, 5’(T'4-~)0 in ®, implies that 5’(p-~)0 in , ; hence 
(7.22) fg as my 1 gl 


It follows from (7.21) and (7.22) that the identity mapping of Z” into 
Z, induces a homomorphism / of A’ into A,’. We shall prove that J is an 
isomorphism of A’ onto A,’. 

Step 1. The homomorphism I is a mapping onto. 

Suppose 3, € A,’. Choose a cycle 3: in p of the homology class 3, 
31 is a T'-cycle for some T containing p. Let h be sufficiently large, so that 
Yer ST (see Fig. 136). Then the yor-cycle yen31’ is homologous to 3)” in p 
and is therefore contained in 3,. 

Since Yan51 is a Yea-cycle of the polyhedron ger , the body of the complex 
| oa |, it is certainly yen-homologous, and therefore homologous in 7, to a 
cycle 5’ of the form 


(7.23) = = (Zan, Sn4i Zany Se aa Sk Zan , ee -), 


Where Zan’ © Z’(oan) and s;'zar’ is the subdivision of Zan” in Kae - 
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Because of 7.11, the cycle Azan” is homologous in Par to a cycle Zan” of 

Qan ; Whence there exists a chain (lig. 136) 

(7.24) Yar © L'(Pan) 

satisfying the condition 

(7.25) AYan = Zar — Mean’. 

Assume that k > h; then 

(7.26) Ask Yar = SkZan) — Ase Zan” 

in Pan . We now set 

(7.27) Lah = Zan + Yar- 

By (7.27) and (7.26), 


(7.28) Asp tan = Ase Zan’ + AS Yar = SZan € Z "(Qar) 
and (7.28) implies that 


3° = (far; Shai Zak, eee Si'Lah’, DEL’, 
Finally, since s.’Yaa" is a chain of Pans Whose body does not intersect Yan, 
YarSk Yar = 0. 
Consequently 
VahS” = (Zan; Santi Zak's mee Sk'Zak’y oo) = ce 


so that 3’ ~ 3” in p, that is 3’" € Z,". Hence every homology class 3,” € A,” 
contains at least one element of Z’ and this proves that J is a mapping 
onto. 

Step 2. The homomorphism I is an isomorphism. 

Suppose 3’ € A’ and let J(3’) be the identity of A,’. Then every I’,-cycle 
contained in 3° is homologous to zero in p. It is required to prove that 3” 
is the identity of A’. To this end, it is enough to exhibit a cycle of 3” which 
is ',-homologous to zero in ®,. 

The homology class 3’, as does every element of A’, contains a cycle 5,7 
of the form 


(7.29) ay = cae Ze ; vy Be pi -), 


with z,” € Z'(Oa) and Zan’ the subdivision of 2.’ in Kan. 
We shall prove that 3:"(1'4-~)0 in ®, and the theorem will follow. 
Since 5: is homologous to zero in p by assumption, there exists a neigh- 
borhood I of p such that 


P5)'(1-~)0 in ®,. 
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(because of 6.1, Remark 2) that 


Choose an A for which yan G TI (Fig. 187). Then I'5;"(T-~)0 in ®, implies 


Yah3t (Yat-~)O in Pah - 


Tinally, deleting the first h terms 2a’, Zat’, -** , Zah—1 Of the cycle (7.29), 
we obtain a T,-cycle 5’, T'g-homologous to the cycle 3:,, which may be 
written in the form 


(7.291) 5° = (Zan’, Snsi'Zah, *** 5 8i'Zah) ***) 
with 
(7.292) Vans (Yar-~)0 in Yah » 


It is sufficient to prove that 3'(Ta-~)0 in ®,. 
To this end, we note first that 


YahSk Zar” = | Oh | Se Zan = Sk OarZah'- 

Hence 
(7.293) YanS = (OarZah's Siti OahZahy °** , Sk OahZahy ***) 
and it follows from 

Yah (Yar-~)O = Yar 
that 

OarZan ~ O iN Ogh « 
Therefore there exists a chain 
Len e Oa) Cc (05) 
such that 
Kae = OahZah ; 


where A,, is the boundary operator in dgn . 


Setting 
if eS eat one 
we obtain 
(7.294) Yor © L' (gan), 
(7.295) Ag Sgt SU eh 
Then 


O = Adten’ = Adgrzan — AYar 
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implies that 

(7.296) Mag Sc AO nzak 

We now set 

(7.297;) Zen” = 8x [(Zan — Oortan’) + Yar’ 


fork = h,h + 1, --- and prove the following three assertions (7.297), 
(7.298), (7.299), whose intuitive meaning should be clear from I*ig. 137: 


(7.297) 5 =) (Cans ean 9 Oh" 4 See PSE A, 
that is, 5” isa T.-cycle of ®, ; 

(7.298) 3(Tae~)5” ind; 

(7.299) 5° La la V Ve) 


(where Zan (Ilan \ WV.) is the group of (Ilan \ V.)-cycles of the compactum 
Ian). 
Before proving these three assertions, we shall first show that they imply 


(7.2991) 5 (T.-~)0 in ®, , 
from which Theorem 7.2 follows. Since 3” is a (Ila, \. Va)-eycle of Ig, and 


Crisa (W., V.)-deformation of II, , with Ci(an.) = Va, it follows by the 
Corollary to Theorem 3.31 that 


5" (Ilan \ Va-~)0 in ITen. 


Therefore 

5" (Pa \ Va-~)0 Lee: eae 
that is, 
(7.2992) 57 (Te-~)0 in ®,. 


The required relation (2.7991) is given by (7.298) and (7.2992). 
Hence it remains to prove (7.297), (7.298), and (7.299). To prove (7.297), 
we have (by 7.297;)) 


Azer!” = 8'(Azan” — AOarzan’ + AYar’), 
that is, because of (7.296), 
Azer” = 8 Agen” € L(V on). 
Since 


r k ka 
Zatl = S81 Zak 
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for 1 > k, it follows that 
Za’ — Zak’ € A’ |K(T., «)] 


for sufficiently large / and /. Hence 3” is a I',-cycle of ,. 
For the proof of (7.298) we have 


SiZan’ — Zar!” = Sx’ (Oar@ah — Yar’); 
that is, by (7.295), 
Skah — Zar” = Ase tan” 
or 
SiZar ~ Zar” NOR. 
Finally, to prove (7.299), we start with 
Zak — Oareah € L'(Pan \ Qar); 
Yor © L'(qer) S L'(Parn \ Qan). 
Then (fork = h+ 1,44 2, ---) 
we SC Pa Nas Zak” € L(Pane \ Qank)s 


(7.294) 


and 
cad € Zon (Tar XS V.), 


which completes the proof. 

Corouuary 1. If R” is Euclidean n-space and p € R”, then A,"(R", A) 
is isomorphic to 9%, while A,’(/?”, M1) is the null group for 0 < r <n, 

To show this, let 7” be an n-simplex contaming p. According to Def. 
6.2, A,’(i2", %) is isomorphic to A,"(T”, M) for arbitrary r > 0, which is, 
by Theorem 7.2. the group A” of the complex consisting of a single n-sim- 
plex T” over Y. 

Corouuary 2. The dimension of a polyhedron is equal to the maximum 
r for which the group A,’ (®, %) is different from zero for some p € &. Here, 
M is arbitrary. 

CorouuaryY 3. If & is a polyhedron and p is not an isolated point of &, 
A,’ (®) is the null group. 

This proposition is an immediate consequence of Theorem 7.2 and VIII, 
Theorem 1.54 . 

We emphasize especially 

Corotianry 4. If ® is a polyhedron, p € ®, and A, (®, %) is not the null 
group, then the carrier of p in an arbitrary triangulation K of ¢ ts a face of 
an r-simplex 7” € K. 
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Proof. If the carrier of p in K is an m-simplex, m > r, then the complex 
O = OxT” does not contain any r-simplexes. Therefore A’(O), and by 
implication A,’, is the null group. If the carrier T” of p has dimension 
m <r, but is not a face of any r-simplex of K, then the body of the com- 
plex | O<7T"” | is a polyhedron © of dimension <r. Hence A,’ (4) is the null 
group. But, because of 6.21, A,'(®) is isomorphic to A,’(€9). This proves 
the proposition. 

Corouuary 5. If the carrier of a point p in a triangulation A” of an 
n-dimensional polyhedron @ is an (n — 1)-face of precisely k n-simplexes 
Ty", -::, T.” of K”, then A,"(®) is the free Abelian group of rank k — 1. 

This proposition follows immediately from Theorem 7.2 and VIII, 
Theorem 1.54 (n,n — 1). 

$7.3. Application to the invariance of pseudomanifolds (see X, 7). Let 
® be an n-dimensional polyhedron. We shall call a point p € © a homological 
singularity of ® if A,"(#, J) is not infinite cyclic. Corollaries 1 and 5 imply 
that a point of a closed n-dimensional pseudomanifold || K” || whose carrier 
in A” has dimension >n — 1 is not a homological singularity. 

Hence the set of homological singularities of || A” || has dimension 
<n — 2. Conversely, if the set of homological singularities of a polyhedron 
| K” || has dimension <n — 2, then every (n — 1)-simplex of K” is the 
common face of precisely two n-simplexes of K”. If || K” |! is, in addition, a 
strongly connected polyhedron, it is a closed pseudomanifold. 

We have therefore proved the following theorem (see X, 7): 

7.3. A closed n-dimensional pseudomanifold may be characterized as an 
n-dimensional strongly connected polyhedron © whose set of homological 
singularities has dimension <n — 2. 

If, in addition, Ao"(*) # 0, then is orientable; if Ao"(#) = 0, then® is 
nonorientable. 

Thus, we finally arrive at the 

INVARIANCE THEOREM FOR PSEUDOMANIFOLDS 7.31. If a triangulation of a 
polyhedron ® is an n-dimensional closed (orientable) combinatorial pseudo- 
manifold, every triangulation of every polyhedron homeomorphic to ® is also 
an n-dimensional closed (orientable) pseudomanifold. 

EXERCISE. Formulate and prove the theorem analogous to Theorem 7.3 
for pseudomanifolds with boundary. 


Appendix 2 
ABELIAN GROUPS 


We shall assume that the reader is acquainted with only the very elemen- 
tary notions of group theory [see, for instance, van der Waerden, J/oderne 
Algebra, Chapter 2; or Pontryagin, Topolological Groups, Chapter 1 (the 
latter is especially recommended, but contains more material than we shall 
presuppose)]. We shall therefore assume that the following concepts are 
familiar to the reader: group, subgroup, homomorphism and isomorphism, 
factor group, cyclic group. We shall also suppose that the clementary 
propositions concerning these concepts are known. 

In the sequel, all groups are Abelian. Accordingly, the group opcration 
will be referred to as addition. 

If the groups A and B are isomorphic, we shall write A  B. 


§1. General remarks 


$1.1. Homomorphism. If f is a homomorphism of a group -{ into a group 
B, the subgroup of A consisting of all the elements of .1 mapped by f mto 
the identity of B is éalled the kernel of f. We recall that: 

In order that a homomorphism f of -4 onto B be an isomorphism, it is 
necessary and sufficient that the kernel of f be the null group, that is, the 
subgroup consisting of the identity alone. 

Let f be a homomorphism of a group -1 into a group B, and let 40, Bo 
be subgroups of A, B, respectively. If f(A) & Bo, f maps every cosct of A 
relative to Ao into a coset of B relative to Bo. If we assign to each coset 
a € A/Ao the coset b € B/By which contains the image of a under the 
mapping f, we obtain a homomorphism f of the factor group -1/.49 into the 
factor group B/By , and we say that f zs induced by f. 

GENERAL ‘THEOREM ON HomomorrpuHisMs 1.1. Lf f 7s a. homomorphism 
of A onto B, and f-"(Bo) = Ao, where Ap, Bo are subgroups of A, B, respec- 
tively, then the induced homomorphism f of A/Ao tnto B/By is an tsomor- 
phism of A/Ao onto B/Bs . 

Remark. If Bo is the null group, this theorem becomes 

1.10. Lf Ao ts the kernel of the homomorphism f of <\ into B, then f induecs 
an isomorphism of A/Ag onto B. 

Proof of Theorem 1.1. Since f is onto B, f is onto B/By. If the cosct 
a € A/Agis an element of the kernel of f, then f maps all the elements of 
the coset a into elements of By, whence a = Ao. Hence the kernel of f 
consists of a single element, the identity a = -lo of -1/+9, and this is what 
we wished to prove. 
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Derinirion 1.11. A homomorphism of a group into itself is called an 
endomorphism of the group. 

$1.2. Some notable subgroups of a group A. A proper subgroup of a 
group 4A is any subgroup of A which is neither the group A itself nor 
the null group (the subgroup of .4 consisting of the identity alone). 


If a © «Al, the cyclic subgroup of A consisting of all the elements of A of 
the form ma, m an integer, is called the subgroup of A generated by a. Here, 
by definition, 


ma=atat--:-+a_ (m times) 
if m is positive, ma = Oif m = 0, and 


ma = (—a) + --- + (—a) (|m| times) 


if m 1s negative. 

If the eyclic subgroup generated by a is infinite, then a is said to be an 
element of infinite order of st. In the contrary case, a is said to be an element 
of finite order and the order of ais equal, by definition, to the order (that is, 
the number of elements) of the cyclic group generated by a. 

Let m be a fixed integer. The set of all elements ma, a an arbitrary ele- 
ment of 1, is a subgroup of A, denoted by mA. 

DEFINITION 1.21. Let Ao be a subgroup of A. We shall denote by A» the 
set of all elements a € .1 for each of which there is at least one natural 
number m such that ma € Ao. 

The set Ao is a subgroup of “Al called the division closure of the subgroup 
wAg in the group A. 

The subgroup -Ao is division closed in A, by definition, if it coincides with 
its division closure in A. 

It is easy to see that the set of all elements of finite order of a given group 
“Lis a division closed subgroup of A. 

THEOREM 1.22. A subgroup 19 of a group A is division closed in A af, and 
only if, the factor growp A/Ao contains no clements of finite order except the 
identity. 

The proof of this theorem ts left to the reader. 

$1.3. Decomposition of a group A into a direct sum of subgroups. 

1.3. A group A is said to be a sum of subgroups Ay, --- , dn if every 
a © A can be represented in at least one way in the form 


a=a+--+- +a, a: € Az, t= 1,---,n. 


If the representation of every a € A is unique, the sum is called a direct 
sum. 

1.31. Let A be a sum of subgroups A; and Ay. The sum is direct if, and 
only if, Ai n Ag ts the identity. 
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Proof. 1. lf a € Ayn Az, a # 0, a may be represented in two distinct 
ways: 


a=a-t4d), a=O-+ 4a. 
2. Suppose that A, n Az is the null group and 
a=a+tam=ait+a., 


with a; € Ai, a’; € Ai,t = 1,2. Then a — a’) = a’ — gm is in Ain Ap 
and is consequently the identity. Hence a) = a’; , a2 = a’,. This proves 
the theorem. 

$1.4. The direct sum of given groups. Let A:,--:, A,» be a finite 
number of groups, and let us consider the set A of all possible finite com- 
binations of the form (a , --- , @n), Where a; is any element of A;,7 = 1, 

in. 

Let us define the operation of addition in the set of all these combina- 
tions as: 

(Gig 2 4 Qn) BRAG yA Oa) = (Or Cig? Ow Fa a): 
This definition converts the set A into a group, called the direct sum of 
the given groups A1,::-,An. 

Although this definition differs from that of the decomposition of a 
group into a direct sum of subgroups (see 1.3), it is closely connected with 
the latter. Indeed, if A,’ is the subgroup of the group A just defined which 
consists of all combinations of the form 


(O52 op, 824 OD, Ge ales 


it is easy to sce that A can be decomposed into a direct sum of its sub- 
groups A,’. In most cases we may identify each of the groups A; with 
the corresponding A;’ by identifying the elements a; and 


(0, fees Oa res) 


of these groups. If A is the direct sum of subgroups -41, +--+ , 4n, We shall 
write 
Ace Ay ct ee aes 


§1.5. Direct sums and factor groups. 


1.51. 7f A = A, + Ao, the factor group A/A, is tsomorphic to Ao. 
Proof. Tia € A/Ay anda = a, + a € a, a € Ay, a € Ag, then 


m=a—-ae na. 


Since the difference of two elements of :t, is contained in A» and conse- 
quently can be contained in A; only if it is the identity, az is the only 
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element of A» in the coset a. Therefore, setting f(a) = az yields a (1-1) 
mapping which is an isomorphism. This proves the theorem. 
1.52. Let 


al = Ay t+ ke Ties 
and let A’; be a subgroup of A; (@ = 1, --:, 7); the elements of the form 
a =ay,+-::: +a’, forma subgroup A’ of A (A’ ts the direct sum of the 


groups A’;). Under these conditions the factor group A/A’ ts isomorphic to the 
direct sum of the factor groups A;/A’; (@ = 1, +--+, n): 


AAS Ay AGA tae SAAN 


where the direct sum is to be taken in the sense of Def. 1.4. 

Proof. The elements of the group 8 = Ai/A‘) + --: + An/A‘n have 
the form b = (a1, --+ , dn), With a; taking all values in the group A;/A’;. 
Let us assign to each element 


a=at+:::+a,€ A, a:€ A;, 
the clement 
b = f(a) = (m,-°--,a,) € B 


where a; is defined by the condition that a; € a;. The resulting mapping 
f of A onto Bis a homomorphism. To show that f induces an isomorphism 
f of A/A’ onto &, it is enough, by 1.1, to prove that the kernel of f is A’. 

The last assertion is proved as follows: since the identities of the groups 
A;/A’; are the groups A’; , 


Cay A aa CA 


is mapped by f into the identity of 8 only if a; € A’; for all 7, that is, if 
a€é A’. 


§2. Free Abelian groups 


§2.1. Definition. A group X is called a free (Abelian) group of “rank” n 
if it contains clements 2, --- , 2 with the property that every x € X can 
be uniquely represented in the form 


(2.1) = 4 +--+ Heat, 


c; an integer. Every set of elements 7, +--+ , 2, of X with this property is 
called a basis of the free group X. A free group X with a basis consisting 
of the elements 2, +++ , %» Will be denoted by X = [x , --+ , ex] or simply 
by X”. X” is obviously the direct sum of the infinite cyclic groups X; 
generated by the corresponding elements 2; . 
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A free group of “rank” n is isomorphic to the group of all linear forms 
Cty + +++ + Cat, in n Variables with integral coefficients. 

2.1. The free group X = [x1, -°-+- , %n| has no elements of finite order except 
the rdentity. 

Indeed, if 2 = aywi + --: + aa%n is of order c, then 


cUX, + ++: + cart, = 0, 


so that ca; = 0, -:- , ca, = 0,1e, a: = ++: = a, = 0. 
§2.2. The rank of an Abelian group. An expression 


Cit Fes + Cate, 


where 7, +++, %, are clements of a group A and ¢, --: , ¢, are integers, 
is called a linear combination of the elements 7,, --° , %2 of A. A linear 
combination is said to be ¢frivial if all the c; are zero; in the contrary case it 
is said to be nontrivial. The elements x; , -:: , , of A are said to be linearly 
dependent if some nontrivial linear combination of these elements vanishes. 
In the contrary case, the elements are called linearly independent. 

The maximum m for which A has m linearly independent elements is 
called the rank of A. If A has m linearly independent elements for every 
m, the rank of A is infinite. We shall denote the rank of A by pA. 

The following proposition shows that this definition of the rank of a 
group 1s equivalent to that of Def. 2.1: 

THEOREM 2.2. The rank (in the sense of 2.2) of a free group of ‘rank? n 
(in the sense of 2.1) is n. 

Proof. The elements 21, +++ , %2 of a basis of a free group are linearly 
independent. Indecd, since the clement 0 can be represented in the form 
(2.1) uniquely, it follows that 


CX, + eg ae Oo 0 
implies that 


GQ =--' =, = 0. 
It remains to prove that every n + 1 elements y1, ---, Yagi of a free 
group X = [w1, °-+ , ta] are lincarly dependent. The proof is by induction 


over n. The theorem is obvious for n = 1: the elements y; = az, and ye = bay 
are linearly dependent. (If a = 0, 1-y1 + O-y. = 0; if a + 0, —b-yy, + 
ay, = 0.) 


Suppose the theorem vahd for n = k — 1; we shall prove it for n = k. 
Let 
(2:2) eS Sa ies h=1, °°, B+ 1, 
be k + 1 elements of (ti, +++ , .x%]. Then the & elements 


Yn = Yr — AnN, h= 1, Py k: 
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are contained in the free group [rz , --- , t] of “rank” k — 1 (in the sense 
of 2.1). Hence they are linearly dependent by the ductive hypothesis. 
Therefore there exist integers c’), --- , c’, , not all equal to zero, such that 


dha C'ngn = 0; 
then 
(2.21) hel Cyn = bia) , 
where 
b) = ad nna - 
In exactly the same way, considering the elements 
Gn = Yh — Anis, Sly ove het S 1, 8 8k, 


for arbitrary fixed 7, we obtain 


(2.2;) a Cnr = Dive, i= 1, a eS k. 
If b; = 0 for at least one value of 7, then according to (2.2,) the elements 
Yi, °** 5 Ye, and consequently the elements yi, ---, Yeu1, are linearly 


dependent. If every 0; is different from zcro, it is easy to see that according 
to (2.2) forh = k + 1 and (2.2,) the element 


bibo ++: byes 


is a linear combination of yi, --- , yx, with the coefficient of y,41 different 
from zero. Consequently, yi, +--+ , yey: are linearly dependent. This proves 
the theorem. 


Having proved the equivalence for free groups of the two definitions of 
rank, we now have: 


2.21. Every basis of the free group [r1, +--+ , Xn] consists of n elements. 

2.22. If two free groups [1,, +--+, 2.) and [y1, +--+, Ym] are isomorphic, 
then m =n. 

The converse, i.c., that the two free groups [m1 , --- , a] and [yi , «++ , yn] 


are isomorphic, is obvious. 

§2.3. Linear equations. An immediate consequence of Theorem 2.2 is 
the well known 

THEOREM 2.3. A system 


(2.3) et Aunt, = 0, eS LP ony 


of n linear equations in rn + 1 unknowns & with integral coefficients ax, 
always has nontrivial integral solutions. 


Proof. According to Theorem 2.2, n + 1 arbitrary elements 
Ye = Diter ants , kK=1,-+-,n+1, 
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of the free group [t1, -:: , Ya] are linearly dependent. Hence there exist 
integers £1, °° , 141 not all equal to zero such that 


Q= Soest Eye = et Aingn)L: , 


Le., dor Qués = O for alli = 1, ---, ; consequently, the numbers & 
are solutions of the system (2.3). 

Since we may cancel from the & any factors which they may have in 
common, the conclusion of the theorem can be strengthened by requiring 
that the numbers & , --- , 241 be relatively prime. 

§2.4. Bases of a free group. The elements a1, --- , «, are not a 
unique basis for the group [m, ---, an] . 

The definition of basis implies that a system of elements y1, ---: , Yn 
of [21 , «++ , Xn] forms a basis for [%, «++ , Ya] if, and only if, the system satis- 
fies the following conditions: 

1) Every x € [2 , +--+ , tn] may be written as 


nr 
c= ae aAYi. 


2) The coefficients a; are uniquely determined by z. 

According to the following theorem Condition 2) follows from 1): 

THEOREM 2.4. If the elements y,, +-- , Yn of the group X = [t1, °°: , nj 
have the property that every element of X ts a linear combination of the elements 
Yi, °° Yn, then the latter form a basis for X. 

Proof. Let Z = [a , --+ , 2n] be a free group and assign to every element 
z= >cshiaz: € Z the element f(z) = 021 ay; € X. By the hypothesis 
of Theorem 2.4 the mapping f is a homomorphism of Z onto X, with 
f(z.) = yi @ = 1, --- , n). Since the elements z; form a basis for Z, the 
proof of the theorem will follow if we show that f is an isomorphism. To 
show this, it is enough to show that the kernel of f is the null group, Lc., 
that f(z) = 0 implies that z = 0. 

Hence, suppose z € Z and f(z) = 0. Choose elements 2’), «+: , 2’n of Z 
such that f(z’;) = 2;. The elements z, 2’/,, +--+ , 2’n are linearly dependent 
according to Theorem 2.2, that is, there exist numbers b, b}, --+ , bz, not 
all equal to zero, such that 


bz + diz’) +e) + baz’, = 0. 
Since f is a homomorphism and f(z) = 0, f(z’) = xz, it follows that 


bit) + --- + bt, = 0; 
whence 


so that 
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Since the only element of finite order of the free group Z is the identity, 


it follows that z = 0, q.e.d. 
We now have 
2.40. The elements y1, ++: , Ya form a basts for X = [t1,-°-- , ta] if, and 
only af, x; can be written as 
(2.40) Ly > QxYyk y t= iL, vee yn, 


For, (2.40) implies that every element of X, as a linear combination of 
the elements x; , can also be written as a linear combination of the elements 
yi; Whence it follows that the elements y; form a basis for X. 

EXAMPLE. Let 


Ya = ep Peete ea 
where the c; are arbitrary integers. Then 
Yi, T2y °° * y Xn 
are a basis for X. Indeed, 
Ly = Yi — Cale Se Ona 


§2.5. Subgroups of free groups. All the applications of group theory in 
this book, as well as the entire theory of Abelian groups with a finite num- 
ber of generators, are based essentially on the following theorem: 

TuEoREM 2.51. Let X” bea free Abelian group of rank n. Every non-null 
subgroup U of X” is itself a free Abelian group with rank k < n. Moreover, 
there is a basis y~1, -*+ , Yn Of X” and a basis mw, ---, ue, k <n, of U 
such that 


Ui = OY, C= ly Mey ky, 


where 6,, °°: , 0 are natural numbers and 6:41 1s divisible by 0;,7 = 1, --- 
ke — 1. 

Proof (borrowed from A. G. Kuro, Group Theory). For n = 1 the theorem 
follows immediately from the fact that every subgroup of an infinite cyclic 
group with generator x is an infinite cyclic group with generator 6x, 6 a 
natural number. 

Assume that Theorem 2.51 is valid for X”™*. If U is a non-null subgroup 
of X", every basis of X” determines a unique positive number, namely, the 
least of the positive numbers which occur as coefficients in the linear forms, 
relative to the given basis, representing the elements of U. This minimal 
coefficient changes, in gereral, with the basis of X”. We now seek a basis 
of X” for which this coefficient assumes its smallest possible value. Let 


(2.511) (ti, °++ , tn} 


? 


be such a basis. 
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Let 6; , 6: = 1, be the smallest positive coefficient corresponding to 
this basis, and let 


Uy, = Oty + dete + +++ + antn 


be one of those elements of U whose representation relative to the basis 
(2.511) contains 6; as one of its coefficients. (The assumption that 4, is a 
coefficient for uw is legitimate, since the basis of X” is not ordered.) 

We shall prove, first, that every coefficient az, --- , dn is divisible by 
6. lor, let a = Ag + 7,0 <r < &. Let us transform the basis (2.511), 
replacing the element 7, by x1 + gx.. The clement u may now be written 
as 


aes Ayr") + rt. + agrz3 $i++ + ant 
relative to the new basis 
xy =a+ G%2,%2, 75°, an. 


We have thus found a basis of Y” relative to which one of the elements of 
U contains a positive coefficient less than 6,. This contradicts the choice 
of 6, and proves the assertion. 

Let a; = 6:9:,7 = 2, +++ , 2. Transform the basis (2.511) of A” by re- 
placing 7 with 

Y= tr + get, + +--+ H dntn. 

It is clear that 24 = O41. Furthermore, let us collect all the elements of U 
in whose representations relative to the new basis the coefficient of y: is 
zero. These elements form a subgroup C7’ of U, whose intersection with the 
eyclic subgroup [t4] generated by 2 is the null group. We shall prove that 
U is the sum of the subgroups [t4| and U’. 

Let 


wu = diy + deve + +++ + Barn 


be an arbitrary clement of U. If bh = @q + 7,0 <r < 4, then the co- 
efficient of yi in the element 


w= Us qin = ry + det, + +++ + Date 
of U is less than 6; ; hence, beeause of the definition of 6,, 7 = 0. There- 
fore uw’ is contained in U" and 
u= gn + 


is an clement of the sum of the subgroups [tq] and U’. 
It now follows that if U’ = 0, then U' = [ra} and the theorem is proved, 
If U’ ¥ 0, we obtain a decomposition of U as the direct sum 


U = [uw] + U’. 
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The subgroup U’ is contained in the subgroup X’ = [z2, +++ , Tal; whieh 16 
a free group of rank n — J. Hence, by the inductive hypothesis, U” is a free 
group. Moreover, there exist baxes yo, o++ 4, Yn of X and ww, ++> , Ue of ie 
such thatk — ] <n — J and u; = Oy;, with 0, > 0(2 <i < k) and 
Gia divisible hy@; 4. = 2,8; 22+, 2 = 1. 

We have thus proved that U is a free group of rank k, k <n. To prove 
that the bases 


(2.512) (Wig Yes iF s Yns 
of X" and 
(2.513) [Uy Mn, o>, Un} 


of the subgroup U © X” have the properties required by the theorem, it 
remnaing to prove merely that @ is divisible by 0:. Let 0. = O40 + 1, 
O< rm < 6. Let us replace xy, by 
y'1 = Yr — Yoye 
in the basis (2.512) of X”. The elernent uw. — m of U may now be written 
as 
Mn — Wy = (—A)y' + Toye 


relative to the new basis; whence again, because of the choice of 6 , it 
follows that ro = 0. This proves Theorem 2.51. 

AeMARK. The nurnber 6; is the order of the element y;,7 <k, of X” relative 
to the subgroup U’, that is, it is the least natural number 6 such that 6y; © UV. 
In fact, if 6y; © C, then 


by: = » C9 y 5 


for some integers ¢;. Then because of the linear independence of the ele. 
mnents y;,¢; = 0,7 41, and 6 = ¢,0;. 

Since 64, © UU <i<ik),y;: © U, where O as usual denotes the divj- 
sion closure of the subgroup C (in X“). On the other hand, let < © O and 
let 


BOS Cry HP ee Oe oP Cuando aa 


Then cz © U for some integer c # 0, 1.¢., there exist integers a, , « 
such that : 


Chyyy + ores b ctaye Hh ot tt b COaYn = Oy + ee + On Yyp . 
Hence, since y, °*- , yo are linearly independent, 
hy = 8, +++, Oe = GeO, , Cray = +++ = CCn = O, 


so that ga = °°: = Gp =Oands =ay + --- + ey. 
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Therefore 

2.511. The elements yi, --- , ye of a basis {y1, --- , Yn} form a basis for 
the group U. 

We shall now introduce new notation which will be more convenient 
for the applications of Theorems 2.51 and 2.511. The elements y; of a basis 
Yr, °°: , Yn for which z > k will be denoted by 21, -+: , 2 5 the elements 
yi, <k, for which 6; > 1, as well as the 6; corresponding to these ele- 
ments, will be renumbered in the converse order and denoted by tw, «++ , U, 
[we would then have 6; = 0 (mod 6;41)]; the corresponding @,’s would then 
be 61, °°: , 9, 6; = O (mod @;4;). Finally we denote those y; for which 
6; = 1, byw, +--+: ,v,. We may now restate the results obtained above: 

2.52. Let X be a free Abelian growp and let U be an arbitrary subgroup of 
A. The group X has a basis 


(2.52) ig Bh ees Uy y O25 Ue Dig Pt Uys 


with the following properties: 

a) v1, °°*, v~- are elements of U; the order of u; relative to U ts a natural 
number 6; > 1, where 6; = 0 (mod 6441); 

b) the elements 61m. , ++: , Ou, andv,, --+ , ve form a basis for U; 

c) the elements uy +++, Ur} 01, °** 4 V, are a basis for U. 

A basis (2.52) of X satisfying the conditions of Theorem 2.52 is called a 
canonical basis of the free group X (relative to the subgroup U). 

§2.6. Some remarks on canonical bases. Let U = U be a division 
closed subgroup of a free Abelian group X. Let 


{21 ttt yee UL, soe yup} 


be a canonical basis of X relative to U (in consequence of the fact that U 
is division closed, all the 6; = 1). Then 


Im, +--+ a) = U,X = la, +--+, ad tin, «++, ol, 
and 
(2.61) NX/U = [jy +++ 5 beh 


where 3; € X/U is the coset containing z;. Hence 

2.61. The factor group X/U, where U is a division closcd subgroup of X, 
is a frec group; and X = U + V, wherc V ts a subgroup of X isomorphic to 
X/U. 

Remark. The subgroup V is, in general, not uniquely determined by the 
condition X = U + V’; but all V satisfying this condition are isomorphic 
(sinee they are all isomorphic to Y/U). In our notation we may take as the 
group V the group [a, ++, 2x). 

DEFINITION 2.62. Let U = U be a division closed subgroup of a free 
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group X of rank n. The elements x, +++ , tp of X form, by definition, a 
U-dasis for X if their cosets x; € X/U are a basis for the free group ¥ /U. 
It is clear that 
2.621. The elements 21, --: , %» of a group X are a U-basis if, and only 
if, no nontrivial linear combination of these elements is contained in U 
and, moreover, every x € YX has a representation 


(2.621) x= ut Yew, 


where u € U and the c; are integers. 
2.63. If U is the division closure of the subgroup U of a free group X of 
rank n, then every U-basis of X can be extended to a canonical basis of X 


relative to U. . 
To prove this let 2,, +++ , tp bea U-basis of X and let 


(2.630) 215 °° * ) @r y Uy, 0°) Us 5 a 
be a canonical basis of X relative to U. We shall show that 
(2.63) U1, °'* Up; Ur, *** » Ur; YU, °°" 5 Ve 


is a canonical basis of X (whence it follows, in particular, that p = 7). 
To show this, it is obviously enough to prove that 


(2.631) X = [ay, +--+, Up) + [urs +++, Ue 1, 8 * y Vole 
The definition of a U-basis implies that 
[t1, °°" , tn U =0 
and that every x € X has a representation (2.621). Hence, by 1.31, 
X =|[n,-++, a) + U. 


Since U = [w, +++, Ur 301, °°* Vel, it follows that (2.631) holds. 

In conclusion, we shall prove the following important, but completely 
elementary proposition: 

2.64. Let L be a free group of rank n and let Z be a division closed subgroup 


of L. If t1, +++, tp ts a basis of the free group L/Z; 2, +++ , gts a basis of 
Z; and x; is an arbitrary element of the coset t;,1 = 1, --: , p, then 
(2is tty Up yey 52a} 


ts a basis for L. 
We shall prove 
a) every x € L has a representation 


a= Diam + Don cre 3 


b) the representation a) is unique; b) is obviously equivalent to 
b’) the elements 4%, ---: , %p3 21, °°: , 2g are linearly independent. 
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Proof of a). Let v denote the coset of « € L relative 60 Z. Since t , oe 
form a basis for L/Z, there exist a, , --- , ap such that 

Pd 
T= Sats . 

Then 


re 
and therefore there are integers c, such that 


OS Sees 


that is, 


c= ye: AiN;s + oe CrZh > 
This proves a). 
Proof of b’). Let Soa; + dient, = O. We must show that all the a; 
and c, are zero. We have 


(2.641) Draws = —Doentn € Z 


or 


Sait; = 0. 


Since the cosets tr; (as clements of a basis of the free group L/Z) are lincarly 
independent, all the a; are zero and hence by (2.641), 


ers =), 


Therefore, in view of the linear independence of the 2, , all the c, are zero. 
§2.7. Homomorphisms and endomorphisms of free groups. The matrix 
of a homomorphism (for prescribed bases). The trace of an endomorphism. 
Let f be a homomorphism of a free group V of rank -: into a free group Y 
of rank gq. 
If X = [a1 , nee: Lp); PS Wine ’ Yq), then 


= = q = rey 
F(rn) = as Qngy i y h= 1, > Pp: 
The matrix 
ai, » Gj, » Ale 
Ql, cee ; Qn; eee ; Qhq 


Apl , aan ; pj; sey Apq: 
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is called the matrix of the homomorphism f of the group X into the group 
Y (relative to the bases 21, °°+, %p3Y15 °°* ) Yq): 

A homomorphism of a group into itself is called an endomorphism. 

Let f be an endomorphism of a free group XV of rank n and let 71, +--+ , % 
be a basis of .Y, with 


(2.71) f (xn) = > nits. 


The number 


ye h Ahh 


is called the trace of the endomorphism f (relative to the basis a, --+ , Xn). 
THEeorEM 2.7. The trace of an endomorphism is independent of the chorce 
of a basis. 
Proof. Let y:, «++ , yn be another basis of X, related to 21, --+ , % by the 
equations 


(2372) Yn = dog Upeta s 

(2.73) Le = Doe Vere 

Suppose that the endomorphism f relative to the basis y1, --+ , yn 1S given 
by the equations 

(2.74) fy) = De day 


We must show that 
(2.79) Sn anh = 23 bj; - 
If we substitute the expression (2.73) for x, into (2.72), we get 
Yn = peas, UparYr 5 
whence, in consequence of the independence of y, , 
(2.76) doa Upaar = Spr ; 


where 


In the same way, substituting (2.72) for y, with the subscripts p, g replaced 
by r, s into (2.73), we obtain as a consequence of the independence of the 
es 


CHES) Ye Vertlrs = Oge - 
Moreover, by (2.72) and (2.71), 
fy) =SO a una) = Din taf) = Dads watrdts 3 
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and from (2.74) and (2.72), 
fs) = er bie = eer b jpUngha - 


Consequently 


Da De UjrAhglq = Do a DjUeghs , 


so that 


Don Ujndng = Don Vyxdleg 


since the x, are independent. Multiplying this equation by vg, , summing 
over q, and applying (2.76), we obtain 


Pas UjRAhQar = oer. b 8xr = Dir : 


Then (2.77) yields 


ae bj; = PPR O Be VajUjnahg = ae a BghQhg = De. Qnh - 


This proves the assertion. 

Accordingly, we may now speak of the trace of an endomorphism inde- 
pendently of any basis. 

§2.8. Addition theorem for traces. Let f be an endomorphism of a free 
group X into itself and suppose that Y is a subgroup of YX such that 
f(Y) © Y. Since Y is a free group (see 2.5), the trace SpY of the endomor- 
phism f of Y is defined. We shall write the trace of the endomorphism f 
of the group X as Spx. 

Since f(Y) € Y, the division closure Y of Y in X is also mapped into 
itself by f. For, if « € Y, there isa natural number m such that ma ¢ Y; 
then mf(x) = f(mz) € Y and f(x) € Y¥. Since f maps Y into itself, f induces 
(see 1.1) an endomorphism f of the factor group V/ : 

If X/¥ ~ 0,X/F is a free group (by 2.61). Hence the trace Sp(X/Y) 
of f is defined. If Y/Y = 0, we shall set Sp(.X/ Y) = 0, by definition. 

TitoreM 2.8. Jf an endomorphism f of a free group X maps a subgroup 
Y into itself, then 


SpX = SpY + Sp(x/Y). 
Proof. lf Y = 0, the theorem is obvious. If Y # 0, choose a canonical 
basis a, °°+, % of X relative to Y. Then for some r < n, 
Y= [m,---,a] YY = [mn,-++; Ord, 


where some of the 6;, and in fact all the 6; starting with some 7 = kh < 1, 
may be equal to |. If t,41, -+-, Y, are the cosets of X relative to Y which 
contain the elements v41, °°°, a, then by (2.61) 


N/Y = [V4 »o0 ty ial 
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Let 
(2.81) fers) = Dhani, h=1,---,n. 
Since Y is mapped into itself , 
(2.82) a aes 
t=rt+1, 
Since Y is also mapped into itself, 
(2.83) f(nta) = Doar a’ nis , tad Oa a 
On the other hand, (2.81) and (2.82) imply 
(2.84) f(Ontn) = On Doar Qniks , h=1,---,7. 


Sincea’;:0; = Onan; by (2.83) and (2.84), it follows that a’x, = ayfort = h, 
so that 


(2.85) SpY = Diet Ahh - 
This proves the theorem for r = n, i.e., X/Y = 0. Suppose r < n. Apply- 
ing (2.81) fork = 7 + 1, ---, and using the fact that 2, ---, x, are ele- 
ments of Y contained in ne identity coset of X/Y, we get 

f(t) = eae, Anil; , = Tr + i? 
Hence 
(2.86) Sp(x/ Y) = ae =r41 Ghh . 


The theorem now follows from (2.85) and (2.86). 
Remark. If X = Y, we get the special case 


SpY = SpY. 


§3. Theorems on the rank of groups 


3.1. The rank of a group A is zero if, and only if, all the elements of A 
have finite order. 

Proof. If all the elements of A are of finite order, then 

(ti + ++: + entra = 0 

for every set 11, ---, t, € A and c; equal to the order of z;. Hence every 
set 21, °°+, Un € A is linearly dependent. Therefore A contains no non- 
empty set of linearly independent elements and the rank of A 1s zero. 

Conversely, if pA = 0 and x € A, there is a nonzero integer c such that 
cx = 0. Hence all the elements of A have finite order. 

3.2. If A isa group and Ay ts an arlutrary subgroup of A, 


(3.2) pA = p-ly + p(A /Ao) 


(the ranks of the above groups may be finite or infinite.) 
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We shall first prove the inequality 
(3.21) pA = pAo + p(A/Ao). 


Tor this it is enough to prove the following proposition: 
3.21. Lf the elements x , +++, » of Ao, and the clements yn , «++, Yq of A/Ao 
are linearly independent, and tf yi € Yi, then 


Tr, 1°, Xp, Yr, °**) Ua 
are lancarly independent. 
To prove this suppose that 
(3.211) Doe ati + Doha diy; = 0 


for integers a; and b;. Remembering that S°?_; asx, € Ag, (3.211) yields 
for the cosets: 


(3.212) 41 bay = 0. 


Hence, because of the linear independence of the y;, bs} = 0 (7 = 1, ---, g) 
and (3.211) becomes 


(3.213) aay AX; = 0. 
The linear independence of the x; then implies that a; = 0 (@ = 1, ---, p). 


This proves (3.21). 
Before we go on to the proof of the inequality 


(3.22) pA < pAg + p(A/Ao), 


we note that (8.21) implies 
3.210. If Ao ts a subgroup of A, 
pAg < pA and p(A/AAo) < pet. 

We shall now prove (3.22). In the proof we may obviously assume that 
the ranks of Ay and A/Ap are finite, since (3.22) is obvious in the contrary 
case. 

Suppose pAy = p, p(A/Ao) = g, and let 21, +--+, a) be lnearly inde- 
pendent elements of yp, and y,, ---, Yq linearly independent elements of 
A/Ao, with y; © Y;. 

Lemma. [fz € A, there exists a nonzero integer e and there exist integers 
c;, d; such that 


c= Dhiews + Dia dy, . 
Por, if 2 € 3 € A/slo, the elements 3,1, +++, Wg of A/Ao are linearly de- 
pendent. Hence a combination b3 — >°4_; by; is zero: 


(3.221) b — do, by; = 0. 


Then, because of the linear independence of the »;, b ~ 0. 


i) 
Lo 
“I 
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(3.221) is equivalent to 


f 
(3.222 zg’ = bz — SOL, dy; € Ao. 
The elements 2’, v1, +--+, x» of Ao are linearly dependent, so that a linear 
econibination 
(3.223) az’ — > Paz; = 0. 


Hence, due to the linear independence of the 2;, a # 0. 
From (3.222) and (8.223) we obtain 


(3.224) abz = az’ + S°4, abjy; = yy ats + Doha abiys, 


so that, setting c = ab 4 0, c; = a;, d; = ab;, 


CZ = oy Crt + 53m a jy ; : 
This proves the lemma. 
Let us now write the elements y,, +++, Yq AS Xp41, °**, Vp¢q. We must 
show that pA < p + q, that is, that every p + g + 1 elements 


21) °°", Sp4qti 


of A are linearly dependent. To prove this we note first that by the Lemma 
there are integers ¢, * 0 and cx such that 


(3.225) otk = Doitcat, k=1,---,p+q4t1. 


On the other hand, the theorem on linear homogeneous equations (see 
Theorem 2.3) implies that there exist integers &, +++, &p4q41, not all zero, 
with the property 


(3.226) rat” cag, = 0, PS lyst pe Gs 
We then have by (8.225) and (3.226) 
PP? teen, = DOR (DUE cukiar = 0; 
p+atl 


since not all the &; are zero andall the c, aredifferent from zero, int ERCRZ 
is a nontrivial linear combination, and 2 , «++, Zp4q41 are linearly dependent. 

This completes the proof of Theorem 3.2. 

§3.3. The rank of a group (mod 7m). An integral linear combmation 
><e;; of elements x; of a group A is said to be nontrivial (mod m) if not all 
the c; are divisible by m. The elements z; are said to be linearly dependent 
(mod m) if a nontrivial (mod m) linear combination of these elements is 
zero. The maxinium integer r for which A contains r linearly independent 
(mod m) elements is called the rank of A (mod m) and is denoted by pm(A). 

The following theorem may be proved by an almost verbatim repetition 
of the reasoning of 3.2 (but with the equalities replaced by the correpsond- 
ing congruences) : 
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3.3. [f mis a prime, and A is a group with the property that mA is the null 
group (for ma prime this means that all the elements of A are of order m), then 


pmA == Pm-‘Ao + Pm(A/Ao) 


for an arbitrary subgroup Ag of A. 
Remark. The inequality 


(3.31) PmA > pmAo —F pm(A/Ao) 


can be proved without the assumption that m is prime. The condition 
mA = 0 appears in the argument in the following way. To prove (3.31), 
following the proof of (8.21), we deduce that b; = 0 (mod m) from (3.212), 
whence it follows, by (3.211), that 


Dr ats = — dota by; € mA. 


This in turn, since mA = 0, yields 
p 
yee ax; = 0, 


i.e., a; = 0 (mod mm). 
To prove that 


pmA < pmAo as pn(A/Ao) 


we must again use the condition mA = 0 to derive (3.222). The fact that 
m is prime is used to show that 


a # 0 (mod m), b ¥ 0 (mod m) 


implics ab 4 0 (mod m). We note, finally, that we may still require of the 
numbers £; that they do not have a common divisor (sce remark at the 
end of 2.3). 


§4. Groups with a finite number of generators 


§4.1. Definition. A system © of clements of a group N is called a system 
of generators of X (the clements themselves are called generators) if every 
element of Y has at Icast one representation as a linear combination 
daw; , with 2; € S and the a; integers. 

We shall now consider groups whose systems of generators consist of a 
finite number of elements, that is, groups with a finite number of generators. 
The simplest examples of groups with a finite number of generators are the 
free groups of finite rank; every basis of a free group is a system of gener- 
ators of the group. Moreover, every finite group (that is, a group having a 
finite number of elements) is a group with a finite number of generators, 
since the sect of all elements of a group 3s itself a system of generators of the 


group. 
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REMARK. We shall say that a group is generated by n elements if it has 
a system of generators consisting of n elements. 

THEOREM 4.11. Jn order that a group be generated by n clements, it 1s neces- 
sary and sufficient that it be the homomorphic image of a free group of rank <n. 


Proof. Necessity. Let x, +++, 2% be a system of generators of the group 
X and consider the free group Y = [y, ---, ya] of rank n. The mapping 


f( ay: = Sait: 


is a homomorphism of Y onto X. 

Suffictency. If f is a homomorphism of the free group [y:, ---, Yn] onto 
NX, the elements f(y:), ---, (yn) are a system of generators of X. 

Theorems 4.11 and 3.2 imply that pX < n, Le., 

4.12. The rank of a group with n generators 1s <n. 

§4.2. THEOREM 4.21. If a group X is generated by n elements, the same is 
true for X/Z, where Z is any subgroup of X. 

Proof. The group X is homomorphic to a free group Y of rank <n 
(Theorem 4.11); the group X/Z is homomorphic to X. Since the product 
of two homomorphisms is a homomorphism, X/Z is homomorphic to Y. 

THEOREM 4.22. If a group X 1s generated by n elements, so 1s any subgroup 
Z of X. 

Proof. By Theorem 4.11 there is a homomorphism f of a free group Y of 
rank n onto X. It is easy to see that f (Z) is a subgroup of Y and is there- 
fore a free group of rank <n. According to Theorem 4.11 its image is gen- 
erated by n elements. 

THEOREM 4.23. If Z is a subgroup of a group X, and the groups Z and 
X/Z both have a finite system of generators, then so does X. 


Proof. Let 21, --+, 2-(t1, °+*, Te) be a system of generators of Z (X/Z), 
and let «1, , --+, % be arbitrary elements of the corresponding cosets 1 , :--, 
t,. Then 2, -°*, 27, %1, °'', 2 generate X. For, if « € X and x is con- 


tained in the coset > b;r;, then x = z + > oby;, with z € Z. Conse- 
quently z = >oaz:and x = )oaz; + > b,a;, which was to be proved. 
§4.3. Fundamental theorem for groups with finite systems of generators. 
DEFINITION 4.31. A representation of a group A as a direct sum of a 
finite number of cyclic groups 


(4.31) A OG vo sdhlOe4 Ft ae Ge. 


with the ©, finite and the Z; infinite cyclic groups, will be referred to as a 
cyclic decomposition of A. 

The cyclic decomposition (4.31) will be called canonical if the orders 6; of 
the groups 9; have the additional property 


(4.310) 6; = 0 (mod 6441). 
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FUNDAMENTAL THEOREM 4.32. Every Abelian group with a finite number 
of generators admits of a canonical cyclic decomposition. 

Proof. According to Theorem 4.11 every group A with a system of n 
generators is a homomorphic image of a free group X of rank n and there 
is, therefore, a subgroup U of X such that A  X/U. 

Suppose that 


Pins SNe tg Sek SH ip oe eo 
is a canonical basis for X relative to U (see Theorem 2.52). Then 

Ke Sal se rate Se [2g te Tey) Ae ee oe tie) a Led te ie lel 

U = (Oyu) +--+ + [6,u.] + [vr] + --- + [ve]. 
Hence, by Theorem 1.52, 
X/U = le) + + + lee) + [onl/[Orea] +--+ + (eul/[04} +0 +--+ +0, 
that is, 

A. Sapp te Zeb Oy are ae Op, 


where Z, , -::, Zr are infinite cychc, O,, ---, ©, are cyclic groups of order 
6,,°°*, 4, and 


6; = 0 (mod 6;41). 


This completes the proof of the theorem. 

Remark. The numbers @,, ---, 6, are called the torsion numbers of the 
given canonical decomposition of A, or simply the torsion nwnbers of A. 
The following theorem justifies the use of the latter terminology: 

4.320. [very two canonical decompositions of a group A arc tsomorphic in 
the sense that they consist of the sane number of cyclic groups, corresponding 
pairs of which are isomorphic, and have the samc torsion numbers. 

We shall not prove this theorem (see Scifert-Threlfall [S-T, §§S6-87)). 
We mercly note that (3.2) and Theorem 3.1 immediately imply one of the 
assertions of Theorem 4.320: 

4.33. The number of infinite cyclic groups in an arbitrary cyclic decomposi- 
tion of a group X is equal to the rank pX of X. 

Morcover, 

4.34. In an arbitrary cyclic decomposition of a group A the direct swm of 
the finite groups of the decomposition is identical with the subgroup © of A 
consisting of the elements of A having finite order. 

Let 


A=Q+--+4+6,444+°°4+4% 


be a cyche decomposition of A, with ©,, ---, O, finite and Z,, ---, Z, in- 
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finite. It may happen that one of the numbers 7 or 7 is zero Gf 7 = 7 ~ 0, 
A is the null group). 

It is obvious that every element of the direct sum ©; + °-* + O, is of 
finite order. Conversely, suppose that 


U= at, H+ Get, + dr, es + dDete EO, 


where the w; (z,) are generators of the groups ©; (Z,), is an element of A 
having a finite order. If mu = 0, that is, 


may ++: + mau, + mb, + +++ + mbstr = DO, 


and m ~ 0, then) = --- = b, = 0,sothatwe O, +--+ + @,. 
Hence 


Q+---+6,= 8. 


A consequence of Theorems 4.33 and 4.34 is the following important 
THroreM 4.35. Every group A with a finite number of generators may be 
written as a direct sum 


AO Gey. 


where © is the subgroup of all the elements of finite order of A and Z is a free 
group of rank pZ = pA (a free group of rank 0 ts the null group). 

Coro.tuary 4.351. The structure of a group with a finite number of gener- 
ators completely determines its rank and the structure of its subgroup of ele- 
ments of finite order. 

ReMasrk. Two groups have the same structure if they are isomorphic. 

CoroLiary 4.352. A group with a finite number of generators which 
does not contain elements of finite order is a free group. 

REMARK. 4.32, 4.320, and 4.33 imply 

4.353. The structure of a group with a finite system of generators is 
completely determined by its rank and its torsion numbers. 

§4.4. Further consequences. 

THEOREM 4.41. Suppose that X and Y are two groups of which one, say X, 
has a finite system of generators. If X', Y' are subgroups of X, Y, respectively, 
such that 


(4.41,) A Sy 
and 
(4.41,) YoRoX’, 
then 
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Proof. First, it follows from (4.41,) and Theorem 4.22 that Y also has a 
finite number of generators. Further, (4.41.) and (4.41,) combined with 
(3.21) imply that 


pX <pY and pY < pX, 


so that 

pX = pY. 
Because of 4.351 it merely remains to be proved that 
(4.42) 0:2 0,, 


where ©, (Q,) is the subgroup of X (Y) containing its elements of finite 
order. For analogous definitions of the groups ©, , 0, , using (4.41,) and 
(4.41,) we obtain 


(4.43.) 0.2 O, 

and 

(4.43,) Oy Fo -Oy 

If the orders of the groups 0,, ©, , 0. , Oy are a, b, a’, and b’, then 
(4.44,) = bh 

and 

(4.44,) bh= a’. 


Since O, € @,, b’ < b. Hence, by (4.44.) and (4.44,), a < a’. But 
0. € O.,,so0 thata’ < a,ie., a = a’. Consequently, O,, = O, and (4.42) 
follows from (4.43,). 

TrroreM 4.42. If X is a group with a finite number of generators and Z 
ts a division closed subgroup of X, then X contains a free (or null) subgroup 
Y such that 


Pe a ee 


Proof. The factor group X/Z contains no elements of finite order (The- 
orem 1.22) and has a finite number of generators (Theorem 4.21). Hence it 
is a free group (or the null group). The case X/Z = 0,i.e., X = Z, is 
trivial, Suppose 


NX/Z = In, mae" mr 


where ); , -+- ,Y; are cosets relative to Z. Choose elements y,--- , Ys 
from these cosets and denote by Y the group of all linear combinations 
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Dey ay;.To prove the theorem it is enough to show: 1) Every x € X 
has a representation x = yte2z2y€ Y,2€ Z,and2)Y¥nZ=0. 
Proof of 1): if € Do: ay;, then — > ay; = 2 € Z. Hence 


x=yt+e2, 


where y = >> ay; € Y. 
Proof of 2): if }> ay; € Z, then >> a; = 0, and so a; = 0 for all 7. 
$4.5. Remarks. 
Remark 1. Let 


(4.51) Yryct Yr, M1, °°" 4 Sp 
be a system of generators of a group A, where the elements y,,--- , y; 
have finite orders 6,-+--, 9, and the elements z,, +--+: , 2p have infinite 


order. The system of generators (4.51) is said to be a basis for A if 


Days t+ Drew = 0 


is equivalent to a; = 0 (mod 6),7 = 1,---,7,ande, = 0,h = 1,---, 7. 

Remark 2. We already know that the subgroup mX of a group X con- 
sists, by definition, of all the elements mx € X, where x takes all values 
in Y. Let us now denote by »X the subgroup of X consisting of all x € X 
for which mx = 0, and by X,, the factor group X/mX, It is easy to see 
that if 


X= X+X" + a + xX”, 


then 
(4.52) ANS oh ak oo 
(4.53) mX = mX’ + mX” +--+) + mx™, 


and also (Theorem 1.52) 

(4.54) Xm = X'm + Xm bee + Xn. 

It is furthermore quite easy to see that for m, m’ > 2, 
mT m) (Tm) mt BS T(mym') 


where J is the group of integers (mod m) and (m, m’) is the greatest com- 

mon divisor of m and m’. Since the same is, of course, true for any group 

isomorphic to J» , i.e., for every finite cyclic group OY Jan, m9 XY Jaa) & 

(Jn)m = Om; and since every finite group is a direct sum of finite cyclic 

groups, we obtain the following theorem by using (4.52) and (4.54): 
TreroreM 4.5. If © is a finite group and m >= 2, 


nw O,. 
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§5. Modules 


§5.1. Scalar product in groups with a prescribed basis. Let {t,---, tn} 
be a basis for a free Abelian group X” of rank n. Every x € X” has a unique 
representation z = >> ajt;. 

Derinition 5.11. If 


a= > ads, y= >> dit: 


are two elements of X”, the integer 
? 


(x-y) = Do adi 


will be called the scalar product of x,y € X” relative to the basis {t , --- , tn}. 
Clearly, 


(xy) = (y°2), 
((t1 + 22)-y) = (airy) + (ae-y), 
(v- (yr + ye)) = (a-ys) + rye). 


For arbitrary 2 = >> ads, (w-ts) = ai; and, in particular, (t;-t;) = 63; . 

§5.2. Modules. The free Abelian group of rank » consisting of all the 
linear forms >> aj; with integral coefficients in given variables 4; , +--+ , fn, 
with the usual addition as the group operation, is called an integral module 
of rank n and is denoted by [f,, --- , ¢a]. (A module, in other words, is a 
free group one of whose bases is singled out once and for all.) The basis 
t1, +++, ¢, of the group [h, --- , ta] (that is, the linear forms )) ait:, all 
of whose coefficients are zero except for a single one, equal to 1) is called 
the initial basis of the module. The scalar product relative to this basis is 
called simply the scalar product in the given module. Naturally, every 
basis of the group [t;, --- , fn] is called a basis of the module. 

If {a ,--+ , Zn} is any basis of the module [t;, --- , fn], then every ele- 
ment x of the module has a unique representation 


x= > a’x: 


and the coefficients a’ are referred to as the contravariant components of x 


relative to the basis {21,-°--,2n}. It is clear that every element of the 
module [t:,--- , ¢,] is completely determined by its contravariant com- 


ponents relative to any basis of the module. 
The numbers 


GQ, = (em), ++, Qn = (U'°Xn) 
are called the covariant componcnts of x relative to the basis {a1,--+ , tn}. 
Clearly, relative to the initial basis {t,,--- ,¢,}, the contravariant and 


covariant components of every element of [f;, --- , ¢,] coincide. 
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5.21. Every element of a module 1s completely determined by tts covariant 
components relative to any basis of the module. 

Proof. Leta; = >> a’t;,7 = 1, --+,n, bea given basis and a; = (x-2,). 
It is required to find the coefficients c* of the representation s = >> c't:. 

We note first that since 71, --- , 2n form a basis, we may write 


t; = >, bjs, j= 1, very Ny, 


where det a,’-det b;’ = 1. Since det a,’ and det 6,’ are integers, each of 
them is equal to +1. 
To determine c’ we have the equations 


= 1 ; 
(5.21) (x-t1) = (Cc + --- tee%,) %:) =a, t=1,---,n. 
Since v7; = > a;t;, (5.21) may be rewritten as 

aie + +++ + a,c” = az, tl, gn, 
and solved by Kramer’s rule (since det a,’ = -k1, the solutions are 
integers). 


§5.3. Dual bases of a module. Two bases 
X = {m,--+ , tn}, 
Y= {%i, oe: , En} 
of a module [f,, --- , ¢,] are said to be dual if 


(75°23) = 6; 


for arbitrary 2,7 = 1, ---, 7; x; and #; are said to be corresponding ele- 
ments of the two dual bases. 

5.3. For every basis X of a module [t,, ++: , tn] there exists a unique dual 
basis X. 


Indeed, if 


i = Ant t+ o-+- +H ints , t= lees, 
are the elements of the given basis X and 

th = bati + +++ + Data, h=1,-::,n, 
then %,, --- , , are immediately defined by the conditions 


(Birth) = (Gi: Do; bagts) = Doj dai(Bi-wes) = dar - 


Since the matrix || b,,; || is unimodular (as the inverse of the matrix || ai, ||), 
it follows that Z%,,-+--, €, form a basis for {t;,--- , ¢,]. This completes 
the proof. 

§5.4. Dual homomorphisms. Let 


Ae ets |, BS ie te] 


a) 
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be modules. A homomorphism f of A into B and a homomorphism g of B 
into A are said to be dual if 


(f(x) -y) = («-g(y)) 


for arbitrary x € A,y € B. 
We shall prove the following theorem on dual homomorphisms: 


5.4. Let 
X = {m,-++, xp}, X = {m,--:, 2} 
be dual bases of a module A, and let 
Y= (yi, °° 5 Yeh; YS [ors oe 


be dual bases of a module B. If f and g are dual homomorphisms (of A into 
B and B into A, respectively), and 


f(s) = pe Cis» i= I: "oy DP, 
then 
Do fet OHees J= lee yg. 


9(9;) 
For the proof it is enough to note that for arbitrary 7 = 1,---, q the 


elements g(g;) € A and >-°_1¢:;#; € A have the same covariant com- 
ponents relative to X. These components are 


(9G) an) = (tn-9Gs)) = (Fer) 9s) 
= (Dien cuye Gi) = Diker Cne(Yu- Gs) = Cr 
and 
(Do Pan Cebsratn) = DOP a cas(Bi-ta) = eng. 


This completes the proof. 
Remark. The above formula 


(9G) tn) = Cnj 


implies that c;;, the jth contravariant component of f(z;) relative to Y, 
is also the 2th covariant component of g(g,;) relative to YX. 

$5.5. Modules (mod m), » a prime. 

DerinitIon 5.5. We shall denote by “[t,,--- ¢,] the group whose ele- 
ments are all the linear forms >> ajt; , where the ¢; are given variables and 
the coefficients arc residues (mod m), m a prime. The group “[t,,--+ , tn] 
is called a module of rank n (mod m). [The rank of the group [ti , «++ , tn] 
(mod mm), m a prime, is indeed n (see 3.3).] The same variables t1, +++ , tn 
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form an initial basis of the module (moreover, we shall identify ¢; with the 
linear form 1-¢;, where 1 is the unit of the field J,,). 

The definitions of scalar product, contravariant and covariant com- 
ponents, dual bases and dual homomorphisms, and the related Theorems 
5.3, 5.4 are to be retained (as well as the proofs of the theorems, which are 
even somewhat simpler, due to the fact that instead of the ring J we now 
have the field Jim). 
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— — of a three-dimensional torus, 60 

— —- of a torus, 56 ff. 

Betti numbers, 50 

—— in a point, 199 

— —, local, 199 

— — (mod m), 50 

— — of a compactum, 125 

— — of a complex, 50 

body of a chain, 21 

— of an oriented simplex, 5 

boundaries, examples of, 26 ff. 

boundary in a closed subcomplex, 33 

— in an open subcomplex, 32 

of a cell, 25 

of a chain, 25 

of an oriented simplex, 25 

of a 0-chain, 26 

operator, 24 ff. 
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Canonical basis, 100 ff. 

— — of a free group, 220 

canonical cyclic decomposition of a 
group, 229 

— displacement, 150, 181 

carrier of a point, 139 

— of a proper cycle, 159 

cell, 14 

cell complex, 13 ff. 

— --es, examples of, 17 

— subcomplex, 15 

celular chains, 22 

chain homomorphism induced by a sim- 
plicial mapping, 119 ff. 

chains, 18 ff. 

as linear forms, 21 

—, e«, 148 

—, examples of, 26 ff. 

—, extension of, 24 

— of a simplicial complex, 22 

—, restricted, 24 

classes of ordered skeletons, 3 

closed pseudomanifold, 72, 209 

closed subcomplex of a cell complex, 16 

coboundary, 90 

cocycle, 93 

coefficient domains, 20 

coherent extension of an orientation, 5 

— orientation, 74 

coherently oriented simplexes, 74 

cohomology bases, 105 ff. 

— —, examples of, 106 

cohomology groups, 94 

— —, calculation of, 111 ff. 

— —, examples of, 90 

— — of pseudomanifolds, 95 

cohomologous, 93 

completely homologous continuous map- 
pings, 165 

— — simplicial mappings, 68 

cone over a chain, 40 

— — an oriented simplex, 40 

continuous image of a cycle, 170 

— — of a proper cycle, 164 

contravariant components, 234 

covariant components, 234 
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cycle in a point, 198 

—,e-, 148 

—, T-, 182 

—, proper, 158 

—, relative, 184 

cycles weakly homologous to zero, 35 
cyclic decomposition of a group, 229 


Deformation of a proper cycle, 166 
— of a relative cycle, 189 
degree of a mapping, 86, 174, 194 
— —, Brouwer’s original definition of, 86 
— — of a proper cyele, 174 
A-boundary of a cell, 25 

— of a chain, 25 

A-cycle, 30 

A-groups, 50 ff. 

V-boundary, 90 

V-bases, 105 

V-groups, 90 ff. 

V-homologous, 93 

dimension of a cell, 14 

— of a cell complex, 15 

—, homology, 192 ff. 

direct sum of groups, 211 
disorienting sequence, 77 
division closed subgroup, 211 

— closure of a subgroup, 211 
dual bases of a module, 235 

dual homomorphisms, 236 


Element of finite order, 211 
— of infinite order, 211 
elementary triangulation, $1 
elements of a chain, 21 
endomorphism, 223 

—, trace of, 223 

e-chain, 148 

e-cycle, 148 

e-displacement, 149 
e-homologous to zcro, 148 
(e, ¥)-displacement, 180 
e-simplex, 148 

e-Skelcton, 148 

equivalent ordered skeletons, 2 
Kuler-Poincaré formula, 71 
extension-isomorphism, 24 
extension of chains, 24 

— of an orientation, 5 


Tinite chain, 20 
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— complex, 16, 70 

— system of generators, 228 ff. 

free Abelian group, 213 

fundamental identity for boundaries, 34 
— — for coboundaries, 93 

fundamental system of chains, 131 ff. 
— — ——,, the complex defined by, 135 
fundamental system of subcomplexes, 129 
—, examples of, 130 


T'-cycle, 182 

T'-homologous to zero, 184 
generators of a group, 228 
group of e-cycles, 149 

— of propcr cycles, 15S 

— of r-chains, 20 

— of r-cocycles, 93 

— of r-cycles, 30 

— of relative cycles, 184 
— of simplicial r-chains, 22 


Homological singularity, 209 
homologous chains, 30 

— to zero, 30 

— to zero (mod m), 115 

homology dimension of a compactum, 193 
— — of a polyhedron, 192 

homology groups, 50 ff. 

homology in a point, 199 


Image of an orientation, 171 

incidence matrices, examples of, 17 ff. 

— — of a cell complex, 17 

— — of a simplicial complex, 17 

incidence number of a convex polyhedral 
domain and a face, 47 

— — of a half-space and a plane, 47 

— — of oriented simplexes, 11 

——s in a cell complex, 14 

incident cells, 15 

induced homomorphism of a canonical 
displacement, 190 

— — of a continuous mapping, 171 

— — of a (Y, W’)-mapping, 18S 

-— — of a simplicial mapping, 37, 68 

infinilesimal displacement of a T-cycle, 
185 

initial basis of a module, 234 

integral chains, 19 

— homology classes, 50 

— module, 234 

— r-chains of a cell complex, 20 


INDEX 


intersection-homomorphism, 24 

intersection number of oriented convex 
polyhedral domains, 11 

— — of planes, 9 

— — of simplexes, 10 

invariance of the Betti groups, 153 ff. 

— of the Betti numbers, 152 

— of pseudomanifolds, 155 ff. 

— theorems, 126, 127 


(J, ®)-basis, 70 
Ixernel of » homomorphism, 210 


Lefschetz, 184 

linear combination, 214 

linear independence with 
homology (lirh), 31 

linearly dependent elements of a group, 
214 

— independent elements of a group, 214 

local Betti groups of a compactum, 199 

—-—w— of a locally compact metric 
space, 201 

lower boundary of a cell, 25 

— — operator, 24 


respect to 


Matrix of a homomorphism, 223 
module, 234 

— (mod m), 236 

monomial chains, 22 


Noncoherent extension of an orienta- 
tion, 5 

nonorientable pseudomanifold, 74, 171 

nontrivial linear combination, 214 

normal displacement, 139 

— homomorphism, 140 

— mapping, 139 

— 0-cycle, 51 

n-skeleton, 3 


Opposite cells, 14 

order of an element relative to a sub- 
group, 219 

— of an integral cycle, 69 

ordered skeleton, 2 

orientable pseudomanifold, 74, 171 

orientation of a pseudomanifold, 75, 76 

— — — — with boundary, 194 

oriented pseudomanifold, 171 
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— sphere, 171 
orienting cycle of a pseudomanifold, 171 


Parametric deformation of a singular 
cycle, 170 

— representation of a singular cycle, 170 

Pflastersatz, 152 

polyhedral chains, 49 

— cycles, 49 

prism over a chain, 43 

— spanned by a chain and its displace- 
ment, 160 

product of orientations, 5 

projective spaces, 83 ff. 

proper r-cycle, 158 

— — homologous to zero, 158 

— —-s, examples of, 162 

proper subgroup, 211 

pseudomanifolds, 72 ff., 171 

—, closed, 72 

—, examples of, 73 

—, nonorientable, 74, 171 

—, orientable, 74, 171 

—, simple, 81 

— with boundary, 72, 194 

(W, ¥’)-deformation, 188 

(v,v’)-homologous mappings, 188 

(v,’)-homotopic mappings, 188 

(W, ’)-mapping, 187 


(r, X)-homologous continuous Mappings, 
165 

(r, &)-homologous simplicial mappings, 
68 

rank of an Abelian group, 214 

— of a group (mod m), 227 

rational chains, 36 

r-cell, 14 

r-chain of ® over W, 20 

r-chains as characteristic functions, 21 

r-chains (mod m), 20 

r-cocycle, 93 

r-cycles of a cell complex, 30 

— homologous to zero, 30 

r-dimensional cohomology basis, 105 ff. 

— homology hasis, 70 

regular subdivision of a complex, 134 

relative cycle, 184 

restriction of chains, 24 

r-homologous continuous mappings, 165 

— simplicial mappings, 68 
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ring, 20 

— with unity, 21 

rth Betti group, 50 

——-—ina point, 199 

rth Betti number, 50 

———Zina point, 199 

rth Betti number (mod m), 50 

rth homology group of a compactum, 159 
rth incidence matrix of a cell complex, 17 
rth torsion group of an a-complex, 68 
r-torsion free complex, 68 


Scalar product in a free group, 234 
—— of chains, 23 

simple pseudomanifolds, 81 

simplicial approximation, 172 

— chains, 22 

— image of an oriented simplex, 36 
— mappings of open subcomplexes, 39 
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singular cycle, 170 

skeleton, 3 

subcomplex of a cell complex, 16 
subdivision operator, 127 

subgroup generated by an element, 211 
sum of cycles in a point, 198 

— of subgroups, 211 

system of generators of a group, 228 


Torsion groups, 68 
trace of an endomorphism, 223 


trivial linear combination, 214 


U-basis for a free group, 221 
upper boundary, 90 


Vertices of a chain, 21 


Weak homology, 35 


